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PREFACE TO THE SECOND EDITION 


In the circumstances that have prevailed in the world since the appear- 
ance of this book, it is a welcome indication of increasing interest in the 
principles of scientific method that a second edition has been required. 
I have taken the opportunity to add some arguments that go far towards 
establishing the consistency of the product rule and therefore of the 
principle of inverse probability. A theory of invariance has been 
developed and applied to problems of estimation and significance, thus 
establishing the possibility of a consistent rule for stating prior proba- 
bilities over large parts of the subject. I am not satisfied that it is the 
only such rule or even the best one, but think that enough progress has 
been made to indicate that the attempt is worth pursuing. 

I have not attempted to answer explicitly the criticisms made by 
reviewers, because on examination I found that they were all dealt with 
in the book already. What does strike me as remarkable is that no 
mention was made of the fact that the book jpontained useful methods 
of treatment of several problems of practical impc^rtance. I have still 
not gathered what distinction those statisticians who do not accept 
the epistemological approach draw between estimation problems and 
significance tests, or whether they think that they are saying anything 
about a hypothesis when they reject it. So far as I can judge from 
their pronouncements, they provide themselves with no reason against 
continuing to make predictions from it. 

Several recent writers, especially in the United States, have described 
me as a follower of the late Lord Ke 3 mes. Without wishing to disparage 
Keynes, I must point out that the first two papers by Wrinch and me in 
the Philosophical Magazine of 1919 and 1921 preceded the publication of 
Keynes’s book. What resemblance there is between the present theory 
and that of Keynes is due to the fact that Broad, Keynes, and my col- 
laborator had all attended the lectures of W. E. Johnson. Keynes’s 
distinctive contribution was the assumption that probabilities are only 
partially ordered ; this contradicts my Axiom 1. I gave reasons for not 
accepting it in Scientific Inference. Keynes himself withdrew it in his 
biographical essay on F. P. Ramsey. 

I have to thank several correspondents for suggesting corrections, 
especially Dr. H. Chojnacki-Hanani. Mr. P. H. Diananda of Caius 
College and Mr. V. S. Huzurbazar of Fitzwilliam House, Cambridge, 
have helped greatly in the proof-correction. g j 

ST. JOHN’S COLLEGE, CAMBBIDGE 

October 1947 



PREFACE TO THE FIRST EDITION 


The chief object of this work is to provide a method of drawing infer- 
ences from observational data that will be self-consistent and can also 
be used in practice. Scientific method has grown up without mucli 
attention to logical foundations, and at present there is little relation 
between three main groups of workers. Philosojihers, mainly interested 
in logical principles but not much concerned with specific a])})lications, 
have mostly followed in the tradition of Bayes and Lajfiace ; but with 
the brilliant exception of Professor C. D. Broad have not paid much 
attention to the consequences of adhering to the tradition in detail. 
Modern statisticians have develojied extensive mathematical techniques, 
but for the most part have rejected the notion of the probability of a 
hypothesis, and thereby deprived themselves of any way of saying 
precisely what they mean when they decide betwe^en hyjiotheses. 
Physicists have been described, by an experimental physicist who has 
devoted much attention to the matter, as not only indifferent to funda- 
mental analysis but actively hostile to it ; and with few excejitions their 
statistical technique has hardly advanced beyond that of Lajilace. In 
opposition to the statistical school, they and some other scknitists are 
liable to say that a hypothesis is definitely pi’oved by observation, 
which is certainly a logical fallacy ; most statisticians appear to regard 
observations as a basis for possibly rejecting hypotheses, but in lio case 
for supporting them. The latter attitude, if adojked consistently, 
would reduce all inductive inference to guessw^ork ; the former, if 
adopted consistently, wamld make it impossible ever to alter the hypo- 
theses, however badly they agreed with new^ evidence. The Y^resent 
attitudes of most physicists and statisticians are diametrically oj)posed, 
but lack of a common meeting-ground has, to a very large extent, jjre- 
vented the opposition from being noticed. Nevertheless, both schools 
have made great scientific advances, in sjute of the fact that their 
fundamental notions, for one reason or the other, would make such 
advances impossible if they were consistently maintained. 

In the present book I reject the attempt to reduce induction to 
deduction, which is characteristic of both schools, and maintain that 
the ordinary common-sense notion of probability is capable of j)recise 
and consistent treatment when once an adequate language is provided 
for it. It leads to the result that a precisely stated hypothesis may 
attain either a high or a negligible probability as a result of observa- 
tional data, and therefore to an attitude intermediate between those 
current in physics and statistics, but in accordance with ordinary 
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thought. Fundamentally the attitude is that of Bayes and Laplace, 
though it is found necessary to modify their hypotheses before some 
types of cases not considered by them can be treated, and some steps 
in the argument have been filled in. For instance, the rule for assessing 
probabilities given in the first few lines of Laplace’s book is Theorem 7, 
and the principle of inverse probability is Theorem 10. There is, on the 
whole, a ver}^ good agreement with the recommendations made in 
statistical practice ; my objection to current statistical theory is not so 
much to the way it is used as to the fact that it limits its scope at the 
outset in such a way that it cannot state the questions asked, or the 
answers to them, within the language that it ])rovides for itself, and 
must either appeal to a feature of ordinary language that it has declared 
to be meaningless, or else })roduce arguments within its own language 
that will not bear inspection. 

The most beneficial result that I can hope for as a consequence of 
this work is that more attention will be paid to the precise statement 
of the alternatives involved in the questions asked. It is sometimes 
considered a paradox that the answer depends not onlj^ on the observa- 
tions but on the question ; it should be a platitude. 

The theory is applied to most of the main problems of statistics, and 
a number of specific ap])lications are given. It is a necessary condition 
for their inclusion that they shall have interested me. As my object is 
to })roduce a general method I have taken examples from a number of 
subjects, though naturally there are more from physics than from 
biology and more from geophysics than from atomic ph3^sic8. It was, 
as a matter of fact, mostly with a view to geophysical applications that 
the theory was developed. It is not easy, however, to produce a 
statistical method that has application to only one subject; though 
intraclass correlation, for instance, which is a matter of valuable posi- 
tive discovery in biology, is usually an unmitigated nuisance in physics. 
It may be felt that many of the applications suggest further questions. 
That is inevitable. It is usually only when one group of questions has 
been answered that a further group can be stated in an answerable form 
at all. 

I must offer my warmest thanks to Professor R. A. Fisher and Dr. J. 
Wishart for their kindness in answering numerous questions from a not 
very docile pupil, and to Mr. R. B. Braithwaite, who looked over the 
manuscript and suggested a number of improvements; also to the 
Clarendon Press for their extreme courtesy at all stages. 

H. J. 

ST. John’s college, cambbidge 
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FUNDAMENTAL NOTIONS 

They say that Understanding ought to work tlio rules of* right reason. 
These rules are, or ought to bo, contained in Logie ; but the actual science of 
logic is conversant at present only with things either certain, iinpo.ssible, or 
entirely doubtful, none of which (fortunately) we havx^ to reason on. I'herofore 
the true logic for this world is the calculus of Probabilities, which t akes account 
of the magnitude of the probability which is, or ouglit to be, in a reasonable 
man’s mind. 

J. Clerk Maxwell 

1 . 0 . The fundamental problem of scientific progress, and a fundamental 
one of everyday life, is that of learning from experience. Knowledge 
obtained in this way is partly merely description of what we have already 
observed, but part consists of making inferences from past experience 
to predict future experience. This part may be called generalization or 
induction. It is the most important part; events that are merely 
described and have no apparent relation to others may as well be for- 
gotten, and in fact usually are. The theory of learning in general is 
the branch of logic known as epistemology. A few' illustrations w'ill 
indicate the scope of induction. A botanist is confident that the plant 
that grows from a mustard seed w ill have yellow' flow ers with four long 
and two short stamens, and four petals and sepals, and this is inferred 
from previous instances. The Naiitical Abnanac's predictions of the 
positions of the planets, an engineer’s estimate of the output of a new 
dynamo, and an agricultural statistician’s advice to a farmer about the 
utility of a fertilizer are all inferences from past experience. When a 
musical composer scores a bar he is expecting a definite series of sounds 
when an orchestra carries out his instructions. In every case the 
inference rests on past experience that certain relations have been 
found to hold; and those relations are then applied to new^ cases that 
were not part of the original data. The same applies to my expectations 
about the flavour of my next meal. The j)rocess is so habitual that 
we hardly notice it, and we can hardly exist for a minute without carry- 
ing it out. On the rare occasions when anybody mentions it, it is called 
common sense and left at that. 

Now such inference is not covered by logic, as the w'ord is ordinarily 
understood. Traditional or deductive logic admits only three attitudes 
to any proposition: definite proof, disproof, or blank ignorance. But 
no number of previous instances of a rule will provide a deductive proof 

3595.58 


B 



2 FUNDAMENTAL NOTIONS Chap. I 

that the rule will hold in a new instance. There is always the formal 
possibility of an exception. 

Deductive logic and its close associate, pure mathematics, have been 
developed to an enormous extent, and in a thoroughly systematic way 
— indeed several ways. Scientific method, on the other hand, has grown 
up more or less haphazard, techniques being developed to deal with 
problems as they arose, without much attempt to unify them, except 
so far as most of the theoretical side involved the use of pure mathe- 
matics, the teaching of which required attention to the nature of some 
sort of proof. Unfortunately the mathematical proof is deductive, and 
induction in the scientific sense is simply unintelligible to the pure 
mathematician — as such; in his unofficial capacity he may be able to 
do it very well. Consequently little attention has been paid to the 
nature of induction, and apart from actual mathematical technique the 
relation between science and mathematics has done little to develop a 
connected account of the characteristic scientific mode of reasoning. 
Many works exist claiming to give such an account, and there are some 
highly useful ones dealing with methods of treating observations that 
have been found useful in the past and may be found useful again. 
But when they try to deal with the underlying general theory they 
suffer from all the faults that modern pure mathematics has been try- 
ing to get rid of: self-contradictions, circular arguments, postulates 
used without being stated, and postulates stated without being used. 
Running through the whole is the tendency to claim that scientific 
method can be reduced in some way to deductive logic, which is the 
most fundamental fallacy of all: it can be done only by rejecting its 
chief feature, induction. 

The principal field of application of deductive logic is pure mathe- 
matics, which pure mathematicians recognize quite frankly as dealing 
with the working out of the consequences of stated rules with no 
reference to whether there is anything in the world that satisfies those 
rules. Its propositions are of the form ‘If p is true, then q is true', 
irrespective of whether we can find any actual instance where p is true. 
The mathematical proposition is the whole proposition, ‘If p is true, 
then q is true’, which may be true even if p is in fact always false. In 
applied mathematics, as usually taught, general rules are asserted as 
applicable to the external world, and the consequences are developed 
logically by the technique of pure mathematics. If we inquire what 
reason there is to suppose the general rules true, the usual answer is 
simply that they are known from experience. However, this use of the 
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word ‘experience’ covers a confusion. The rules are inferred from past 
experience, and then applied to future experience, which is not the same 
thing. There is no guarantee whatever in deductive logic that a rule 
that has held in all previous instances will not break down in the next 
instance or in all future instances. Indeed there are an infinite number 
of rules that have held in all previous cases and cannot possibly all 
hold in future ones. For instance, consider a body falling freely under 
gravity. It would be asserted that the distance at time t below a fixed 
level is given by a formula of the type 

6 * = a+ut+\gt^. ( 1 ) 

This might be asserted from observations of 5 at a series of instants 
That is, our previous experience asserts the proposition 
that a, u, and g exist such that 

-- a+ut^+\gtl ( 2 ) 

for all values of r from 1 to ii. But the law (1) is asserted for all values 
of t. But consider the law 

where f{t) may be any function whatever that is not infinite at an}^ of 

^ 1 , and a, m, and g have the same values as in (1). There are an 

infinite number of such functions. Every form of (3) will satisfy the 
set of relations (2), and therefore every one has held in all previous 
cases. But if we consider any other instant (which might be either 
within or outside the range of time between the first and last of the 
original observations) it will be possible to choose f{fn+i) such a way 
as to give s as found from (3) any value wdiatever at time Further, 
there will be an infinite number of forms of f(t) that would give the same 
value of /(f„ 4 i), and there are an infinite number that would give 
different values. If we observe s at time we can choose to 
give agreement with it, but an infinite number of forms of f{t) consistent 
with this value would be consistent with any arbitrary value of 5 at a 
further moment That is, even if all the observed values agree with 

(1) exactly, deductive logic can say nothing whatever about the value 
of s at any other time. An infinite number of laws agree with previous 
experience, and an infinite number that have agreed with previous ex> 
perience will inevitably be wrong in the next instance. What the applied 
mathematician does, in fact, is to select one form out of this infinity; 
and his reason for doing so has nothing whatever to do with traditional 
logic. He chooses the simplest. This is actually an understatement of 
the case; because in general the observations will not agree with (1) 
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exactly, a polynomial of n terms can still be found that will agree exactly 
with the observed values at times /p..., and yet the form (1) may 
still be asserted. Similar considerations apply to any quantitative law. 
The further discussion of this matter must be reserved till we come to 
significance tests. We need notice at the moment only that the choice 
of the simplest law that fits the facts is an essential part of procedure 
in applied mathematics, and cannot be justified by the methods of 
deductive logic. It is, however, rarely stated, and when it is stated it 
is usually in a manner suggesting that it is something to be ashamed 
of. We may recall the words of Brutus. 

But ’tis a common proof 
That lowliness is young ambition’s ladder, 

Wlieroto the climber upwards turns his face ; 

But when he once attains the upmost round, 

He then imto the ladder turns his back, 

Looks in the clouds, scorning thf' bas(3 degrees 
By which he did ascend. 

It is asserted, for instance, that the choice of the simplest law is purely 
a matter of economy of description or thought, and has nothing to do 
with any reason for believing the law. No reason in deductive logic, 
certainly; but the question is, Does deductive logic contain the whole 
of reason? It does give economy of description of past experience, but 
is it unreasonable to be interested in future experience ? Do we make 
predictions merely because those predictions are the easiest to make ? 
Does the Nautical Almanac Office laboriously work out the positions 
of the planets by means of a complicated set of tables based on the 
law of gravitation and previous observations, merely for convenience, 
when it might much more easily guess them? Do sailors trust the 
safety of their ships to the accuracy of these predictions for the same 
reason? Does a town install a new tramway system, with expensive 
plant and much preliminary consultation with engineers, with no more 
reason to suppose that the trams will move than that the laws of 
electromagnetic induction are a saving of trouble? I do not believe 
for a moment that anybody will answer any of these questions in the 
affirmative; but an affirmative answer is implied by the assertion that 
is still frequently made, that the choice of the simplest law is merely a 
matter of convention. I say, on the contrary, that the simplest law is 
chosen because it is the most likely to give correct predictions; that the 
choice is based on a reasonable degree of belief; and that the fact that 
deductive logic provides no explanation of the choice of the simplest 
law is an absolute proof that deductive logic is grossly inadequate to 
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cover scientific and practical requirements. It is sometimes said, again, 
that the trust in the simple law is a peculiarity of human psychology; 
a different type of being might behave differently. Well, I see no point 
whatever in discussing at length whether the human mind is any use; 
it is not a perfect reasoning instrument, but it is the only one we have. 
Deductive logic itself could never be known without the human mind. 
If anybody rejects the human mind and then holds that he is construct- 
ing valid arguments, he is contradicting himself; if he holds that human 
minds other than his own are useless, and then hopes to convince them 
by argument, he is again contradicting himself. A critic is himself 
using inductive inference when he expects his words to convey tiie same 
meaning to his audience as they do to himself, since the meanings of 
words are learned first by noting the correspondence between things 
and the sounds uttered by other l)eople, and then applied in new 
instances. On the face of it, it would appear that a general state- 
ment that something accepted by the bulk of mankind is intrinsically 
nonsense requires much more to support it than a mere declaration. 

Many attempts have been made, while accepting induction, to claim 
that it can be reduced in some way to deduction. Bertrand Russell 
has remarked that induction is either disguised deduction or a mere 
method of making plausible guesses,! the former sense we must look 
for some general principle, which states a set of possible alternatives; 
then observations are used to show that all but one of these are wrong, 
and the survivor is held to be deductively demonstrated. Such an 
attitude has been widely advocated. On it I quote Professor C. D. 
Broad, t 

‘The usual view of the logic books seems to bo that inductive arguments are 
really syllogisms with propositions summing up the relevant observations as 
minors, and a common major consisting of some universal proposition about 
nature. If this were true it ought to be easy enough to tind the missing major, 
and the singular obscurity in which it is enshrouded would be cjuite inexplicable. 
It is reverently referred to by inductive logicians as the Uniformity of Nature; 
but, as it is either never stated at all or stated in such terms that it could not 
possibly do what is required of it, it appears to be the inductive equivalent of 
Mrs. Gamp’s mysterious friend, and might be more appropriately named Major 
Harris. 

t Principles of Mathematics, p. 360, He said, at the Aristotelian Society summer 
meeting in 1938, that this remark has been too much quoted. I therefore offer apologies 
for quoting it again. He has also remarked that the inductive philosophers of Central 
Africa formerly held the view that all men were black. My comment would be that 
the deductive ones, if there were any, did not hold that there wore any men, black, 
white, or yellow. 

t Mind, 29 , 1920, 11. 
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‘It is in fact easy to prove that this whole way of looking at inductive argu- 
ments is mistaken. On this view they are all syllogisms with a common major. 
Now their minors are propositions summing up the relevant observations. If the 
observations have been carefully made the minors are practically certain. Hence, 
if this theory were true, the conclusions of all inductive arguments in which the 
observations were equally carefully made would bo equally probable. For what 
could vary the probabilities ? Not the major, which is common to all of them. 
Not the minors, which by hypothesis are equally certain. Not the mode of 
reasoning, which is syllogistic in each case. But the result is preposterous, and 
is enough to refute the theory which loads to it.’ 

Attempts have been made recently to supply the missing major by 
several modern physicists, notably Sir Arthur Eddington and Professor 
E. A. Milne. But their general principles and their results differ even 
within the very limited field of knowledge where they have been 
applied. How is a person with less penetration to know which is right, 
if any? Only by comj)aring the results with observation: and then his 
reason for believing the survivor to be likely to give t)u^ right results 
in future is inductive. I am not denying that one of them may liave 
got the right results. But I reject the statement that any of them can 
be said to be certainly right as a matter of pure logic, independently of 
experience; and I gravely doubt whether any of them could have been 
thought of at all had the authors been unaware of the vast amount of 
previous work that had led to the establishment by inductive methods 
of the laws that they set out to explain These attempts, though they 
appear to avoid Broad’s objection, do so only within a limited range, 
and it is doubtful whether such an attempt is w orth making if it can 
at best achieve a partial success, when induction can cover the whole 
field without supposing that special rules hold in certain subjects. 

I should maintain (with N. R. Campbell, who saysj that a physicist 
would be more likely to interchange the two terms in Russell’s state- 
ment) that a great deal of what passes for deduction is really disguised 
induction, and that even some of the postulates of Principia Mathe- 
matica are adopted on inductive grounds (which, incidentally, are false). 

Two attempts at a justification of induction, still sometimes made, 
are as follows. (1) Induction has worked in the past; therefore it will 
work in the future. It is obvious that this is itself an inductive inference 
and involves the same problems in a more complicated way. (2) The 
struggle for existence would favour members with the ability to predict 
correctly the consequences of their actions. Consequently the fact that 
man has survived implies that he has this ability (and presumably 


f Physics f The Ele7nent8^ 1920, 9. 



FUNDAMENTAL NOTIONS 


7 


§ 1.0 

Amoeba has too). But the belief that there is a struggle for existence 
and that it favours particular types is based on induction. Both argu- 
ments replace the original question by another as difficult or more so, 
and take no effective step towards a solution. 

Karl Pearson*}* writes as follows: 

‘Now this is the peculiarity of scientific method, that when once it has become 
a habit of mind, that mind converts all facts whatsoever into science. The field 
of science is unlimited ; its material is endless, every group of natural phenomena, 
every phase of social life, every stage of past or present development is material 
for science. The unity of all science consists alone in its method, not in its material. 
The man who classifies facts of any kind whatever, who sees their mutual relation 
and describes their sequences, is applying the scientific method and is a man of 
science. The facts may belong to the past history of mankind, to the social 
statistics of our great cities, to the atmosphere of the most distant stars, to the 
digestive organs of a worm, or to the life of a scarcely visible bacillus. It is not 
the facts themselves which form science, but the methods by which they are 
dealt with.’ 

Here, in a few sentences, Pearson sets our problem. The italics are his. 
He makes a clear distinction between method and material. No matter 
what the subject-matter, the fundamental principles of the method 
must be the same. There must be a uniform standard of validity for 
all hypotheses, irrespective of the subject. Different laws may hold in 
different subjects, but they must be tested by the same criteria other- 
wise we have no guarantee that our decisions w ill be those warranted 
by the data and not merely the result of inadequate analysis or of 
believing what we w^ant to believe. An adequate theory of induction 
must satisfy two conditions. First, it must provide a general method; 
secondly, the principles of the method must not of themselves say any- 
thing about the world. If the rules are not general, we shall have 
different standards of validity in different subjects, or different 
standards for one’s own hypotheses and somebody else’s. If the rules 
of themselves say anything about the world, they wdll make empirical 
statements independently of observational evidence, and thereby limit 
the scope of what we can find out by observation. If there are such 
limits, they must be inferred from observation; we must not assert them 
in advance. 

We must notice at the outset that induction is more general than 
deduction. The answers given by the latter are limited to a simple 
‘yes’, ‘no’, or ‘it doesn’t follow’. Inductive logic must split up the last 
alternative, which is of no interest to deductive logic, into a number 
of others, and say wffiich of them it is most reasonable to believe on 

t The Grammar of Science, 1802. P. 16 of Everyman edition, 1938. 
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the evidence available. Complete proof and disproof are merely the 
extreme cases. Any inductive inference involves in its very nature the 
possibility that the alternative chosen as the most likely may in fact 
be wrong. Exceptions are always possible, and if a theory does not 
provide for them it will be claiming to be deductive when it cannot be. 
On account of this extra generality, induction mxist involve postulates 
not included in deduction. Our problem is to state these postulates. 
It is important to notice that they cannot be proved by deductive 
logic. If they could, induction would be reduced to deduction, which 
is impossible. Equally they are not empirical generalizations; for in- 
duction would be needed to make them and the argument would be 
circular. We must in fact distinguish the general rules of the theory 
from the empirical content. The general rules are a priori propositions, 
accepted independently of experience, and making by themselves no 
statement about experience. Induction is the application of the rules 
to observational data. 

Our object, in short, is not to prove induction; it is to tidy it up. 
Even among professional statisticians there are considerable differences 
about the best way of treating the same problem, and, I think, all 
statisticians would reject some methods habitual in some branches of 
physics. The question is whether we can construct a general method, 
the acceptance of which would avoid these differences or at least reduce 
them. 

1 . 1 . The test of the general rules, then, is not any sort of proof. This 
is no objection because the primitive propositions of deductive logic 
cannot be proved either. All that can be done is to state a set of 
hypotheses, as plausible as possible, and see where they lead us. The 
fullest development of deductive logic and of the foundations of mathe- 
matics is that of Principia Mathematica, which starts with a number of 
primitive propositions taken as axioms; if the conclusions are accepted, 
that is because we are willing to accept the axioms, not because the 
latter are proved. The same applies, or used to apply, to Euclid. We 
must not hope to prove our primitive propositions when this is the 
position in pure mathematics itself. But we have rules to guide us in 
stating them, largely suggested by the procedure of logicians and pure 
mathematicians . 

1. All hypotheses used must be explicitly stated, and the conclusions 
must follow from the hypotheses. 

2. The theory must be self-consistent; that is, it must not be possible 
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to derive contradictory conclusions from the postulates and any given 
set of observational data. 

3. Any rule given must be applicable in practice. A definition is 
useless unless the thing defined can be recognized in terms of the 
definition when it occurs. The existence of a thing or the estimate of 
a quantity must not involve an impossible experiment. 

4. The theory must provide explicitly for the possibility that infer- 
ences made by it may turn out to be wrong. A law may contain 
adjustable parameters, which may be wrongly estimated, or the law 
itself may be afterwards found to need modification. It is a fact that 
revision of scientific laws has often been found necessary in order to 
take account of new information — the relativity and quantum theories 
providing conspicuous instances — and there is no conclusive reason to 
suppose that any of our present laws are final. But we do accept 
inductive inference in some sense; we have a certain amount of con- 
fidence that it will be right in any particular case, though this confidence 
does not amount to logical certainty. 

5. The theory must not deny any empirical proposition a priori \ any 
precisely stated empirical proposition must be formally capable of being 
accepted, in the sense of the last rule, given a moderate amount of 
relevant evidence. 

These five rules are essential. The first two impose on inductive logic 
criteria already required in pure mathematics. The third and fifth 
enforce the distinction between a priori and empirical propositions; if 
an existence depends on an inapplicable definition we must either find 
an applicable one, treat the existence as an empirical proposition 
requiring test, or abandon it. The fourth states the distinction between 
induction and deduction. The fifth makes Pearson’s distinction be- 
tween material and method explicit, and involves the definite rejection 
of attempts to derive empirically verifiable propositions from general 
principles adopted independently of experience. 

The following rules also serve as useful guides. 

6. The number of postulates should be reduced to a minimum. This 
is done for deductive logic in Principia, though many theorems proved 
there appear to be as obvious intuitively as the postulates. The motive 
for not accepting other obvious propositions as postulates is partly 
artistic. But we cannot regard the human mind as a perfect reasoner, 
and a reduction of the number of postulates affords a check on the 
consistency of different propositions, any of which we might be ready 
to accept by itself. This is still more needed in induction, since the 
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beliefs often accepted as intuitiv^ely certain are more numerous, and, 
I believT, some of them are definitely inconsistent, while others are not 
primitive propositions but inductive inferences. If they are, they can- 
not, of course, be asserted as certain, but they may be asserted with 
so high a probability that there will be little difference in practice. 

7. While we do not regard the human mind as a perfect reasoner, 
we must accept it as a useful one and the only one available. The 
theory need not represent actual thought-processes in detail, but should 
agree with them in outline. We are not limited to considering only 
the thought-processes that people describe to us. It often happens that 
their behavdour is a better criterion of their inductive processes than 
their arguments. If a result is alleged to be obtained by arguments 
that are certainly wrong, it does not follow that the result is Avrong, 
since it may have been obtained by a rough inductive process that the 
author thinks it undesirable or unnecessary to state on account of 
the traditional insistence on deduction as the only valid reasoning. 
I disagree utterly with many arguments produced by the chief current 
schools of statistics, but I rarely differ .seriously from the conclusions; 
their practice is far better than their precept. 1 should say that this 
is the result of common sense emerging in spite of the deficiencies of 
mathematical teaching. The theory must provide criteria for testing 
the chief types of scientific laAv that have actually been suggested or 
asserted. Any such law must be taken seriously in the sense that it can 
be asserted with confidence on a moderate amount of evidence. The 
fact that simple laws are often asserted Avill, on this criterion, require 
us to say that in any particular instance some simple law is quite likely 
to be true. 

8. In view of the greater complexity of induction, we cannot hope 
to develop it more thoroughly than deduction. We shall therefore take 
it as a rule that an objection carries no weight if an analogous objection 
would invalidate part of generally accepted pure mathematics. I do 
not wish to insist on any particular justification of pure mathematics, 
since authorities on its foundations are far from being agreed among 
themselves. In Prineijna much of higher mathematics, including the 
whole theory of the continuous variable, rests on the axioms of infinity 
and reducibility, which are rejected by Hilbert. F. P. Ramsey rejects 
the axiom of reducibility, while declaring that the multiplicative axiom, 
properly stated, is the most evident tautology, though Whitehead and 
Russell express much doubt about it and carefully separate propositions 
that depend on it from those that can be proved without it. I should 
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go further and say that the proof of the existence of numbers, according 
to the Princi'pia definition of number, depends on the postulate that 
all individuals are permanent, which is an empirical proposition, and 
a false one, and should not be made part of a deductive logic. But we 
do not need such a proof for our purposes. It is enough that pure 
mathematics should be consistent. If the postulate could hold in 807ne 
world, even if it was not the actual world, that would be enough to 
establish consistency. Then the derivation of ordinary mathematics 
from the postulates of Principia can be regarded as a proof of its con- 
sistency. But the justification of all the justifications seems to be that 
they lead to ordinary pure mathematics in the end; I shall assume that 
the latter has validity irrespective of any particular justification. 

The above principles will strike many readers as platitudes; and if 
they do I shall not object. But they require the rejection of several 
principles accepted as fundamental in other theories. They rule out, 
in the first place, any definition of probability that attempts to define 
probability in terms of infinite sets of possible observations, for we 
cannot in practice make an infinite number of observations. The Venn 
limit, the hypothetical infinite population of Fisher, and the ensemble 
of Willard Gibbs are useless to us by rule 3. Though many accepted 
results appear to be based on these definitions, a closer analysis shows 
that further hypotheses are required before any results are obtained, 
and these hypotheses are not stated. In fact, no 'objective’ definition 
of probability in terms of actual or possible observations, or possible 
properties of the world, is admissible. For, if we made anything in our 
fundamental principles depend on observations or on the structure of 
the world, we should have to say either (1) that the observations we 
can make, and the structure of the world, are initially unknown; then 
we cannot know our fundamental principles, and we have no possible 
starting-point; or (2) that we know a priori something about observa- 
tions or the structure of the world, and this is illegitimate by rule 5. 
Attempts to use the latter principle will superpose our preconceived 
notions of what is objective on the entire system, whereas, if objectivity 
has any meaning at all, our aim must be to find out what is objective 
by means of observations. To try to give objective definitions at the 
start will at best produce a circular argument, may lead to contradic- 
tions, and in any case will make the whole scheme subjective beyond hope 
of recovery. We must not rule out any empirical proposition a priori] 
we must provide a system that will enable us to test it when occasion 
arises, and this requires a completely comprehensive formal scheme. 
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We must also reject what is variously called the principle of causality, 
determinism, or the uniformity of nature, in any such form as ‘Precisely 
similar antecedents lead to precisely similar consequences’. No two 
sets of antecedents are ever identical; they must differ at least in time 
and position. But even if we decide to regard time and position as 
irrelevant (which may be true, but has no justification in pure logic) 
the antecedents are never identical. In fact, determinists usually recog- 
nize this verbally and try to save the principle by restating it in some 
such form as: ‘In precisely tlie same circumstances very similar things 
can be observed, or very similar things can usually be observed. ’j If 
‘precisely the same’ is intended to be a matter of absolute trutli, we 
cannot achieve it. Astronomy is usually considered a science, but the 
planets have never even approximately repeated tlieir positions since 
astronomy began. The principle gives us no means of inferring the 
accelerations at a single instant, and is utterly useless. Further, if it 
was to be any use we should have to know at any application that the 
entire condition of the world w as the same as in some previous instance. 
This is never satisfied in tiie most carefully controlled experimental 
conditions. The most that can be done is to make those conditions the 
same that we believe to be relevant — ‘the same’ can never in practice 
mean more than ‘the same as far as we know^’, and usually means a 
great deal less. The question then arises, How do we know tliat the 
neglected variables are irrelevant? Only by actually allowing them to 
vary and verifying that there is no associated variation in the result; 
but this requires the use of significance tests, a theory of which must 
therefore be given before there is any application of the principle, and 
when it is given it is found that the principle is no longer needed and 
can be omitted by rule fi. It may conceivably be true in some sense, 
though nobody has succeeded in stating clearly what this sense is. But 
what is quite certain is that it is useless. 

Causality, as used in applied mathematics, has a more general form, 
such as: ‘Physical laws are expressible by mathematical equations, 
possibly connecting continuous variables, such that in any case, given 
a finite number of parameters, some variable or set of variables that 
appears in the equations is uniquely determined in terms of the others.’ 
This does not require that the values of the relevant parameters should 
be actually repeated; it is possible for an electrical engineer to predict 
the performance of a dynamo without there having already been some 
exactly similar dynamo. The equations, which we call law s, are inferred 
t W. H. George, The Scientist in Action^ 1936, p. 48. 
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from previous instances and then applied to instances where the relevant 
quantities are different. This form permits astronomical prediction. 
But it still leaves the questions 'How do we know that no other para- 
meters than those stated are needed?’, ‘How do we know that we need 
consider no variables as relevant other than those mentioned explicitly 
in the laws?’, and ‘Why do we believe the laws themselves?’ It is 
only after these questions have been answered that we can make any 
actual application of the principle, and the ]>rinciple is useless until we 
have attended to the epistemological problems. Further, the principle 
happens to be false for quantitative observations. It is not true that 
observed results agree exactly with the predictions made by the laws 
actually used. The most that the laws do is to predict a variation that 
accounts for the greater part of the observed variation ; it never accounts 
for the whole. The balance is called ‘error’ and usually quickly for- 
gotten or altogether disregarded in physical writings, but its existence 
compels us to say that the laws of applied mathematics do not express 
the whole of the variation. Their justification cannot be exact mathe- 
matical agreement, but only a partial one depending on what fraction 
of the observed variation in one quantity is accounted for by the 
variations of the others. The phenomenon of error is often dealt 
with by a suggestion of various minor variations that might alter the 
measurements, but this is no answer. An exact quantitative prediction 
could never be made, even if such a suggestion was true, unless we 
knew in each individual case the actual amounts of the minor varia- 
tions, and we never do. If we did w'e should allow^ for them and obtain 
a still closer agreement; but the fact remains that in practice, however 
fully w^e take small variations into account, we never get exact agree- 
ment. A physical law, for practical use, cannot be merely a statement 
of exact predictions; if it was it would invariably be wrong and w ould 
be rejected at the next trial. Quantitative prediction must always be 
prediction within a margin of uncertainty; the amount of this margin 
will he different in different cases, but for a law' to be of any use it 
must state the margin explicitly. The outstanding variation, for prac- 
tical application, is as essential a part of the law^ as the predicted 
variation is, and a valid statement of the law^ must express it. But in 
any individual case this outstanding variation is not known. We know 
only something about its possible range of values, not what the actual 
value will be. Hence a physical law is not an exact prediction, but a state- 
ment of the relative probabilities of variations of different amounts. It is 
only in this form that we can avoid rejecting causality altogether as false, 
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or as inapplicable under rule 3 ; but a statement of ignorance of the individual 
errors has become an essential part of it, and we must recognize that the 
physical law itself, if it is to be of any use, must have an epistemological 
content. 

The impossibility of exact prediction Jias recentl}' been forced on the 
attention of physicists by Heisenberg's Uncertainty Principle. It is 
remarkable, considering that the phenomenon of errors of observation 
was discussed by Laplace and Gauss, that there should still have been 
any physicists that thought that actual observations were exactly pre- 
dictable; yet attempts to evade the principle have shown that many 
exist. The principle is actually no new uncertainty. What Heisenberg 
has done is to consider the most refined types of observation that 
modern physics suggests might be possible, and to obtain a lower limit 
to the uncertainty; but it is much smaller than the old uncertainty, 
which was never neglected except by misplaced optimism. The exist- 
ence of errors of observation seems to have escaped the attention of 
many philosophers that have discussed the uncertainty principle; this 
is perhaps because they tend to get their notions of physics from popular 
writings, and not from works on the combination of observations. Their 
criticisms of popular physics, mostly valid as far as they go, would gain 
enormously in force if they attended to what we knew about errors 
before Heisenberg. f 

The word error is liable to be interpreted in some ethical sense, but 
its scientific meaning is closely connected with the original one. Latin 
errare, in its original sense, means to wander, not to sin or to make 
a mistake. The meaning occurs in ‘knight -errant'. The error means 
simply the outstanding variation after we have done our best to inter- 
pret the whole variation. 

The criterion of universal assent, stated by Dr. N. R. Campbell and 
by Professor H. Dingle in his Science and Human Experience (but 
abandoned in his Through Science to Philosophy), must also be rejected 

t Professor L. S. Stebbing {Philosophy and the Physicists, 1938, p. 198) remarks: 
‘There can be no doubt at all that precise predictions concerning the behaviour of 
macroscopic bodies are made and are exactly verified within the limits of experimental 
error.’ Without the saving phase at the end the statement is intelligible, and false. 
With it, it is meaningless. The severe criticism of much in modern physics contained 
in this book is, in my opinion, thoroughly justified, but the later parts lose much of 
their point through inattention to the problem of errors of observation. Some philo- 
sophers, however, have seen the point quite clearly. For instsmee. Professor J. H. 
Muirhead {The Elements of Ethics, 1910, pp. 37-8) states: ‘The truth is that what is 
called a natural law is itself not so much a statement of fact as of a standard or type 
to which facts have been foimd more or less to approximate. This is true ev'pn in 
inorganic nature.’ I am indebted to Mr. John Bradley for the reference. 
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by rule 3. This criterion requires general acceptance of a principle 
before it can be adopted. But it is impossible to ask everybody’s con- 
sent before one believes anything; and if ‘everybody’ is replaced by 
‘everybody qualified to judge’, we cannot apply the criterion until we 
know who is qualified, and even then it is liable to happen that only 
a small fraction of the people capable of expressing an opinion on a 
scientific paper read it at all, and few even of those do express any. 
Campbell lays much stress on a physicist’s characteristic intuition, j* 
which apparently enables him always to guess right. But if there is 
any such intuition there is no need for the criterion of general agree- 
ment or for any other. The need for some general criterion is that even 
among those apparently qualified to judge there are often serious 
differences of opinion about the proper interpretation of the same 
facts; what we need is an impersonal criterion that will enable an 
individual to see whether, in any particular instance, he is following 
the rules that other people follow and that he himself follows in other 
instances. 

1.2. The chief constructive rule is 4. It declares that there is a valid 
primitive idea expressing the degree of confidence that we may reason- 
ably have in a proposition, even though we may not be able to give 
either a deductive proof or a disproof of it. In extreme cases it may 
be a mere statement of ignorance. We need to express its rules. One 
obvious one (though it is very commonly overlooked) is that it depends 
both on the proposition considered and on the data in relation to which 
it is considered. Suppose that I know that Smith is an Englishman, 
but otherwise know nothing particular about him. He is very likely, 
on that evidence, to have a blue right eye. But suppose that I am 
informed that his left eye is brown — the probability is changed com- 
pletely. This is a trivial case, but the principle in it constitutes most 
of our subject-matter. It is a fact that our degrees of confidence in 
a proposition habitually change when we make new observations or 
new evidence is communicated to us by somebody else, and this change 
constitutes the essential feature of all learning from experience. We 
must therefore be able to express it. Our fundamental idea will not be 
simply the probability of a proposition j), but the probability of p on 
data g. Omission to recognize that a probability is a function of two 
arguments, both propositions, is responsible for a large number of 
serious mistakes; in some hands it has led to correct results, but at the 
t Arisiot. Soc. Suppl. vol. 17, 1938, 122. 
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cost of omitting to state essential liypotheses and giving a delusive 
appearance of simplicity to what are really very difficult arguments. 
It is no more valid to speak of the probability of a proposition without 
stating the data than it would be to speak of the value of x-\-y for given x, 
irrespective of the value of y. 

We can now proceed on rule 7. It is generally believed that proba- 
bilities are orderable: that is, that if p, q, r are three propositions, 
the statement ‘on data p, q is more probable than r’ has a meaning. 
In actual cases people may disagree about which is the more probable, 
and it is sometimes said that this implies that the statement has no 
meaning. But the differences may have other explanations; (1) Tlie 
commonest is that the probabilities are on different data, one person 
having relevant information not available to the other, and we liave 
made it an essential point that the probability de})ends on the data. 
The conclusion to draw in such a case is that, if people argue without 
telling each other what relevant information they have, they are wasting 
their time. (2) The estimates may be wrong. It is perfectly possible to 
get a wrong answer in pure mathematics, so that by rule 8 this is no 
objection. In this case, where the probability is often a mere guess, 
we cannot expect the answer to be right, tliough it inay be and often 
is a fair approximation. (3) The wish may be father to the thought. 
But perhaps this also has an analogue in pure mathematics, if w e con- 
sider the number of fallacious methods of squaring the circle and 
proving Fermat’s last theorem that have been given, merely because 
people wanted n to be an algebraic or rational number or the theorem 
to be true. In any case alternative hypotheses are open to the same 
objection, on the one hand, that they depend on a wish to have a wholly 
deductive system and to avoid the explicit statement of the fact that 
scientific inferences are not certain; or, on the other, that the statement 
that there is a most probable alternative on given data may curtail their 
freedom to believe another wffien they find it more pleasant. I think 
that these reasons account for all the apparent differences, but they 
are not fundamental. Even if people disagree about which is the more 
probable alternative, they agree that the comparison has a meaning. 
We shall assume that this is right. The meaning, however, is not a 
statement about the external world; it is a relation of inductive logic. 
Our primitive notion, then, is that cf the relation ‘given p, q is more 
probable than r\ where p, q, and r are three propositions. If this is 
satisfied in a particular instance, we say that r is less probable than q, 
given p; this is the definition of less probable. If given <1 i^^ neither 
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more nor less probable than r, q and r are equally probable, given p. 
Then our first axiom is 

Axiom 1. Given p, q is either more, equally, or less probable than r, 
and no two of these alternatives can be true. 

This axiom may be called that of the comparability of probabilities. 
In Scientific Inference I took it in a more general form, assuming that 
the probabilities of propositions on different data can be compared. 
But this appears to be unnecessary, because it is found that the com- 
parability of probabilities on different data, whenever it arises in 
practice, is proved in the course of the work and needs no special axiom. 
The fundamental relation is transitive; we express this as follows. 

Axiom 2. If p^ q, r, s are four propositions, and, given p, q is more 
probable than r ayid r is more q^vobable than s, then, given p, q is more 
probable than s. 

The extreme degrees of probability are certainty and impossibility. 
These lead to 

Axiom 3. All proj^ositions deducible from a proposition p have the same 
probability on data p; ami all projyositions inconsistent with p have the 
same probability on data p. 

We need this axiom to ensure consistency with deductive logic in 
cases that can be treated by both methods. We are trying to construct 
an extended logic, of which deductive logic will be a part, not to intro- 
duce an ambiguity in cases where deductive logic already gives definite 
answers. I shall often speak of ‘certainty on data p’ and ‘impossibility 
on data p\ These do not refer to the mental certainty of any particular 
individual, but to the relations of deductive logic expressed by is 
deducible from p' and ‘not-g is deducible from p\ In G. E. Mooi'e’s 
terminology, we may read the former as ‘p entails q\ In consequence 
of our rule 5, we shall never have ‘p entails g' ifp is merely the general 
rules of the theory and q is an empirical proposition. 

Actually I shall take 'entails’ in a slightly extended sense; in some 
usages it would be held that p is not deducible from p, or from p and q 
together. Some shortening of the writing is achieved if we agree to 
define ‘p entails q^ as meaning either ‘g is deducible from p’ or 'q is 
identical with p’ or ' (7 is identical with some proposition asserted in p’. 
This avoids the need for special attention to trivial cases. 

We also need the following axiom. 

Axiom 4. If, given p, q and q' cannot both be true, and if, given p, 

3595.58 n 
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r and r' cannot both be true, and if, given p, q and r are equally probable 
and q' and r' are equally probable, then, given p,'q or q'" and ‘ r or r'’ are 
equally probable. 

At this stage it is desirable for clearness to introduce the following 
notations and terminologies, mainly from Frincipia Mathematica. 
p means ‘not-^’; that is, p is false. 

p,q means 'p and q'; that is, p and q are both true. 

p ^ q means 'p ov q'\ that is, at least one of p and q is true. 

These notations may be combined, dots being used as brackets. Thus 
:p.q means 'p and q is not true’; that is, at least one of jo and q 
is false, which is equivalent to ^ p,y. ^ q. But 

^ p.q means 'p is false and q is true’, which is not the same pro- 
position. The rule is that a set of dots represents a bracket, the com- 
pletion of the bracket being either the next equal set of dots or the 
end of the expression. Dots may be omitted in joint assertions where 
no ambiguity can arise. 

The^’om^ assertion or conjunction ot p and q is the proposition p .q, 
and the joint assertion of p, q, r, s,... L the proposition p.q,r ,s...\ that 
is, that p, q, r, s,... are all true. The joint assertion is also called the 
logical product. 

The disjunction of p and q is the proposition pvq; the disjunction 
of q, r, s is the proposition p v q v r ^ s, that is, at least one of p, q, r, s 
is true. The disjunction is also called the logical sum. 

A set of propositions q^ {i — 1 to /i) are said to be exclusive on data p 
if not more than one of them can be true on data p, that is, if p entails 
all the disjunctions qi^ qu when i ^ k. 

A set of propositions q, r, s are said to be exhaustive on data p if at 
least one of them must be true on data p; that is, if p entails the dis- 
junction qy r V s. 

It is possible for a set of alternatives to be both exclusive and 
exhaustive. For instance, a finite class must have some number n; 
then the propositions n = 0 , 1, 2, 3,... must include one true proposi- 
tion, but cannot contain more than one. 

Then Axiom 4 will read: 

If q and q' are exclusive, and r and r' are exclusive, on data p, and if, 
given p, q and r are equally probable and qf and F are equally probable, 
then, given p, qy q' and ryr' are equally probable. 

An immediate extension, obtained by successive applications of this 
axiom, is: 
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Theorem 1. IJ q^ are exclusive, and r^, are exclusive, 

on dfOta p, and if, given p, the proqyositions q^ and r^, q^ and r^,,..,q^ and r^ 
are eqtially probable in pairs, then given p, q^^ q^-- qn ^ ^2 ^ 

are equally probable. 

It will be noticed that we have not yet assumed that probabilities 
can be expressed by numbers. I do not think that the introduction of 
numbers is strictly necessary to the further development; but it has the 
enormous advantage that it permits us to use mathematical technique. 
Without it, while we might obtain a set of propositions that would have 
the same meanings, their expression would be much more cumbrous. 
The actual introduction of numbers is done by conventions, the nature 
of which is essentially linguistic. 

f'oNVENTiON 1. Wc assign the larger number on given data to the more 
probable proposition {and therefore equal numbers to equally probable 
propositions). 

Convention 2. If, given p, q a7id q' are exclusive, then the number 
assigned on data p to' q or q" is the sum of those assigned to q and to q\ 

It is important to notice the meaning of a convention. It is neither 
an axiom nor a theorem. It is merely a rule introduced for convenience, 
and it has the property that other rules would give the same results. 
W. E. Johnson remarks that a convention is properly expressed in the 
imperative mood. An instance is the use of rectangular or polar coordi- 
nates in Euclidean geometry. The distance between two points is the 
fundamental idea, and all propositions can be stated as relations be- 
tween distances. Any proposition in rectangular coordinates can be 
translated into polar coordinates, or vice versa, and both expressions 
would give the same results if translated into propositions about 
distances. It is purely a matter of convenience which we choose in a 
particular case. The choice of a unit is always a convention. But care 
is needed in introducing conventions; some postulate of consistency 
about the fundamental ideas is liable to be hidden. It is quite easy 
to define an equilateral right-angled plane triangle, but that does not 
make such a triangle possible. In this case Convention 1 specifies what 
order the numbers are to be arranged in. Numbers can be arranged in 
an order, and so can probabilities, by Axioms 1 and 2. The relation 
‘greater than’ between numbers is transitive, and so is the relation 
‘more probable than’ between propositions on the same data. There- 
fore it is possible to assign numbers by Convention 1, so that the order 
of increasing degrees of belief will be the order of increasing number. 
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So far we need no new axiom; but we shall need the axiom that there 
are enough numbers for our purpose. 

Axiom 5. The set of possible probabilities on given datu, ordered in 
terms of the relation ^more probable than\ can be put into one-one corre- 
spondence with a, set of real numbers in increasing order. 

The need for such an axiom was pointed out by an American reviewer 
of Scientific Inference, He remarked that if we take a series of number 
pairs ^ (a,,, 6„) and make it a rule that Uj. is to be placed after if 
but that if a^. is to be placed after if b^ > then 

the axiom that the can be placed in an order will hold, but if and 
b^^ can each take a continuous series of values it v ill be impossible to 
establish a one-one correspondence between the pairs and a single 
continuous series without deranging the order. 

Convention 2 and Axiom 4 wdll imply that, if we have two pairs of 
exclusive propositions with the same probabilities on the same data, 
the numbers chosen to correspond to their disjunctions wdll be the 
same. The extension to disjunctions of several propositions is justi- 
fied by Theorem 1. We shall alw^ays, on given data, associate the 
same numbers with propositions entailed or contradicted by the data; 
this is justified by Axiom 3. The assessment of numbers in the way 
suggested is therefore consistent with our axioms. We can now intro- 
duce the formal notation , v 

P{q I p) 

for the number associated with the probability of the proposition q on 
data p; it may be read 'the probability of q given p' provided that we 
remember that the number is not in fact the probability, but merely 
a representation of it in terms of a pair of conventions. The probability, 
strictly, is the reasonable degree of confidence and is not identical with 
the number used to express it. The relation is that between Mr. Smith 
and his name ‘Mr. Smith'. A sentence containing the words 'Mr. Smith’ 
may correspond to, and identify, a fact about Mr. Smith. But Mr. 
Smith himself does not occur in the sentence.! In this notation, the 
properties of numbers will now replace Axiom 1 ; Axiom 2 is restated 
‘if P{q Ip) > P(r I p), and P(r\p) > P(s |p), then P{q \p) > P{s \p)\ 
which is a mere mathematical implication, since all the expressions are 
numbers. Axiom 3 will require us to decide what numbers to associate 
with certainty and impossibility. We have 

Theorem 2. If p is consistent with the general rules, and p entails ~ g, 
then P(q \p) ^ 0. 

t Cf. R. Carnap, The Logical Syntax of Language. 
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For let q and r be any two propositions, both impossible on data p. 
Then (Ax. 3) if a is the number associated with impossibility on data p, 

P{q ip) =- P(r Ip) P{q v r |p) a 

since q, r, and g v r are all impossible propositions on data p and must 
be associated with the same number. But qr is impossible on data p; 
hence, by definition, q and r are exclusive on datap, and (Conv. 2) 

P{qwr\p) -- P{q\p) + P{r\p) - 2a; 

whence a ~ 0. Therefore all probability numbers are > 0, by Con- 
vention 1. 

As we have not assumed the comparability of probabilities on dif- 
ferent data, attention is needed to the possible forms tliat can be 
substituted for q and r, given p. If p is a purely a priori proposition, 
it can never entail an empirical one. Hence, if p stands for our general 
rules, the admissible values for q and r must be false a priori proposi- 
tions, such as 2 = 1 and 3^2. Since such propositions can be stated 
the theorem follows. If p is empirical, then p is an admissible value 
for both q and r. Or, since we are maintaining the same general prin- 
ciples throughout, we may remember that in practice if p is empirical 
and we denote our general principles by h, then any set of data that 
actually occurs and includes an empirical proposition will be of the 
form ph. Then for q and r we may still substitute false a priori pro- 
positions, which will be impossible on data ph. Hence it is always 
possible to assign q and r so as to satisfy the conditions stated in the 
proof. 

Convention 3. If p entails q, then P{q |p) — 1. 

This is the rule generally adopted; but there are cases where we wish 
to express ignorance over an infinite range of values of a quantity, and 
it is then convenient to express certainty that the quantity lies in that 
range by oo, in order to keep ratios for finite ranges determinate. None 
of our axioms so far has stated that we must always express certainty 
by the same number on different data, merely that we must on the 
same data; but with this exception it is convenient to do so. 

The converse of Theorem 2 would be: ‘If P{q jp) ~ 0 , then p entails 
~ g.’ This is false if we use Convention 3. For instance, a continuous 
variable may be equally likely to have any value between 0 and 1. 
Then the probabihty that it is exactly J is 0, but | is not an impossible 
value. There would be no point in making certainty correspond to 
infinity in such a case, for it would make the probability infinite for 
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any finite range. It turns out that we have no occasion to use the 
converse of Theorem 2. 

Axiom 6, If pq eyitails r, then P(qr \ p) ~ F(<q \p). 

In other words, given p throughout, we may consider whether q is 
false or true. If q is false, then qr is false. If q is true, then, since pq 
entails r, r is also true and therefore qr is true. Similarly, if qr is true 
it entails q, and if qr is false q must be false on data p, since if it was 
true qr would be true. Thus it is impossible, given />, that either q or 
qr should be true without the other. This is an extension of Axiom 3 
and is necessary to enable us to take over a further set of rules sug- 
gested by deductive logic, and to say that all equivalent propositions 
have the same probability on given data. 

Theorem 3. If q and r are equivalent in the sense that each entails the 
other, then each entails qr, and the probabilities of q and r on any data must 
be equal. Shnilarly, if pq entails r, and pr entails q, P{q |p) - P{r\p), 
since both are equal to P{qr | p). 

An immediate corollary is 

Theorem 4. P(q |p) = P{qr \p)-\-P{q. r-^ r \p). 

For qr and q. ^ r are exclusive, and the sum of their probabilities on 
any data is the probability of qr:v:q. ^r (Conv. 2). But q entails 

this proposition, and also, if either q and r are both true or q is true 

and r false, q is true in any case. Hence tho propositions q and 
qr:w:q, ^ r are equivalent, and the theorem follows by Theorem 3. 

It follows further that P(q \ p) ^ P{^qr j p), since P^q. ^ \ p) cannot 
be negative. Also, if we write q v r for q, we have 

P{q V r Ip) — P(q v r:r |p)+P(^ y r: r |p) (Th. 4) 

and ^ V r : r is equivalent to r, and q y r: r to q. r. Hence 

P(qyr\p) ^ P(r\p). 

Theorem 5. If q and r are two propositions, not necessarily exclusive 
on data p, 

P{q\p)+P(.'r\p) = P(qy r\p) + P{qr\p). 

For the propositions qr, q. ^ r, q.r, q. ^ r are exclusive; and 
q is equivalent to the disjunction of qr and q. r, and r to the dis- 
junction of gr and ^ q.r. Hence the left side of the equation is equal to 

2P{qr\p)+P(q. r \p)-\-P{-^ q.r \p) (Th. 4). 

.Also g V r is equivalent to the disjunction of qr, q. r, and q.r. 
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P(qyr\p) = P(qr\p) + P(q. r\p)+P{'^ q.r\p) (Th. 4), 

whence the theorem follows. 

It follows that, whether q and r are exclusive or not, 

P{q'^r\p) < P(q\p) + P{r\p), 

since P(qr |^) cannot be negative. Theorems 4 and 5 together express 
upper and lower bounds to the possible values of P{q v r | p) irrespective 
of exclusiveness. It cannot be less than either P{q\p) or P(r|p); it 
cannot be more than P(q |p) + P(r |p). 

Theorem 6 . If ^ probable and exclusive 

alternatives on data p, and if Q and R are disjunctions of two subsets of 
these alternatives, of numbers m and n, then P{Q |p)/P(i? |p) — min. 

For if a is any one of the equal numbers P(?ilp), we 

have, by Convention 2, 

P{Q Ip) ^ yna\ P{R |p) — na\ 
whence the theorem follows. 


Theorem 7. In the conditions of Theorem 6, if q^, 
exhaustive on data p, and R denotes their disjunction, then R is entailed 

by p and P(R\p) -= 1 (Conv. 3). 


It follows that P{Q Ip) — min. 

This is virtually Laplace’s rule, stated at the opening of the Thdorie 
Analytique. R entails itself and therefore is a possible value of p; hence 


P(Q I R) = 7nln. 


This may be read: given that a set of alternatives are equally probable, 
exclusive, and exhaustive, the probability that some one of any subset is 
true is the ratio of the number in that subset to the whole number of possible 
cases. This form depends on Convention 3, and must be used only in 
cases where that convention is adopted. Theorem 6, however, is inde- 
pendent of Convention 3. If we chose to express certainty on data p 
by 2 instead of 1 , the only change would be that all numbers associated 
with probabilities on data p would be multiplied by 2, and Theorem 6 
would still hold. Theorem 6 is also consistent with the possibility that 
the number of alternatives is infinite, since it requires only that Q and 
R shall be finite subsets. But in this case the number associated with 
the probability of any infinite subset may be infinite and Convention 3 
Js then unsuitable. 
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Theorems 6 and 7 tell us how to assess the ratios of probabilities, 
and, subject to Convention 3, the actual values, provided that the 
propositions considered can be expressed as finite subsets of equally 
probable, exclusive, and, for Theorem 7, exhaustive alternatives on the 
data. Such assessments will always be rational fractions, and may be 
called i?-probabilities. Now a statement that m and n cannot exceed 
some given value would be an empirical proposition asserted a priori, 
and would be inadmissible on rule 5. Hence the i?-probabilities possible 
within the formal scheme form a set of the ordinal type of the rational 
fractions. 

If all probabilities were /^-probabilities there would be no need for 
Axiom 5, and the converse of Theorem 2 could hold. But many pro- 
positions that we shall have to consider are of the form that a magni- 
tude, capable of a continuous range of values, lies within a specified 
part of that range, and we may be unable to express them in the 
required form. Thus there is no need for all probabilities to be im- 
probabilities. However, if a proposition is not expressible in the 
required form, it will still be associated with a reasonable degree of 
belief by Axiom 1, and this, by Axiom 2, Avill separate the degrees for 
i? -probabilities into two segments, according to the relations 'more 
probable than' and Tess probable than’. The corresponding numbers, 
the im-probabilities themselves, will be separated by a unique real 
number, by Axiom 5 and an application of Dedekind’s section. We 
take the numerical assessment of the probabilitv of a proposition not 
expressible in the form required b}^ Theorems 6 and 7 to be this number. 
Hence we have 

Theorem 8. Any probability can be expressed by a real number. 

If X is a variable capable of a continuous set of values, we may 
consider the probability on data p that x is less than x^, say 

P{x <Xo\p) =f(Xo). 

l{f{xQ) is differentiable we shall then be able to write 

P{xo <x < XQ-{-dx^\p) =- f\xQ)dxQ+o (dx^). 

We shall usually write this briefly P{dx \p) = f'{x)dx, dx on the left 
meaning the proposition that x lies in a particular range dx, f\x) is 
called the probability density. 

Theorem 9. If Q is the disjunction of a set of exclusive alternatives 
on data p, and if R and S are subsets of Q (possibly overlapping) and if 
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the alternatives in Q are all equally probable on data qi and also 07 i data 
lip, then 

P{RS\ p) P(R \p)P(S I Rp)lP(R I Rp). 

For suppose that the f)roposition8 contained in Q are of number n, 
that the subset R contains m of them, and that the part common to 
R and S contains I of them. Put 

P{Q \p) = a. 

Then, by Tlieorem 0, 

P(R Ij)) “ inajn] P{RS \p) ■= lajn, 

P(S I Rp) is the probability that the true proposition is in the S subset 
given that it is in the R subset and p, and therefore is equal to 
{ljw)P(R I Rp). Also RSp entails R; hence 

P(S I Rp) P{SR I Rp) (Ax. b) 

and 

P{RS \p) (ljin){maln) P(R \p)P(S | Rp)IP{R | Rp). 

This is the first proposition that we have had that involves probabilities 
on different data, two of the factors being on data p and two on data Rp. 
Q itself does not appear in it and is therefore irrelevant. It is introduced 
into the theorem merely to avoid the use of Convention 3. It might be 
identical with any finite set that includes both R and S. 

The proof has assumed that the alternatives considered are equally 
probable both on data p and also on data Rp. It has not been found 
possible to prove the theorem without using this condition. But it is 
necessary to further developments of the theory that we shall have 
some way of relating probabilities on different data, and Theorem 9 
suggests the simplest general rule that they can follow if there is one 
at all. We therefore take the more general form as an ax’om, as follows. 

Axiom 7. For any q^ropositions p, q, r, 

P(qr \p) = P(q \p)P{r \qp)!P(q \qp)- 

If we use Convention 3 on data qj) (not necessarily on data p), 
P(q I qp) r_-: 1 , and we have W. E. Johnson’s form of the product rule, 
which can be read: the probability of the joint assertion of two propositions 
on any data p is the product of the qyrobahility of one of them on data p 
and that of the other on the first and p. 

We notice that the probability of the logical sum follows the addition 
rule (with a caveat), that of the logical product the product rule. This 
parallel between the Principia and probability language is lost when the 
joint assertion is called the sum, as has occurred in some recent writings. 
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In a sense a probability can be regarded as a logical quotient, since in the 
conditions of Theorem 7 the probability of Q given R is the probability 
of Q given p divided by that of R given p. Tin's has been recognized 
in the history of the notation, which Keynesf traces to H. McColl. 
McColl wrote Die probability of a, relative to the a priori premiss A, 
as aje, and relative to bh as a/6. This was modified by W. E. Johnson 
to ajh and ajhli, and he is followe^d by Keynes, Broad, and Ramsey. 
Wrinch and I found that this notation was inconvenient when the 
solidus may have to be used in its usual mathematical sense in the 
same equation, and introduced P(p\q), which I modified further to 
P(p\q) in Scientific Inference because the colon was beginning to be 
needed in the Principia sense of a bracket. 

The sum of two classes a an-1 jS, in Principia, is the class y such that 
every member of ex or of ^ is in y, and conversely. The pn>duct class of 
(\ and is the class 8 of members common to x and Thus Theorem 5 
has a simple analogy with the numbers of members of the classes rx and 
/5, y and 8. The multiplicative class of lx and ^ is the class of all pairs, one 
from cx and one from it is this class, n^J the product class, that giv^es 
an interpretation to the product of the Jiunibers of members of a and jS. 

The extension of the product rule from Theorem 9 to Axiom 7 has 
been taken as axiomatic. This is an application of a principle repeatedly 
adopted in Principia Mathemalica. If there is a choice between possible 
axioms, we take the one that enables most consequences to be drawn. 
Such a generalization is not inductive. What we are doing is to seek for 
a set of axioms that will permit the construction of a theory of induction, 
the axioms themselves being primitive postulates. The choice is limited 
by rule 6; the axioms must be reduced to the minimum number, and 
the check on whether we make them too general will be provided by 
rule 2, which will reject a theory if it is found to lead to contradictory 
consequences. Consider then whether the rule 

P{qr \p) == P{q \p)P{r \ qp) 

can hold in general. Suppose first that p entails r^ :qr; then either p 
entails ~ g, or ^ and q together entail ^ r. In either case both sides of 
the equation vanish and the rule holds. Secondly, suppose that entails 
qr\ then p entails q and pq entails r. Thus both sides of the equation 
are 1, Similarly, we have consistency in the converse cases where p 

t Treatifte on Probability, 1921, p. 155. This book is full of interesting historical data 
and contains many important critical remarks. It is not very successful on the con- 
structive side, since an unwillingness to generalize the axioms has prevented Keynes 
from obtaining many important results. 
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§ 1.2 

entails or pq entails ~r, or ^ entails q and pq entails r. This 
covers the extreme cases. 

If there are any cases where the rule is untrue, we shall have to say 
that in such cases P(qr \p) depends on something besides P(q \ p) and 
I a new hypothesis would be needed to deal with such cases. 

By rule 6, we must not introduce any such hypothesis unless need for 
it is definitely shown. The product rule may therefore be taken as 
general unless it can be shown to lead to contradictions. We shall see 
(p. 35) that consistency can be proved in a wide class of cases. 

1 . 21 . The product rule is often misread as follows: the joint proba- 
bility of two propositions is the product of their probabilities separately. 
This is meaningless as it stands because the data relative to which the 
probabilities are considered are not mentioned. In actual application, 
the rule so stated is liable to become: the joint probability of two pro- 
positions on given data is the product of their separate probabilities 
on those data. This is false. We may see this by considering extreme 
cases. The con'ect statement of the rule may be written (using 
Convention 3 on data pr) 

P( 2 >q I r) = P(p I r)P(q \pr) (1) 

and the other one as 

P{pq\r) = P{p\r)P{q\r). (2) 

lip cannot be true given r, then p and q cannot both be true, and both 
(1) and (2) reduce to 0 ~ 0. If^ is certain given r, both reduce to 

P{q\r)^ P(q\r) (3) 

since in (1) the inclusion of p in the data tells us nothing about q that 
is not already told us by r. If q is impossible given r, both reduce to 
0 = 0. If is certain given r, both reduce to 

P(p\r)=^P(p\r), (4) 

So far everything is satisfactory. But suppose that q is impossible 
given pr. Then it is impossible for pq to be true given r, and (1) 
reduces correctly to 0 = 0. But (2) reduces to 

0 = P{p\r)P{q\r), 

which is false; it is perfectly possible for both p and q to be consistent 
with r and pq to be inconsistent with r. Consider the following. Let 
r consist of the following information: in a given population all the 
members have eyes of the same colour; half of them have blue eyes and 
half brown; one member is to be chosen, and any member is equally 
likely to be selected, p is the proposition that his left eye is blue, q the 
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proposition that his right eye is brown. What is the probability, on 
data r, that his left eye is blue and his right brown ? P(p | r) and 
P(q \ r) are both J, and according to (2) 1 r) — But according 

to (1) the probability that his right eye is brown must be assessed 
subject both to the information that his eyes are of the same colour 
and that his left eye is blue, and this probability is 0. Thus (1) gives 
P(pq I r) 0. Clearly the latter result is right; further applications of 
the former, considering also (left eye brown) and ^q (right eye 
blue) lead to the astonishing result that on data including the pro- 
position that all members have two eyes of the same colour, it is as 
likely as not that any member will have eyes of different colours. 

This trivial instance is enough to dispose of (2); but (2) has been 
widely applied in cases where it gives wrong results, and sometimes 
seriously wrong ones. The Boltzmann P^-theorem of the kinetic theory 
of gases rests on a fallacious application of it, since it considers an 
assembly of molecules, possibly with differences of density from place 
to place, and gives the joint probability that two molecules will be in 
adjoining regions as the product of the separate probabilities that they 
will be. If there are differences of density, and one molecule is in a 
region chosen at random, that is some evidence that the region is one of 
high density; then the probability that a second is in the region, given 
that the first is, is somewhat higher than it would be in the absence of 
information about the first. Similar considerations apply to Boltz- 
mann’s treatment of the velocities. In this case the mistake has not 
prevented the right result from being obtained, though it does not 
follow from the hypotheses. 

Nevertheless there are many cases where (2) is true. If 

P{q\pr) = P{q\r) 

we say that p is irrelevant to given r. 


1 . 22 . Theorem 10. If q^, qn ^ ciUernatives, H the 

information already available, and p some additional information, then 
the ratio 

P{ q,\pH)P(qMrH) 

P(qAH)P{p\q,H) 

is the same for all the q^. 

By Axiom 7 

P(Mr I m = P(P I H)P(q, \pHmp \pH) (1) 

= P{q, I H)P{p I q,H)IP(q, \ q,H), (2) 
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whence 


P{q, lpH)P(qr \ qr_H) P(v I pH) 
P(qAH)P(p\q,H) ~ 'P(p\H) 


(3) 


which is independent of q^. 

Jf we use unity to denote certainty on data q^H for all the 
(3) becomes 


P{qr \pH) oc P(q^ | //)P(p | q^H) 


( 4 ) 


for variations of q^. This is the principle of inverse probability, first 
given by Bayes in 1763. It is the chief rule involved in the process of 
learning from experience. It may also be stated, by means of the product 
rule, as follows: 


P(qr\vB)cc P{pq,\H), 


(5) 


This is the form used by Laplace, ^ by way of the statement that the 
posterior probabilities of causes are proportional to the probabilities 
a priori of obtaining the data by way of those causes. In the form 
(4), if is a description of a set of observations and the a set of 
hypotheses, the factor P(g^ | H) may be called the prior probability, 
P(qj,\pH) the posterior q^'^obability , and P{p\q^H) the likelihood, a 
convenient term introduced by Professor R. A. Fisher, though in his 
usage it is sometimes multiplied by a constant factor. It is the proba- 
bility of the observations given the original information and the 
hypothesis under discussion. The term a priori probability is sometimes 
used for the prior probability, but this term has been used in so many 
senses that the only solution is to abandon it. To Laplace the a priori 
probability meant P(pqr \H), and sometimes the term has even been 
used for the likelihood. A priori has a definite meaning in logic, in 
relation to propositions independent of experience, and we frequently 
have need to use it in this sense. We may then state the principle of 
inverse probability in the form: The posterior 'probabilities of the hypo- 
theses are proportional to the products of the prior probabilities and the 
likelihoods. The constant factor will usually be fixed by the condition 
that one of the propositions g^ to g,^ must be true, and the posterior 
probabilities must therefore add up to 1. (If 1 is not suitable to denote 
certainty on data pH, no finite set of alternatives will contain a finite 
fraction of the probability. The rule covers all cases when there is 
anything to say.) 

The use of the principle is easily seen in general terms. If there is 
originally no ground to believe one of a set of alternatives rather than 
another, the prior probabilities are equal. The most probable, when 
evidence is available, will then be the one that was most likely to lead 
to that evidence. We shall be most ready to accept the hypothesis that 
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requires the fact that the observations have occurred to be the least 
remarkable coincidence. On the other hand, if the data were equally 
likely to occur on any of the hypotheses, they tell us nothing new with 
respect to their credibility, and w^e shall retain our previous opinion, 
whatever it was. The principle wdll deal with more complicated circum- 
stances also; the immediate point is that it does provide us with what we 
want, a formal rule in general accordance with common sense, that will 
guide us in our use of experience to decide betw^een hypotheses. 

1.23. We have not yet showm that Convention 2 is a convention and 
not a postulate. This must be done by considering other possible conven- 
tions and seeing what results they lead to. Any other convention must 
not contradict Axiom 4. For instance, if the number associated with a 
probability by our rules is x, we might agree instead to use the number 
Then if x and x' are the present estimates for the propositions q 
and q\ and for r and r', those for q^q' and rvr' will both be and 
the consistency rule of Axiom 4 will be satisfied. But instead of the 
addition rule for the number to be associated with a disjunction we 
shall have a product rule. Every proposition stated in either notation 
can be translated into the other; if our present system leads to the result 
that a hypothesis is as likely to be true as it is that we should pick a 
white ball at random out of a bag containing 99 white ones and 1 black 
one, that result will also be obtained on the suggested alternative system. 
The fundamental notion is that of the comparison of reasonable degrees 
of belief, and so long as all methods place them in the same order the 
differences between the methods are conventional. This will be satisfied 
if instead of the number x we choose any function of it,f(x), such that 
X Eindf(x) are increasing functions of each other, so that for any value 
of one the other is determinate. This is necessary by Convention 1 
and Axiom 1, but every form off{x) will lead to a different rule for the 
probability -number of a disjunction if it is to be consistent with 
Axiom 4. Hence the addition rule is a convention. It is, of course, 
much the easiest convention to use. To abandon Convention 1, con- 
sistently with Axiom 1 , would merely arrange all numerical assessments 
in the opposite order, and again the same results would be obtained in 
translation. The assessment by numbers is simply a choice of the 
most convenient language for our purposes. 

1.3. The original development of the theory, by Bayes,! proceeds 
differently. The foregoing account is entirely in terms of rules for the 


t Phil. Tram. 53, 1763, 376-98. 



§1.3 FUNDAMENTAL NOTIONS 31 

comparison of reasonable degrees of belief. Bayes, however, takes as 
his fundamental idea that of expectation of benefit. This is partly a 
matter of what we want, which is a separate problem from that of what 
it is reasonable to believe; I have therefore thought it best to proceed 
as far as })ossible in terms of the latter alone. Nevertheless, we have in 
practice often to make decisions that involve not only belief but the 
desirability of the possible effect of different courses of action. If we 
have to give advice to a practical man, either we or he must take these 
into account. In deciding on his course of action he must allow both 
for the probability that the action chosen will lead to a certain result 
and for the value to him of that result if it happens. The fullest 
development on these lines is that of F. P. Ramsey. | I shall not 
attempt to reproduce it, but shall try to indicate some of the principal 
points as they occur in his work or in Bayes’s. The fundamental idea 
is that the values of expectations of benefit can be arranged in an order; 
it is legitimate to compare a small probability of a large gain with 
a large probability of a small gain. The idea is necessarily more com- 
plicated than my Axiom 1; on the other hand, the comparison is one 
that a business man often has to make, whether he wants to or not, or 
whether it is legitimate or not. The rule simply says that in given 
circumstances there is always a best way to act. The comparison of 
probabilities follows at once; if the benefits are the same, wliichever 
of two events happens, then if the values to us of the expectations of 
benefit differ it is because the events are not equally likely to happen, 
and the larger value is associated with the larger probability. Now we 
have to consider the combination of expectations. Here Bayes, I think, 
overlooks the distinction between what Laplace calls ‘mathematical’ 
and ‘moral’ expectation. Bayes spealis in terms of monetary stakes, 
and would say that a 1/100 chance of receiving £100 is as valuable as 
a certainty of receiving £1 . A gambler might say that it is more valuable; 
most people would perhaps say that it is less so. Indeed Bayes’s 
definition of a probabilit}^ of 1/100 would be that it is the probability 
such that the value of the chance of receiving £100 is the same as 
the value of a certain £1. Since different values may be compared, the 
uniqueness of a probability so defined requires a postulate that the 
value of the expectation, the proposition and the data remaining 
the same, is proportional to the value to be received if the proposition 

t The Foundations of MathenuUics, 1931. pp. 157-211. This essay, like tliat of Bayes, 
was published after tiie author’s death, and suffers from a number of imperfections in 
the v^erbal statement that he might have corrected. 
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is true. This is taken for granted by Bayes, and Ramsey makes an 
equivalent statement (foot of p. 179). The difficulty is that the value of 
£l to us depends on how much money we have already. This point was 
brought out by Daniel Bernoulli in relation to what was called the 
Petersburg Problem. Two players play according to the following rules. 
A coin is to be thrown until a head is thrown. If it gives a liead on 
the first throw, J is to pay £ £1 ; if the first head is on the second throw, 
£2; on the third, £4; and so on. What is the fair sum for B to pay A 
for his chances? The mathematical expectation in ])ounds is 

'2 • 1 “f" J 2 "P "8 • • — OC . 

Thus on this analysis B should pay A an infinite sum. If we merely 
consider a large finite sum, such as £2^^\ he will lose if there is a head 
in any of the first 20 throws; he will gain considerably if tiie first liead 
is on the 21st or a later throw. The question was, is it really worth 
anybody’s while to risk such a sum, most of wliicli he is practically 
certain to lose, for an almost inappreciable chance of an enormous 
gain? Even eighteenth -century gamblers seem to have had doubts 
about it. Daniel Bernoulli’s solution was that tltC value of £22^‘ is very 
different according to the amount we have to start with. The value of 
a loss of that sum to anybody that has just that amount is not equal 
and opposite to the value of a gain of the same sum. He suggested a 
law relating the value of a gain to the amount already possessed, which 
need not detain us;t but the impprtant point is that he recognized that 
expectations of benefit are not necessarily additive. What Laplace calls 
‘moral expectation’ is the value or pleasure to us of an event; its rela- 
tion to the monetary value in terms of mathematical expectation may 
be rather remote. Bayes wrote after Bernoulli, but before Laplace, 
but he does not mention Bernoulli. Nevertheless, the distinction does 
not dispose of the interest of the treatment in terms of expectation of 
benefit. Though we cannot regard the benefits of gains of the same 
kind as mutually irrelevant, on account of this psychological pheno- 
menon of satiety, there do seem to be many cases where benefits are 
mutually irrelevant. For instance, the pleasures to me of two dinners 
on consecutive nights seem to be nearly independent, though those of 
two dinners on the same night are definitely not. The pleasures of the 
unexpected return of a loan, having a paper accepted for publication, 
a swim in the afternoon, and a theatre in the evening do seem 

t It is that the value of a gain dx, when we liavo x already, is proportional to dx/x; 
this is the rule associated in certain biological applications with the names of Weber 
and Fechner. 
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independent. If tliere are a sufficient number of such benefits (or if there 
could be in some possible world, since all we need is consistency), a 
scale of the values of benefits can be construct(;d, which will satisfy the 
commutative rule of addition, and then, by Bayes’s principles, one of 
probability in terms of them. The addition rule will then be a theorem. 
The product rule is treated by Bayes in the following v ay. We can 
write E(a,]) \q) for the value of the expectation of receiving a if p is 
true, given q, and by definition of F(p | q), 

E{a,p\q) aP{p\q). 

The proportionality of E{a,p \ q) to a, given p and q, is a postulate, as 
we have already stated. Consider the value of the expectation of 
getting a if p and q are both true, given r. This is (iP(pq | r). But we 
may test 2 ^ ^^d then q. If p turns out to be true, our expectation 

will be (iP(q \ pT), since jy is now among our data; if untrue, we know 
that we shall receive nothing. Now return to the first stage. If p is 
true we shall receive an expectation, whose value is aP(q | pr), otherwise 
nothing. Hence our initial expectation is aP{q | pr)P{p | r); whence 

P{pq I r) =- P(p 1 r)P\q | pr). 

Ramsey’s presentation is much more elaborate, but depends on the 
same main ideas. The proof of the principle of inverse probability is 
simple. The difficulty about the separation of propositions into dis- 
junctions of equally possible and exclusive alternatives is avoided by 
this treatment, but is replaced by difficulties concerning additive expec- 
tations. These are hardly practical ones in either case; no practical man 
will refuse to decide on a course of action merely because we are not 
quite sure which is the best v ay to lay the foundations of the theory. 
He assumes that the course of action that he actually chooses is the bestji 
Bayes and Ramsey merely make the less drastic assumption that there 
is some course of action that is the best. In my method expectation 
would be defined in terms of value and probability; in theirs probability 
is defined in terms of values and expectations. The actual propositions 
are of course identical. 

1 . 4 . At any stage of knowledge it is legitimate to ask about a given 
hypothesis that is accepted, ‘How do you know?’ The answer will 
usually rest on some observational data. If we ask further, ‘What did 
you think of the hypothesis before you had these data? we may be 
told of some less convincing data; but if we go far enough back w^e shall 
always reach a stage where the answer must be : M thought the matter 

3595.58 T) 
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worth considering, but had no opinion about whether it was true.’ 
What was the probability at this stage ? We have the answer already. 
If there is no reason to believe one hypothesis rather than another, the 
probabilities are equal. In terms of our fundamental notions of the 
nature of inductive inference, to say that the probabilities are equal is 
a precise way of saying that we hove no ground for choosing between the 
alternatives. All hypotheses that are sufficiently definitely stated to 
give any difference between the probabilities of their consequences 
will be compared with the data by the principle of inverse probability; 
but if we do not take the prior probabilities equal we are expressing 
confidence in one rather than another before the data are available, and 
this must be done only from definite reason. To take the prior probabili- 
ties different in the absence of observational reason for doing so w ould 
be an expression of sheer prejudice. The rule that we should then take 
them equal is not a statement of any belief about the actual composi- 
tion of the world, nor is it an inference from previous experience; it is 
merely the formal way of expressing ignorance. It is sometimes referred 
to as the Principle of Insufficient Reason (Laplace) or the equal dis- 
tribution of ignorance. Bayes, in his great memoir, repeatedly says 
that the principle is to be used only in cases w here we have no grt>und 
whatever for choosing between the alternatives. It is not a new rule 
in the present theory because it is an immediate application of (Vjnven- 
tion 1. Much confusion has arisen about it through misunderstanding 
and attempts to reinterpret it in terms of frequency definitions. My 
contention is that tlie frequency definitions themselves lead to no 
results of the kind that we need until the notion of reasonable degree 
of belief is reintroduced, and that since the whole purpose of these 
definitions is to avoid this notion they necessarily fail in their object. 
When reasonable degree of belief is taken as the fundamental notion 
the rule is immediate. We begin by making no assumption that one 
alternative is more likely than another and use our data to compare them . 

Suppose that one hypothesis is suggested by one person A, and 
another by a dozen B, C,...; does that make any difference? No; but 
it means that we have to attend to tw^o questions instead of one. First, 
is p or g true ? Secondly, is the difference between the suggestions due 
to some psychological difference between A and the rest? The mere 
voting is not evidence because it is quite possible for a large number 
of people to make the same mistake. The second question cannot be 
answered until we have answered the first, and the first must be con- 
sidered on its merits apart from the second. 



FUNDAMENTAL NOTIONS 


35 


§ 1.5 

1 . 5 . We are now in a position to consider whether we have fulfilled the 
conditions that we required at the outset. I think ( 1 ) is satisfied, though 
the history of both probability and deductive logic is a warning against 
over 'Confidence that an unstated axiom has not slipped in. 

2. Axiom 1 assumes consistency, but this assumption by itself does 
not guarantee that a given system is consistent. It makes it possible 
to derive theorems by equating probabilities found in different ways, 
and if in spite of all efforts probabilities found in different ways were 
different, the axiom would make it impossible to accept the situation 
as satisfactory. We must not expect too much in the nature of a general 
proof of consistency. There is a theorem due to G5del that if any logical 
system that includes arithmetic contained a proof of its own consis- 
tency. it would also contain one of its own inconsistency; so apparently 
it would be fatal to a system if we could find a general proof of consis- 
tency within it. Proofs of the consistency of various logical schemes 
(including the system of Principla Matheniatica and therefore the 
theory of functions of a real variable) do exist, but only by going out- 
side the frames of the schemes themselves. The proof amounts to 
finding a proposition that can be stated in the system but cannot be 
proved or disproved by using the rules of the system. Since the system 
of Principia contains a proposition that two contradictory propositions 
imply any proposition, the existence of an undemonstrable proposition 
implies that the primitive propositions in the system are consistent. 
But this argument itself cannot be expressed in Principia language! 
What we want is that the probability of a proposition on the same data 
shall always be the same; thus, if w^e are considering two alternative 
hypotheses and our previous information is //, and the new 
evidence consists of two batches of data p^ and p^, the assessments on 
data pj^p^^H should be the same whether we take p^ or pg account 
first or both at once. Now, by the principle of inverse probability, 

P(<li \PiH) ^ P(q^\p^H) 

Phi\H)P{Pi\<liP) Pi<iAP)P{Pi\%Py 

Replacing H hy p^H and p^ by p^ we shall obtain the result for the 
application of the additional data p^, Pi being now already given : 

P(9[i \PiP%H) Pj^ilPxPzH) 

P(<i\ \PiP)P(P2\qiPiP) P(qi\PiP)P{P2\qiPiii)' 

Multiplying, we have 

P{q^ IPiP^H) ^ PjqtlPiPzH) 

P{qi\P)P(Pi\qiH)P(P2 \PiqiH) P(qi\H)P(Pi\q^H)P(p^ \PiqtH)' 
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But by Axiom 7, assuming that the product rule holds for likelihoods, 
P(Pi\q\H)P(Pi\PiqiH) =. P(PxPt\q-^B). 

and therefore 

^(gi \V\ PzP) ^ Pili \P\P-iP ) _ 

P{9i \P)PiPiPz\QiP) P(9 z\P)P(PiP2 1^2^)’ 
which is the result of applying the principle of inverse probability to 
take account of the data and p^ simultaneously. By symmetry we 
should obtain the same result if we took account of pg fir«t. Extension 
to any number of batches of new data is obviously possible, and the 
results will therefore be consistent provided that we always start with 
the same data and finish wdth the same, and that w^e take account of 
the new' data as we proceed. Keglect of the last condition may lead 
to inconsistencies, but that is the result of not applying the principle 
correctly. In the proof we have assumed that the product rule holds 
for likelihoods. This has not been proved in general, but has invariably 
been assumed even by those who claim to reject the principle of inverse 
probability. What our theorem shows is that if the product rule holds 
for likelihoods the principle of inverse probability cannot lead to 
contradiction. 

The consistency of the product rule can be treated more diiectly as 
follows. Let be two sets of propositions each exclusive and 

exhaustive on p, and denote their disjunctions by Q, R. Then 

Pifk lp) = P{Qrk lg>) = I PiqiTk \p)- 

i 

Instead of Axiom 7 assume that 

P(ii\^k'P) P^j^klp)' 

and assume that probabilities on data p satisfy the axioms. Then for 
probabilities on data it is obvious that Axioms 1, 2, 5 are satisfied; 
Axioms 3, 4, 6, 7 are easily proved, beginning with Axiom 6. Hence 
if we weaken Axiom I to a statement that probabilities are comparable 
given one sufficiently wide datum p, we can consistently convert the 
product rule into a definition of probabilities on data including p. 

3. For any assessment of the prior probability the principle of inverse 
probability will give a unique posterior probability. This can be used 
as the prior probability in taking account of a further set of data, and 
the theory can therefore always take account of new information. The 
choice of the prior probability at the outset, that is, before taking into 
account any observational information at all, requires further con- 
sideration. We shall see that further principles are available as a guide. 
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These principles sometimes indicate a unique choice, but in many 
problems some latitude is permissible, so far as we know at present. 
In such cases, and in a different world, the matter would be one for 
decision by the International Research Council. Meanwhile we need 
only remark that the choice in practice, within the range permitted, 
makes very little difference to the results. 

4. This is satisfied by definition. 

5. We have avoided contradicting rule 5 so far, but further applica- 
tions of it will appear later. 

6. Our main postulates are the existence of unique reasonable degrees 
of belief, which can be put in a definite order; Axiom 4 for the consistency 
of probabilities of disjunctions; either the axiomatic extension of the 
product rule or the theory of expectation. It does not appear that these 
can be reduced in number, without making the theory incapable of 
covering the ground required. 

7. The simple cases mentioned on pp. 29-30 show how the principle of 
inverse probability does correspond to ordinary processes of learning, 
though we shall go into much more detail as we proceed. Differences 
between individual assessments that do not agree with the results of 
the theory will be part of the subject-matter of psychology. Their 
existence can be admitted without reducing the importance of a unique 
standard of reference. It has been said that the theory of probability 
could be accepted only if there was experimental evidence to support 
it; that psychology should invent methods of measuring actual degrees 
of belief and compare them wuth the theory. I should reply that without 
an impersonal method of analysing observations and drawing inferences 
from them we should not be in a position to interpret these observations 
either. The same considerations would apply to arithmetic. To quote 
P. E. B. Jourdainit 

T Hornetirnes feel inclined to apply the historical method to the multiplication 
table. I should make a statistical inquiry among school children, before their 
pristine wisdom had been biased by teachers. I should put down their answers 
as to what 6 times 9 amounts to, I should work out the average of their answers 
to six places of decimals, and should then decide that, at the present stage of 
human development, this average is the value of 6 times 9.’ 

I would add only that without the multiplication table we should not 
be able to say what the average is. Nobody says that wrong answers 
invalidate arithmetic, and accordingly we need not say that the fact 
that some inferences do not agree with the theory of probability 

t T/ie Philosophy of Mr, B*rtr*nd R* 88*11, 1918, p. 88. 
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invalidates the theory. It is sufficiently clear that the theory does 
represent the main features of ordinary thought. The advantage of a 
formal statement is that it makes it easier to see in any particular case 
whether the ordinary rules are being followed. 

This distinction shows that theoretically a probability should always 
be worked out completely. We have again an illustration from pure 
mathematics. What is the 1,000th figure in the expansion of 
Nobody knows; but that does not say that the probability that it is 
a 5 is 0- 1 . By following the rules of pure mathematics we could deter- 
mine it definitely, and the statement is either entailed by the rules or 
contradicted; in probability language, on the data of pure mathematics 
it is either a certainty or an impossibility.! Similarly, a guess is not 
a probability. Ih'obability theory is more complicated than deductive 
logic, and even in pure mathematics we must often be content with 
approximations. Mathematical tables consist entirely of approxima- 
tions. Bence we must expect that our numerical estimates of proba- 
bilities in practice will usually be approximate. The theory is in fact 
the system of thought of an ideal man that entered the world knowing 
nothing, and always worked out his inferences completely, just as pure 
mathematics is part of the system of thought of an ideal man who 
always'gets his arithmetic right. J But that is no reason w hy the actual 
man should not do his best to approximate to it. 


1 . 6 . We can now^ indicate in general terms how^ an inductive inference 
can approach certainty, though it cannot reach it. If g is a hypothesis, 
H the previous information, and an experimental fact, we have by 
tw o applications of the product rule, using Convention 3, 


' P(P,\H) ’ 


( 1 ) 


since both are equal to Pip^q | H^Pip^ \ H). If p, is a consequence of 
q, P(Pi I qH) ~ 1 ; hence in this case 


P(q\pJJ)=. 


PjglH) 

PiPiim' 


( 2 ) 


t It is unfortunate that pure mathematicians speak of, for instance, the probability 
distribution of prime numbers, meaning a smoothed density distribution. Systematic 
botanists and zoologists are far ahead of mathematicians and physicists in tidying up 
their language. ® ^ 

I An expert computer does not trust his arithmetic without applying checks, which 
would give identities if the work is correct but would be expected to fail if there is 
a mistake. Thus induction is used to check the correctness of what is meant to be 
deduction. The possibility that two mistakes have cancelled is treated as so improbable 
that it can be ignored. 
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If Pz '" further consequences of q, which are found to be true, we 
shall have in succession 


P{<l\PiPzH) ^ 
P(q I VlP 2 -‘PnH) 


P(q\H) 

P(P^\H)P(p^\p,Hy *•*’ 



P(Vl \H)P{P2\Plii)- P\Pn \ Vv-Pn~lPy 


(3) 


Thus each verification divides the probability of the hypothesis by the 
probability of the verification, given the previous information. Thus, 
with a sufficient number of verifications, one of three tilings must 
happen: (1) The probability of q on the information available will 
exceed 1. (2) it is always 0. (3) P{p,, \ jhP 2 '-Vn-iP) 1- 

(1) is impossible since the highest degree of probability is certainty. 

(2) means that q can never reach a finite probability, however often it 
is verified. But if w^e adopt (3), repeated verifications of consequences 
of a hypothesis w ill make it practically^ certain that further consequences 
of it will be verified. This accounts for the confidence that w e actually 
have in inductive inferences. 

This proposition also provides us with an answer to various logical 
difficulties connected w ith the fact that if p entails </, q does not neces- 
sarily entail p. p may be one of many alternatives that would also 
entail q. Tn the lowest terms, if q is the disjunction of a set of alterna- 
tives ^ 1 , qw fhen any member of this set entails q, but q does not 

entail any particular member. Now in science one of our troubles is 
that the alternatives available for consideration are not ahvays an 
exhaustive set. An unconsidered one may escape attention for centuries. 
The last proposition shows that this is of minor importance. It says 
that if pj,..., p^^ are successive verifications of a hypothesis q, 


P{Vn \PlP2 -Pn-xP) 

will approach certainty; it does not involve q and therefore holds 
whether q i.s true or not. The unconsidered hypothesis, if it had been 
thought of, would either (1) have led to the consequences pj, pgv or (2) 
to different consequences at some stage. In the latter case the data 
would have been enough to dispose of it, and the fact that it was not 
thought of has done no harm. In the former case the considered and 
the unconsidered alternatives would have the same consequences, and 
will presumably continue to have the same consequences. The un- 
considered alternative becomes important only when it is explicitly 
stated and a type of observation can be found where it would lead to 
different predictions from the old one. The rise into importance of the 
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theory of general relativity is a case in point. Even though we now 
know that the systems of Euclid and Newton need modification, it was 
still legitimate to base inferences on them until we knew what particular 
modification was needed. The theory of probability makes it possible 
to respect the great men on whose shoulders we stand. 

Tlie possibility of this procedure rests, of course, on the fact that 
there are cases where a large number of observations have been found 
to agree with predictions made by a law. The interest of an estimate of 
the probability of a law, given certain data, is not great unless tliose 
actually are our data. Indeed, a statement of it might lead to highly 
uncomplimentary remarks. It is not necessary that the predictions 
shall be exact. Jn the case of uniformly accelerated motion mentioned 
near the beginning, if the law is stated in the form that at any instant 
tj. the observed .s will lie between where e is small com- 

pared with the whole range of variation of .v, it w ill still be a legitimate 
inference after many verifications that the law will hold in future 
instances within this margin of uncertainty. This takes us a further 
step towards understanding the nature of the acceptance of a simple 
law^ in spite of the fact that in the criiue form given in applied mathe- 
matics it does not exactly agree with the observations. 

1 . 61 . If we lump together all hypotheses that give indistinguishable 
consequences, their total probability will tend to 1 with sufiicient 
verification. For if we have a set of hypotheses r/p..., all asserting 
that a quantity x will lie in a range ±e, we may denote their disjunction 
by q, w^hich will assert the same. Suppose that q would permit the 
quantity to lie in a range ± E, w here E is much greater than €. Suppose 
further that x is measured and found to be in the range indicated by q. 
Then if p denotes this proposition, P{j) \qh) ~ 1, and P{p | ^ qli) is of 
order ejE. Hence 

P(q\ph) _ (E\ P(q\h) 

P(r^q\ph) \e/P(~g'|A)' 

Thus if E/e is large and ^ is a serious possibility, a single v^erification 
ma}^ send its probability nearly up to 1 . It is an advantage to consider 
together in this way all hypotheses that would give similar inferences 
and treat their disjunction as one hypothesis. The data give no informa- 
tion to discriminate between them vso long as the data are consequences 
of all; the posterior probabilities remain in the ratios of the prior 
probabilities. With this rule, therefore, we can with a few verifications 
exclude from serious consideration any vaguely stated hypotheses that 
would require the observed results to be remarkable coincidences; while 
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unforeseen alternatives whose consequences would agree with those 
given by hypotheses already included in g, within the range of verifica- 
tion at any stage, will give no trouble. By the time when any of them 
is stated explicitly, all hypotheses not implying values of x within the 
ranges actually found will have negligible probabilities anyhow, and all 
that we shall need to do is to separate the disjunction q as occasion 
arises. It is therefore desirable as far as possible to state hypotheses 
in such a form that those with indistinguishable consequences can be 
treated togctlier; this will avoid mere mathematical complications 
relating to possibilities that we have no means of testing. 

1.7. I'jiEORKM II. // alferna lives on 

data r, and if 

- - -- A?' I '?„»•). 

the7i each ^ P{p \q^ v y,,... ^ q„ \r). 

For if we denote the disjunction v rp,... v q^^ by q^ we have 

P{pq j /•) P{pq^ I r)-t P{pq.^ \ r)^ ... (1 ) 

since these alternatives are mutually exclusive'; and this 

- (2) 
The first factors are all etpial, and the sum of the second factors is 
P{q I r). Hence 

P(pq I r) — P(p I q^ r)P(q \r). (3) 

But P(pq I r) ^ P{p 1 qr)P{q | r), (4) 

which gives the theorem on comparison witli (3). 

This leads to the principle that we may call the suppression of an 
irrelevant premiss. If (7i entailed by r, 

P{p i qr) =- P( 2 )q | r) P(p | r), 

since P(q \pr) ^ 1; and then each of the expressions P{p |g^r) is equal 
to P{p I r). In words, it the probability of a proposition is the same 
for all the alternative data consistent with one fixed datum, then the 
probability on the fixed datum alone has the same value. 

The interest of this theorem is primarily in relation to what are called 
‘chances’, in a technical sense given by N. R. Campbell and M. S. 
Bartlett. We have seen that probabilities of propositions in general 
depend on the data. But cases can be stated, and whether they exist 
or not must be considered, where the probability is the same over a 
wide range of data; in such a case we may speak of the information 
not common to all these data as irrelevant to the probability of the 
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proposition. Thus above we can say that the propositions 
irrelevant to j), given r. Further, 

P(ni I r) - P{qi I r)P(j) i q^r) -- Pfe | r)P{p | r), 

so that the product formula in such a case is legitimately replaced by 
the form (2) on p. 27. I shall therefore define a chance as follows: If 

q,^ are a set of alternatives, miitimlly exclusive and exhaustive on 

data r, and if the probabilities of p qitwn any of them and r are the same, 
each of these probabilities is called the chance of p on data r. It is equalf 
to P{p I r). 

In any case where r includes the specification of all the parameters 
in a law, and the results of previous trials are irrelevant to the result 
of a new trial, the probability of a given result at that trial is the chance 
on data r. For the information available just before that trial is made 
is composed of r and the results of all previous trials. If we consider 
the aggregate of all the results that might have been obtained in pre- 
vious trials, they constitute a set of alternatives such that one of them 
must occur on data r, and are exclusive and exhaustive, (dven then 
that the probability of an event at the next trial is the same whatever 
the results of previous trials, it must be equal to the chance on data r. 
It follows that the joint probability on data r of the results of several 
trials is the product of their separate chances on data r. This can easily 
be proved directly. For if --’Pm results in order, we have 

by successive applications of the product formula 

k) = P{Vx\'<')P{V% \Pir)P(P3 \VlIh^)-P(Vm\PvPm-l1^)^ 
and by the condition of irrelevance this is equal to 
P{Pi I 'r)P(Pi I r)P(p^ I r)...P{p^ I r). 

This is usually taken for granted, but it is just as well to have it proved. 

When the probabilities, given the law, are chances, they satisfy the 
product rule automatically. Hence our proof of the consistency of the 
principle of inverse probability is complete in all cases where the likeli- 
hoods are derived from chances. This covers nearly all the applications 
in this book. 

Theorem 12. 5'n of alternatives, 

each exclusive and exhaustive on data r, and if 

P{P,qt\^) = f(P,)9(it) 

I Bayes and Laplace use both words ‘probability’ and ‘chance’, but so far as I know 
do not specify any distinction between them. There are, however, passages in their 
writings that suggest that they use the words with their modern senses interchanged. 
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for all values of s and t, where f(pf\ depends only on p^ and r, and g(q^ 
only on qi and r, then 

PiPs \ »•) oc f(p,)\ P(qt I r) cc g(qi). 

For if we denote the disjunctions of the and q( by p and q, we have 


P{P. P{Ps q,\r)= f(pf) ^ ( 1 ) 

t t 

which is proportional to f(pg). But 

P{Ps<l 1 r) = P(p^ 1 r)P(q \p^r) (2) 

and the last factor is 1 since q is entailed by r. Hence 

P(Ps\r)^f{pfl- (3) 

Similarly, P(q^ [ r) oc g(qi). (4) 

We notice that 

Pipg. I »•) = 2 I,fiPs)9{q,) = J,f(Ps) 1 9(9t) (6) 

8 ( St 


and is equal to 1 since p and q are both entailed by r. It is possible 
to multiply /(p^) and g{qi) by factors such that both sums will be equal 
to 1 ; these factors will be reciprocals; and if this is done, since p and q 
separately are entailed by r, we shall have 

P(Ps I r) = /(pj; P(qi 1 r) = giq,). 

Also P(Pg I g,r) = P(p^qi \ r)IP(qi \ r) = f(p,) (6) 

and q^ is irrelevant to p^. 

This theorem is useful in cases where a joint probability distribution 
breaks up into factors. 

1 . 8 . Expectation of benefit is taken as a primitive idea in the Bayes- 
Ramsey theory. In the present one we can define the expectation of 
a function f(z) on data p by the equation 

E{f{x)\p} = 2f(^)P(x\p) 

taken over all values of ;r. For expectation of benefit, if benefits inter- 
fere, there is no great trouble. If x is, for instance, a monetary gain, 
we need only distinguish between x itself, the expectation of which 
will be Y,xP{x \ p), and the benefit to us of x, which is not necessarily 
proportional to x. If it is f(x), the expectation of benefit will be 

2/(x) p(x\p). 

The expectations of functions of a variable are often required for our 
purposes, though we shall not have much more to say about expecta- 
tion of benefit. But attention must be called at once to the fact that 
if the expectation of a variable is a, it does not mean that we expect 
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the variable to be near a. (bnsider the following case. Suppose that 
we have two boxes A and B each containing n balls. We are to toss 
a coin; if it comes down heads we shall transfer all the balls from A to 
B\ if tails, all from B to A. What is our present ex])ectation of the 
number of balls in A after the process? There is a probability 1 that 
there will be "In balls in A, and a probability I that there will be none. 
Hence the expectation is n, which is not a possible value at all. Incor- 
rect results have often been obtained by taking an expectation as a 
prediction of an actual value; this can be done only if it is also shown 
that the probabilities of dilferent actual values are closely concentrated 
about the expectation. It may easily happen that they are concen- 
trated about two or more values, none of which is anywhere near the 
expectation. 

1 . 9 . It may be noticed that the words ‘idealism’ and ‘realism’ have 
not yet been used. I should perhaps explain tiiat their use in everyday 
speech is different from the philosophical use. In everyday use, realism 
is thinking that other people are worse than they are; idealism is 
thinking that they are better than they are. The former is an expres- 
sion of praise, the latter of disparagement. It is recognized that nobody 
sees himself as othei’s see him; it follows tliat everybody knows that 
everybody else is either a realist or an idealist. In pliilosopliy, realism 
is the belief that there is an external world, which would still exist if 
we were not available to mak(' observations, and that the function of 
scientific method is to find out properties of this world. Idealism is the 
belief that nothing exists but the mind of the observer or observers 
and that the external world is merely a mental construct, imagined to 
give us ourselves a convenient way of describing our experiences. The 
extreme form of idealism is solipsism, which, for any individual, asserts 
that only his mind and his sensations exist, other people’s minds also 
being inventions of his own. The methods developed in this book are 
consistent with some forms of both realism and idealism, but not with 
solipsism; they contribute nothing to the settlement of the main ques- 
tion of idealism versus realism, but they do lead to the rejection of 
various special cases of both. I am personally a realist (in the philo- 
sophical sense, of course) and shall speak mostly in the language of 
realism, which is also the language of most people; but if an idealist 
wishes to translate anything in this book into the language of idealism, 
I think he will be able to do it. To him I offer the bargain of the 
Unicorn with Alice: ‘If you’ll believe in me, I’ll believe in you.’ 
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Solipsism is not, as far as I know, actively advocated by anybody 
(with the possible exception of the behaviourist psychologists). The 
great difficulty about it is that no two solipsists could agree. If A and 
B are solipsists, A thinks that he has invented B and vice versa. The 
relation between them is that between Alice and the Red King; but 
while Alice Avas willing to believe that she was imagining the King, she 
found the idea that the King was imagining her quite intolerable. 
Tweedledum and Tweedledce solved the problem by accepting the 
King’s solution and rejecting Alice’s; but every solipsist must have his 
own separate solipsism, which is flatly contradictory to every other’s. 
Nevertheless, solipsism does contain an important principle, recognized 
by Karl I^earson, that any person’s data consist of his own individual 
experiences and that his opinions are the result of his own individual 
thought in relation to those experiences. Any form of realism that- 
denies this is sim])ly false. A hypothesis does not exist till some one 
])erson has thought of it; an inference does not exist until one person 
has made it. We must and do, in fact, begin with the individual. 
But early in life he recognizes groups of sensations that habitually occur 
together, and in particular he notices resemblances between those 
groups that we, as adults, call observations of oneself and other people. 
When he learns to speak he has already made the observation that 
some sounds belonging to i-hese grouy)s are habitually associated with 
other groups of visual or tactile sensations, and has inferred the rule 
that we should express by saying that particular things and actions are 
denoted by particular words; and when he himself uses language he 
has generalized the rule to say that it may be expected to hold for 
future events. 

Thus the use of language depends on the principle that generalization 
from experience is possible; and this is far from being the only such 
generalization made in infancy. But if we accept it in one case we 
have no ground for denying it in another. But a person also observes 
similarities of appearance and behaviour between himself and other 
people, and as he himself is associated with a conscious personality, it 
is a natural generalization to suppose that other people are too. Thus 
the departure from solipsism is made possible by admitting the pos- 
sibility of generalization. It is now possible for two people to under- 
stand and agree with each other simultaneously, which would be 
impossible for two solipsists. But we need not say that nothing is to 
be believed until everybody believes it. The situation is that one person 
makes an observation or an inference; this is an individual act. If he 
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reports it to anybody else, the second person must himself make an 
individual act of acceptance or rejection. All that the iirst can say is 
that, from the observed similarities between himself and other people, 
he would expect the second to accept it. The facts that organized 
society is possible and that scientific disagreements tend to disappear 
when the participants exchange their data or when new data accumu- 
late are confirmation of this generalization. Regarded in this way the 
resemblance between individuals is a legitimate induction, and to take 
universal agreement as a primary requisite for belief is a superfluous 
postulate. 

Whether one is a realist or an idealist, the problem of inferring future 
sensations arises, and a theory of induction is needed. Both some 
realists and some idealists deny this, holding that in some way future 
sensations can be inferred deductively from some intuitive knowledge 
of the possible properties of the world or of sensations. If experience 
plays any part at all it is merely to fill in a few details. This must be 
rejected under rule 5. I shall use the adjective ‘naive for any theory, 
whether realist or idealist, that maintains that inferences beyond the 
original data are made with certainty, and ‘critical’ for one that admits 
that they are not, but nevertheless have validity. Nobody that ever 
changes his mind through evidence or argument is a naive realist, 
though in some discussions it seems to be thought that there is no 
other kind of realism. It is perfectly possible to believe that we are 
finding out properties of the world without believing that anything we 
say is necessarily the last word on the matter. 

It should be remarked that some philosophers define ‘naif realism’ 
in some such terms as ‘ the belief that the external world is something 
like our perception of it’, and argue in its favour. To quote a remark 
I once heard Russell make, ‘I wonder what it feels like to think that.’ 
The succession of two-dimensional impressions that we call visual 
observations is nothing like the three-dimensional world of science, 
and I cannot think that such a hypothesis merits serious discussion. 
The trouble is that many philosophers are as far as most scientists 
from appreciating the long chain of inference that connects observation 
with the simplest notions of objects, and many of the problems that 
take up most attention are either solved at once or are seen to be 
insoluble when we analyse the process of induction itself. 



II 


DIRECT PROBABILITIES 

‘Having thus exposod tho far-seeing Mandarin’s inner thoughts, would it be 
too excessive a labour to jxjiietrate a little deeper into the rich mine of strat^egy 
and disclose a specific detail ? ’ 

Ernest Bramah, Kai Lung Unrolls his Mat 

2.0. We have seen that the principle of inverse probability can be 
stated in the form 

Posterior Probability oc Prior Probability x Likelihood, 

where by the likelihood we understand the probability that the observa- 
tions should have occurred, given the hypothesis and the previous 
knowledge. The prior probability of the hypothesis has nothing to do 
with the observations immediately under discussion, though it may 
depend on previous observations. Consequently the whole of the in- 
formation contained in the observations that is relevant to the posterior 
probabilities of different hypotheses is summed up in the values that 
they give to the likehhood. In addition, if the observations are to tell 
us much that we do not know already, the likelihood will have to vary 
much more between different hypotheses than the prior probability 
does. Special attention is therefore needed to the discussion of the 
probabilities of sets of observations given the hypotheses. 

Another consideration is that we may be interested in the likelihood 
as such. There are many problems, such as those of games of chance, 
where the hypothesis is trusted to such an extent that the amount of 
observational material that would induce us to modify it would be far 
larger than will be available in any actual trial. But we may want to 
predict the result of such a game; or a bridge player may be interested 
in such a problem as whether, given that he and his partner have nine 
trumps between them, the remaining four are divided two and two. 
This is a pure matter of inference from the hypothesis to the probabili- 
ties of different events. Such problems have already been treated at 
great length, and I shall have little to say about them here, beyond 
indicating their general position in the theory. 

In Chapter I we were concerned mainly with the general rules that a 
consistent theory of induction must follow. They say nothing about 
what laws actually connect observations; they do provide means of 
choosing between possible laws, in accordance with their probabilities 
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given the observations. The laws themselves must be suggested before 
they can be considereci in terms of the rules and the observations. The 
suggestion is always a matter of imagination or intuition, and no general 
rules can be given for it. We do not assert that any suggested hypo- 
thesis is right, or that it is wrong; it may appear that there are cases 
where only one is available, but any hypothesis specific enougli to give 
inferences has at least one contradictory, in comparison with which it 
may be considered. The evaluation of the likelihood requires us to 
regard the hypotheses as considered propositions, not as asserted pro- 
positions; we can give a definite value to P{'p | q) irrespective of whether 
q is true or not. This distinction is necessary, because we must be able 
to consider the consequences of false hypotheses before we can say that 
they are false. f We get no evidence for a hypothesis by merely working 
out its consequences and showing that they agree with some observa- 
tions, because it may happen that a wide range of otlicr hy])ot]ieses 
would agree with those observations equally well. To get evidence for 
it we must also examine its various contradictories and show that they 
do not fit the observations. This elementary principle is often over- 
looked in alleged scientific work, which proceeds by stating a hyjio- 
thesis, quoting masses of results of observation that might be expect ed 
on that hypothesis and possibly on several contradictory ones, ignoring 
all that would not be expected on it, but might be expected on some 
alternative, and claiming that the observations support the hypothesis. 
Most of the current presentations of the theory of relativity (the essen- 
tials of which are supported by observation) are of this type; so are those 
of the theory of continental drift (the hypotheses of which are contra- 
dicted by every other check that has been applied). So long as alter- 
natives are not examined and compared with the whole of the relevant 
data, a hypothesis can never be more than a considered one. 

In general the probability of an empirical proposition is subject to 
some considered hypothesis, which usually involves a number of quanti- 
tative parameters. Besides this, the general principles of the theory 
and of pure mathematics will be part of the data. It is convenient to 
have a summary notation for the set of propositions accepted throughout 
an investigation ; I shall use H to denote it. H will include the specifica- 
tion of the conditions of an observation. 6 will often be used to denote 
the observational data. 

t This is the reason for rejecting the Principia definition of implication, which leads 
to the proposition, ‘ If is false, then q implies p.’ Thus any observational result p could 
be regarded as confirming a false hypothesis q. In terms of cntailment the corresponding 
proposition, ‘If ^ is false, q entails p’, does not hold irrespective of p. 
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2.1. Sampling. Suppose that we have a population, composed of 
members of two types <f) and ^ (f>, in known numbers. A sample of given 
numb('r is drawn in such a way that any set of that number in the 
population is equally likely to be taken. What, on these data, is the 
probability that the numbers of the two types will have a given pair 
of values? 

Let r and s be the numbers ol types (/> and in the population, 
I and rn those in the sample. The number of possible samples, subject 
to the conditions, is the number of ways of choosing Z+m things from 
r+s, which we denote by The number of them that will have 

precisely I things of type ^ and m of type ^ (j> is <^ata 

H any two particular samples are exclusive alternatives and are equally 
probable; and some sample of total number l-\ ni must occur. Hence 
the probability that any particular sample will occur is 1 / ; and 

the probability that the actual numbers will be I and in is obtained, 
by the addition rule, by multiplying this by the total number of samples 
with these numbers. Hence 

( 1 ) 

It is an easy algebraic exercise to verify tliat the sum of all these ex- 
pressions for different values of Z, Z+m remaining the same, is 1. 

Explicit statement of the data H is desirable because it may be true 
in some cases that all samples are possible but not equally probable. 
In such cases the application of the rule may lead to results that are 
seriously wrong. To obtain a genuine random sample involves indeed 
a difficult technique. Yule and Kendall give examples of the dangers 
of supposing that a sample taken without any particular thought is 
a random sample. They are all rather more complicated than this 
problem. But the following would illustrate the point. Suppose that 
we want to know the general opinion of British adults on a political 
question. The most thorough method would be a referendum to the entire 
electorate. But a newspaper may attempt to find it by means of a vote 
among its readers. These will include many regular subscribers, and 
also many casual purchasers. It is possible that on a given day any 
individual might obtain the paper — even if it was only because all the 
others were sold out. Thus all the conditions in H are satisfied, except 
that of randomness; because on the day when the voting-papers are 
issued there is not an equal chance of a regular subscriber and an occa- 
sional purchaser obtaining that particular number of the paper. The 
tendency of such a vote would therefore be to give an excess chance 

3505.58 £ 
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of a sample containing a disproportionately high number of regular 
subscribers, who would presumably be more in sympathy with the 
general policy of the paper than the bulk of the population. 

2.11. Another type of sampling, which is extensively discussed in 
the literature, is known as sampling with replacement. In this case 
every member, after being examined, is replaced before the next draw. 
At each stage every member, whether previously examined or not, is 
taken to be equally likely to be drawn at any particular draw. This is 
not true in simple sampUng, because a member already examined cannot 
be dravTi at the next draw. If r and s as before are the numbers of the 
types in the population, the chance at any draw of a member of the 
first type being drawn, given the results of ail the previous draws, will 
always be r*/(r+5), and that of one of the second type sl(r-\-s). This 
problem is a specimen of the cases where the probabilities reduce to 
chances. 

Many other actual cases are chances or approximate to them. Thus 
the probabilities that a coin will throw a head, or a die a 6, appear to 
be chances, as far as we can tell at present. This may not be strictly 
true, however, since either, if thrown a sufficient number of times, 
would in general wear unevenly, and the probabilit}’' of a head or a 
six on the next throw, given all previous throws, would depend partly 
on the amount of this wear, which could be estimated by considering 
the previous throws. Thus it would not be a chance. The existence of 
chances in these cases would not assert that the chance of a head is ^ 
or that of a six the latter indeed seems to be untrue, though it is 
near enough for most practical purposes. 

If the chance of an event of the first type (which we may now call 
a success) is x, and that of one of the second, which we shall call a failure, 
is l—x — y, then the joint probability that i+m trials will give just I 
successes and m failures, in any prescribed order, is x^y^. But there 
will be ^+^1 ways of assigning the I successes to possible positions in the 
series, and these are all equally probable. Hence in this case 

( 2 ) 

V ! Tit I 


which is a typical term in the binomial expression for (x+yy+”^. Hence 
this law is usually known as the binomial distribution. In the case of 
sampling with replacement it becomes 


P{l,m \H) ~ 


(l+m)\l r VI s 
l\m\ \r+5/\r+5/ 


(3) 
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It 18 easy to verify that with either type of sampling the most probable 
value of I is within one unit of r(l+m)j(r-\-8), so that the ratio of the 
types in the sample is approximately the ratio in the population sampled. 
This may be expressed by saying that in the conditions of random 
sampling or sampling with replacement the most probable sample is a 
fair one. It can also be shown easily that if we consider in succession 
larger and larger populations sampled, the size of the sample always 
remaining the same, but r and s tending to infinity in such a way that rjs 
tends to a fixed value xjy, the formula for simple sampling tends to the 
binomial one. What this means is that if the population is sufficiently 
large compared with the sample, the extraction of the sample makes 
a negligible difference to the probability at the next trial, which can 
therefore be regarded as a chance with sufficient accuracy. 

2.12. Consider now what happens to the binomial law when I and 
m are large and x fixed. Let us put 


/(!) - i!»! 

} 

(4) 

l-\-m ~ /i; 1 — nx-~\-n'~^^oi; 

m — ny—n^^^oLf 

(5) 

and suppose that a. is not large. Then 



^ogfil) ~ logZ!+logm!— logn! — 

llogx—mlogy. 

(6) 

Now we have Stirling’s formulaf 



logn! = (TO+pogn-w+41og27r+^-o|lj. 

(7) 

Substituting and neglecting terms of order 1/i, 1/m, we have 


log/(;) - ilog^^+Zlog^ + wlog^. 

n nx ny 

(8) 


t The closeness of Stirling's approximation, even if l/12n is neglected, is remarkable. 
Thus for n = 1 and 2 it gives 

1! = 0-9221; 2! = 1-9190; 

while if the term in l/12n is kept it gives 

1! = 1-0022; 2! =3 2-0006. 

Considered as approximations on the hypothesis that 1 and 2 are large numbers they are 
very creditable. The use of the logarithmic series may lead to larger errors. 

Proofs of the formula and of other properties of the factorial function, not restricted to 
integral argument, are given in H, and B. S. Jeffreys, Methods of Mathematical Physics, 
Chapter 15. 
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Now substituting for I and m, and expanding the logarithms to order 
a* we have 

log/(0 = \^og{27rnxy) + -^ + 0(oLH-^f\ (9) 

1.1 ( (l-^nxf] 

f(l) * {27rnxyyi‘^^^^\ 2nxy ) 

This form is due to De Moivre.f From inspection of the terras neglected 
we see that this will be a good approximation if I and m are large and 
a not large compared with or Also if nxy is large the chance 
varies little between consecutive values of Z, and the sura over a range 
of values may be closely replaced by an integral, which will be valid as 
an approximation till I— nx is more than a few times (nxyY^'K But the 
integrand falls off with l—nx so rapidly that the integral over the range 
where (10) is valid is practically 1, and therefore includes nearly all the 
chance. But the whole probability of all values of Hs 1 . It follows that 
nearly the whole probability of values of I is concentrated in a range 
such that (10) is a good approximation to (4). 

It follows further that if we choose any two positive numbers ^ and 
y, and consider the probability that I will lie between ??(a:+^) and 
n{x—y), it will be approximately 





-y 


which, if p and y remain fixed, will tend to 1 as tends to infinity. 
That is, the probability that (l—nx)!n will lie within any specified limits, 
however close, provided that they are of opposite signs, will tend to 
certainty. 

2 . 13 . This theorem was given by James Bernoulli in the Ars Conje- 
ctandi (1713). It is sometimes known as the law of averages or the law 
of large numbers. It is an important theorem, though it has often 
been misinterpreted. We must notice that it does not prove that the 
ratio l/n mil tend to limit x when n tends to infinity. It proves that, 
subject to the probability at every trial remaining the same, however 
many trials we make, and whatever the results of previous trials, we 
may reasonably expect that Ijn—x will lie within any specified range 
about 0 for any particular value of n greater than some assignable one 
depending on this range. The larger n is, the more closely will this 
probability approach to certainty, tending to 1 in the limit . The 


t Miscellanea Analytical 1733. 
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existence of a limit for Ijn would require that there shall be a series of 
positive numbers depending on n and tending to 0 as n -> sucli 
that, for all values of n greater than some specified Hq, Ijn—x lies 
between ^^Rt it cannot be proved mathematically that such series 

always exist when tlie sampling is random. Indeed we can produce 
possible results of random sampling where they do not exist. Suppose 
that X - . it is essential to the notion of randomness that the results 

of previous trials are iiTelovant to the next. Consequently we can never 
say at any definite stage that a particular result is out of the question. 
Thus if we enter 1 for each success and 0 for each failure such series as 
the following could arise: 

1001 100101001001 1 1010..., 
10010010010010010 0100..., 

0 000000 0 0 000000000000 ..., 

111111111111111111111..., 

101 100001 1 I 1 1 1 1 10000000000.... 

Tlie first series was obtained by tossing a coin. The others were 
systematically designed; but it is impossible to say logically at any 
stage that t lie conditions of the problem forbid the alternative chosen. 
They are all possible results of random sampling consistent with a 
chance i. But the second would give limit the third and fourth 
limits 0 and 1 ; tlie fifth would give no limit at all, the ratio Ijn oscil- 
lating between J and |. (The rule adopted for this is that the number 
of zeros or units in each block is equal to the whole number of figures 
before tlie beginning of the block.) An infinite number of series could 
be chosen that would all be possible results of random selection, 
assuming an infinite number of random selections possible at all, and 
giving either a limit different from i or no limit. 

It was proved by Wrinch and me,’j* and another version of the proof 
is given by M. S. Bartlett, | that if we take di fixed a independent of 7^,, 
Uq can always be cliosen so that the probability that there will be no 
deviation numerically greater than a, for any n greater than is as 
near 1 as we like. But since the required tends to infinity as <x tends 
to 0, we have the phenomenon of convergence with infinite slowness 
that led to the introduction of the notion of uniform convergence. It 
is necessary, to prove the convergence of the series, that shall tend 
to 0; it must not be independent of n, otherwise the ratio might oscillate 
finitely for ever. 

t Phil. Mag. 38 , 1919, 718-19. J Proc. Boy. Boc. A, 141 , 1933, 620-1. 
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Before considering this further we need a pair of bounds for the 
incomplete factorial function, 

CO 

( 1 ) 

( 2 ) 


I = j du, 

X 

where x is large. Then 

00 

/ > X” J e-*^du = 

X 

Also, if w = x-\-Vj 


ujx < expv/x, 

1 < x^e~^^ I expi —t-^~}vdv = . 

j \ x/ t—nx 


Hence, if xjn is large, 




(3) 


(4) 


Now let P{n) be the chance of a ratio in n trials outside the range 
x±:oc. This is asymptotically 

by putting oc^ = u and applying (4). 

Now take (6) 

The total chance that there will be a deviation greater than for some 
n greater than is less than the sum of the chances for the separate n, 
since the alternatives are not exclusive. Hence this chance 

W = 7lo 


(7) 


Put 

then 


n = 


e(n.) < 

Vno 

^ 2{2x(l-x)}’'» r ni'’ 1 


( 8 ) 
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with a correcting term small compared with the first for large Hence 
Q{n^ does tend to zero as Uq tends to infinity, and we have the result 
that Uq can be fixed so that the total chance of deviations greater than 
for all n greater than is as small as we please; and if all deviations 
are less than the series converges. Hence it may be expected, with 
an arbitrarily close approach to certainty, that subject to the conditions 
of random sampling the ratio in the series will tend to x as a limit. f 

This, however, is still a probability theorem and not a mathematically 
proved one; the mathematical theorem, that the limit must exist in 
any case, is false because exceptions that are possible in the conditions 
of random sampling can be stated. 

The situation is that the proposition that the ratio does not tend to 
limit X has probability 0 in the conditions stated. This, however, does 
not entail that it will tend to this limit. We have seen (1) that series 
such that the ratio does not tend to limit x are possible in the conditions 
of the problem, (2) that though a proposition impossible on the data 
must have probability 0 on those data, the converse is not true; a 
proposition can have probability 0 and yet be possible in much simpler 
cases than this, if we maintain Axiom 5, that probabilities on given 
data form a set of not higher ordinal type than the continuum. If a 
magnitude, hmited to a continuous set of positive values, is less than 
any assignable positive quantity, then it is 0, But this is not a contra- 
diction because the converse of Theorem 2 is false. We need only 
distinguish between propositions logically contradicted by the data, 
in which case the impossibility can be proved by the methods of deduc- 
tive logic, and propositions possible on the data but whose probability 
is zero, such as that a quantity with a uniform distribution of its prob- 
ability between 0 and 1 is exactly 

The result is not of much practical importance; we never have to 
count an infinite series empirically given, and though we might like 
to make inferences about such series we must remember the condition 
required by Bernoulli’s theorem, that no number of trials, however 
large, can possibly tell us anything about their immediate successor 
that we did not know at the outset. It seems that in physical conditions 
something analogous to the wear of a coin would always violate this 
condition. Consequently it appears that the problem could never arise. 
Further, there is a logical difficulty about whether the limit of a ratio 

t Another proof is given by F. P. CantelU, Rend. d. circ. maUm.^ Palermo, 41, 1916, 
19i~201 ; Rend. d. R. Acad. d. Lincei, 26, 1917, 39-45. See E. C, Fieller, J. R. Stat. Soc. 
99, 1936. 717. 
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in a random series has any meaning at all. In the infinite series con- 
sidered in mathematics a law connecting the terms is alwa^^s given, and 
the sum of any number of terms can be calculated by simply following 
rules stated at the start. If no such law is given, which is the essence 
of a random process, there is no means of calculation. The difficulty 
is associated with what is called the Multiplicative Axiom; this asserts 
that such a rule always exists, but it has not been proved from the 
other axioms of mathematical logic, though it has recently been 
proved by Godel to be consistent with them. Littlewoodf remarks, 
'Reflection makes the intuition of its truth doubtful, analysing it 
into prejudices derived from the finite case, and short of intuition 
there seems to be nothing in its favour.’ The physical difliculty may 
arise in a finite number of trials, so that there is no objection to sup- 
posing that it may arise in any case even if the Multiplicative Axiom 
is true. In fact I should say that the notion of chance is never more than 
a considered hypothesis that we are at full liberty to reject. Its useful- 
ness is not that chances ever exist, but that it is sufficiently precisely 
stated to lead to inferences definite enough to be tested, and when it is 
found wrong we shall in the process find out how much it is wrong. 

2 . 14 . We can use the actual formula 2.12 (10) to obtain an approxi- 
mation to the formula for simple sampling when /, m, r~~l, and .s—m 
are all large. Consider the expression 

F -= X , ( 1 ) 

where x and y are two arbitrary numbers subject to x-\-y -- 1. r, s, 
and l~\-7n are fixed. Choose x so that the maxima of the two expres- 
sions multiplied are at the same value of and call this value 1^ and 
the corresponding value of m, ttIq. Then 

Iq r=z rx\ t—Iq = ry; sx\ sy\ (2) 

whence (r-f 5)a; = ^o+^o (3) 


Then, by 2.12 (10), 

F 4= (27Trxy)~’/-exp 


(27rxy)-'^{rsy^l‘^exm — 




\ 2szy I 


Also 


2rszy f 

0 = = {2Tr{r+s)xy}--yK 


( 4 ) 

( 6 ) 


f Elements of the Theory of Real Functions^ 1926, p. 25. 
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Hence by division 


rn sn 


"iTrrsxyj 


exp - 


{l-l,Y{r+s) 


whence 

P{hm\H) 


where 


(r-\-sYxy ~ (7) 

(,+,.)3 yk I \ 

‘2Trrs(l-{-7n)(r+s—l—m)j " [ 2rs{l-\-m)(r-j-s — l—tn.)j’ 

(8) 

_r{l+m) 


Comparing this with 2.12 (10) we see that it is of similar form, and the 
same considerations about the treatment of the tail will apply. If r 
and s are very large compared with I and m, we can write 

r ^ (r+s)p; s ^ (r+s)q, (10) 

p and q now corresponding to the x and y of the binomial law^ ; and the 
result approximates to 

I ! 

\27T(l+m)pql 2(l-i-m)pq J' 


which is equivalent to 2. 12(10). Tn this form we see that the probabilities 
of different compositions of the sample depend only on the sample and 
on the ratio of the type numbers in the population sampled; provided 
that the population is large compared with the sample, further informa- 
tion about its size is practically irrelevant. But in general, on account 
of the factor (r+t9)/(r+5— m) in the exponent, the probability will 
be somewhat more closely concentrated about the maximum than for 
the corresponding binomial. This represents the effect of the with- 
drawal of the first parts of the sample on the probabilities of the later 
parts, which will have a tendency to correct any departure from fairness 
in the earlier ones. 

2.15. Multiple sampling and the multinomial law. These are 
straightforward extensions of the laws for simple sampling and the 
binomial law. In the first case, the population consists of p different 
types instead of two, the numbers being r^, rg,.-, the corresponding 
numbers in the sample are 7ij, ng,..., n^j with a prescribed total. It is 
supposed as before that all possible samples of the given total number 
are equally probable. The result is 


( 1 ) 
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In the second case, the chances of the respective types occurring at 
any trial are (their total being 1) and the number of trials 

2 w is prescribed. The result is 

^1* ^2* ^jo- 
lt is easy to verify in ( 1 ) that the most probable set of values of the n *s 
are nearly in the ratios of the r’s, and in (2) that the most probable 
set are nearly in the ratios of the x's. Consequently we may in both 
cases speak of the expected or calculated values; if JV is the prescribed 
total number of the sample, the expected for multiple sampling will 
be NrJ'^ r, and the expected for the multinomial will be Nx^. The 
probability will, however, in both cases be spread over a range about the 
most probable values, and we shall need to attend later to the question 
of how great a departure from the most probable values, on the hypo- 
thesis we are considering, can be tolerated before we can say that there 
is evidence against the hypothesis. 

2.16. The Poisson law.f We have seen that the use of Stirling’s 
formula in the approximation used for the binomial law involves the 
neglect of terms of order 1/Z and 1/m, while the result shows that there 
is a considerable probability of departures of I from nx of amounts of 
order {nxyY^^. If then (nxyf^ > nx, the result shows that i = 0 is a 
very probable value, and the approximation must fail. But if n is 
large, this condition implies that x is small enough for nx to be less 
than 1 . Special attention is therefore needed to cases where n is large 
but nx moderate. We take the binomial law in the form 


Now log{»!/(w— Z)!} = nogn4-0(Z*/ra). (2) 

Also, since x is small, (1— x)™-* = (3) 

nearly; whence, so long as l^jn and lx are small, 

= (4) 


The sum of this for all values of Z is unity, the terms being times the 
terms of the expansion of c“*. The formula is the limit of the binomial 
when n tends to infinity and a: to 0, but tix to a definite value. If nx* 
is small but nx large, both approximations to the binomial are valid. 

The condition for the Poisson law is that there shall be a small chance 


t S. D. Poisson, Recherches sur la probabilite des jugements, 1837, pp. 206-7. 
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of an event in any one trial, but there are so many trials that there is 
an appreciable probability that the event will occur in some of them. 
One of the best-known cases is the study of von Bortkiewicz on the 
number of men killed by the kick of a horse in certain Prussian army 
corps in twenty years. The unit being one army corps for one year, the 
data for fourteen corps for twenty years gave the following summary. f 


Number of deaths 

Number of units 

Expected 

0 

144 

1390 

1 

91 

97-3 

2 

32 

34- 1 

3 

11 

80 

4 

2 

1-4 

5 and more 

0 

0*2 


The analysis here would be that the chance of any one man being killed 
by a horse in a year is small, but the number of men in an army corps 
is such that the chance that there will be one man killed in an entire 
corps is appreciable. The probabilities that there will be 0, 1, 2 ,... 
men killed in a corps in a year are therefore given by the Poisson rule; 
and then by the multinomial rule, in a sample of 280 units, we should 
expect the observed numbers to be in approximately the ratios of these 
probabilities. The column headed ‘expected’ gives the expectations 
on the hypothesis that nx — 0*70. They have been recalculated, the 
calculated values as quoted having been derived from several Poisson 
laws superposed. 

Another instance is radioactive disintegration. The chance of a 
particular atom of a radioactive element breaking up in a given interval 
may he very small; but a specimen of the substance may contain 
something of the order of 10^® atoms, and the chance that some of them 
may break up is appreciable. The following table, due to Rutherford 
and Geiger, J gives the observed and expected numbers of intervals of 
J minute when 0, 1, 2 ,... a-particles were ejected by a specimen. 

Number 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 

Obs. 67 203 383 525 632 408 273 139 46 27 10 4 0 1 1 

Exp. 54 211 407 626 508 393 254 140 68 29 11 4 1 0 0 

0-E +3 -8 -24 0 +24 +15 +19 -1 ~23 -2 -1 0 -1 +1 +1 

nx is taken as the total number of particles divided by the total number 
of intervals = 10097/2608 == 3*87. It is clear that the Poisson law 
agrees with the observed variation within about one-twentieth of its 
range; a closer check will be given later. 

t von Bortkiewicz, Das Gesetz d. kleinen Zahlerif 1898. Quoted by Keynes, p. 402. 

X Rutherford. H. Geiger, and H. Bateman, Phil. Mag. 20, 1910, 698-707. 
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The Aitken dust-counter provides an example from meteorology. f 
The problem is to estimate the number of dust nuclei in the air. A 
known volume of air is admitted into a chamber containing moisture 
and filtered air, and is then made to expand. This causes condensation 
to take place on the nuclei. The drops in a small volume fall on to a 
stage and are counted. Here the large number is the number of nuclei 
in the chamber, the small chance is the chance that any particular one 
will be within the small volume at the moment of sampling. Scrase 
gives the following values. 


Number 

0 

1 

2 

. J 

4 

5 

G 

7 

S 

Ohs, 

23 

56 

88 

95 

73 

40 

17 

5 

3 

Exp. 

25 

65 

88 

82 

61 

38 

21 

10 

4 

0-E 

— 2 

~9 

0 

f 13 

+ 12 

+ 2 

-4 

— 5 

-1 


The data are not homogeneous, the observations having been made on 
twenty different days; nxwebs estimated separately for each and the separ- 
ate expectations were calculated and added. It appears that the method 
gives a fair representation of the observed counts, though there are signs 
of a systematic departure. Scrase suggests that in some cases zero counts 
may have been wrongly rejected under the impression that the instrument 
was not working. This would lead to an overestimate of 7ix on some days, 
therefore to an overestimate of the expectations for large numbers, and 
therefore to negative residuals at the right of the table. Mr. Diananda 
points out that the observed counts agree quite well with nx - 2*925. 

2.2. The normal law of error. Let us suppose that a quantity that 
we are trying to measure is equal to A, but that there are various pos- 
sible disturbances, n in number, each of wliicli in any particular case 
has equal chances | of producing alterations in the actual measure; 
the sign of the contribution from each is independent of those of the 
others. This is a case of the binomial law. If I of the components in an 
individual observation are positive and the remaining n—l negative, 
the measured value will be 

X ™ A-f-/e— (/i— /)€ = A-f-(2Z— 7^)e. (1) 

The possible measured values will then differ from A— Tie by even 
multiples of e. We suppose n large. Then the probabilities of different 
values of I are distributed according to the law obtained by putting 
X ™ y r- I in 2.12 (10), namely, 

( 2 ) 

t John Aitkon, Proc. Roy, Soc. Edin, 16 , 1888, 135-72; F. J. Scraae, Q.J.R, Met, Soc, 
61 , 1935, 368-78. 
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and the probability that I will be equal to Zj, (> Zj), or some inter- 
mediate value will be 

= I (3) 

l=^ll 

But this is the probability that the measure x will be in the range from 
A-f (2 Zj--7i)€ to A+(2Z2— n)e, inclusive. If, then, we consider a range 
to :r 2 , long enough to include many possible values of Z, we can 
replace the sum by an integral, write 

I— In = (a:-~A)/2€, (4) 

and (5) 

This range will contain (.^ 2 — a;i)/2e-f 1 admissible values of x. Now 

suppose that Xg— which is much larger than e, is also much less than 
cVn. The sum will then approximate to 



( 6 ) 


Now let n be very large and e very small, in such a way that is finite. 
The possible values of x will then become indefinitely closely packed, 
and if we now consider a small range from Xj^ to the chance that 

X lies within it will approximate to 


P(x^ < X < So: I H) — 


1 

{27rnf‘^€ 



2n€^ ] 


hx. 


(7) 


This is an instance of the normal law, which we can WTite in its general 

1 I It 

P(x.<x<x.+dx|fl)_^expj-LL^jfe ,8) 
or, more briefly, 

in the sense that w^hen dx tends to zero the ratio of the two sides tends 
to 1. In practice we are always concerned with finite ranges, so that 
strictly we alw ays require the integrals of these expressions over some 
finite range, and the transition from Sx to dx involves only a step that 
we shall always undo before we make any use of th^ results. 

It will be noticed that whereas we started with three parameters A, 
n, and €, in the result we are left with two, A and cVti, the latter being 
replaced by cr. This is similar to what happens in sampling, where the 
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size of the population sampled becomes irrelevant when it is large. The 
form of the normal law, in application to errors, seems to have been 
given first by Laplace in 1783, though it is usually attributed to Gauss. f 
The law can also be written 

P{x-^ < X < x^+dx \H) = ^exp{—h^{x—X)^}dx, (9) 

where 2AV — 1. (10) 

a is usually called the standard error, but sometimes the mean square 
error or simply the mean error, h is called the precision constant. If 
we introduce the error function 

X 

evix — f e-^dt. (11) 

VTT J 
0 

the probability that x will be less than x^ is ^{14-erfA(Xi— A)}. Tables 
of the probability that x—X will be less than given multiples of a are 
given by Sheppard and by later writers. The error function, which has 
other applications in heat conduction and diffusion, is tabulated by 
Milne-Thomson and Comrie. In statistical applications (8) is more 
convenient than (11), since a usually arises more directly than h. The 
curve j/oc exp{—(x—X)^l2a^} has inflexions at A±a. There is a prob- 
ability 0*683 that an observation will lie between A±(t. There is a 
probability | that it will lie between A±0*6745cr. In this sense 0*6745(7 
is often called the probable error, and is the uncertainty usually quoted 
in astronomical and physical works. This practice would be better 
abandoned. In applying any significance test or the ^ or t rules what 
arises is a, and if uncertainties are given in terms of the probable error, 
the multiplication must first be undone, with unnecessary trouble and 
some loss of accuracy due to accumulation of rounding-off errors. 

The conditions contemplated in the normal law of error have often a 
rough justification. In many cases we have adequate reason to suppose 
that the quantity we are trying to measure has a ‘true value’, though 
we must reserve a further discussion of what that can mean in relation 
to our general theory. But several minor disturbances may affect any 
individual measure, such as wandering of the observer’s attention, the 
fact that he must round off his measures to the nearest multiple or 
tenth of the scale interval, disturbance of the apparatus through vibra- 
tion of the ground or wind, and so on. These can often be regarded as 
independent. They are not in general capable of producing only two 
t Pearson, Biometrika, 13, 1920, 25. 
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equal and opposite values of the disturbance; most of them are capable 
of a continuous range of values, and in general there is not much reason 
to suppose that these are equally spread for all the disturbances. The 
general application of the above argument must therefore be mistrusted. 
It can be regarded only as an indication that there may be cases where 
the chance of error is distributed according to the normal law, which 
sums up the whole information with regard to the possible variation in 
two parameters A and a, A is also often caUed the population mean and 
a the population standard deviation. The latter term is rather cumbrous, 
and if the word ‘population’ is omitted it is liable to be confused with 
the standard deviation of a given finite set of observations, which is not 
the same thing. 

Where we are dealing with a law of the form 

of which the normal law is an instance, we may speak of A as the 
location parameter and o as the scale parameter, to use Fisher’s terms. 
These correspond to epistemological needs better than ‘true value’ and 
‘standard error’ do. But the latter terms are convenient; we have only 
to remember that ‘true value’ is not to be understood in an absolute 
sense, but in the sense that any law relating measures, if it is to be of 
any use, must be clearly stated, in probability terms, and that a possible 
way of progress (apparently the only possible way) is to treat the 
variation as the resultant of a part that would be exactly predictable, 
given exact statements of the values of certain parameters, and a 
random error. The law in its naive form w^ould deal only with the 
former part. The parameters in this part may be called the true values 
of the parameters, and the observed values that they would lead to if 
the random part was neglected the true values. The actual observed 
values will differ somewhat. By the principle of inverse probability we 
shall be able then to proceed from the observations to estimates of the 
true values of the parameters, which, however, will not be exact deter* 
minations, but will have ranges of uncertainty corresponding to the fact 
that the individual random errors in the observations are not definitely 
known. 

In actual fact there are some cases where the normal law of error 
appears to represent the outstanding variation as well as we can tell. 
There are others where, though we find that it is probably incorrect 
when we study a sufficient number of observations, this number is 
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large, of the order of 500, and the use of the normal law in such cases 
as if it was correct would not lead to serious mistakes. There are others 
where it is glaringly wrong, and the only proper treatment is to obtain 
a sufficient number of observations to give us some idea of what the 
corresponding distribution of chance can be. Meanwhile we shall con- 
sider an important series of generalized laws of error. 


2.3. The Pearson laws. If we write the normal law of error in the 
form 

where we liave now made the parameters A and a explicit (they were 
formerly understood in H), we see that it is an instance of the general 

P(dx\H) = ydx, (2) 

where y ^ 0 and the integral of y over all possible values must be 1 . 
In this case we find easily 

(3) 

y ax 


The law, therefore, has the properties that dyjdx vanishes in the limit 
when y tends to 0, and at one intermediate value of x, namely, A. If we 
consider the generalized form 

( 4 ) 

y dx bQ-\~b^x~\-b 2 X^' 

the same will usually hold, but e have two more parameters and shall 
be able to represent laws of a much wider range of form. They will have 
one point where y is stationary; if the range of x is infinite y and dyjdx 
will tend to zero at the end or ends; if the range is limited in one or 
both directions there will still be cases where this holds. The integral 
of (4) can in general be written in the form 


y ^ A{x~c^)^^(c^-xf\ (5) 

where A will be fixed by the condition that the integral of i/ is 1 , and 
Cj and Cg are the zeros of the denominator in (4). There are three main 
types of solution and a number of transitional and degenerate cases. 

1. q and Cg imaginary. Then they must be conjugate complexes, 
and for y to be real and mg must also be conjugate complexes. 
y cannot vanish or become infinite for any real value of x, and the 
admissible values of x range from — oo to +oo, with a maximum of y 
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at some intermediate value. Forms with one maximum are designated 
bell-shaped by Pearson. We may wTitc these laws in the forms 


m 


2m-i (m—l-l-ig)! (in - ]-~iq )[ 

27T(2m— 2)1 




X exp|— 2gtan“i^^j. (6) 

These are Pearson’s Type IV. In general they are asymmetrical or 
skew, but if ^ = 0 they reduce to the symmetrical form 




T(2m-~2)\ 




' 2 W /-1 


{7n— 1 )! 
7T^/'^{ni~~ I ) ! 




(7) 

( 8 ) 


which is Pearson’s Type V 1 1. In both cases m must be greater than | 
for convergence. These law’s resemble tlie normal law- in having an 
infinite range of x in both directions, w hich is true of no other Pearson 
type, but y falls off less rapidly. With the normal law" the expectation 
of any power of x is finite; with Type VII that of any even power 
equal to 2m— 1 or more is infinite (m- need not be integral); w ith Type IV 
expectations of odd pow ers V 2m — 1 are also infinite. This is a useful 
property in representing errors of measurement, since it is usually found, 
w"hen sufficient observations are available, that there are more outlying 
large residuals than the normal law" w ould suggest. The fact that these 
law s, like the normal law’, give a non -zero chance of an error greater than 
any finite amount is an apjjarent draw^back, since we might say that 
however bad the observations are there is some hmit to the error; l)ut 
to harmonize this belief wdth the observed distributions would require 
us to go beyond the range of the Pearson types, which do give satis- 
factory agreement withm the ranges where observations exist. 

If Cj and Cg are real (Cg > c^) we must distinguisli three cases. (4) has 
singularities at and Cg and the solution is applicable only in ranges 
that do not include a singularity. Hence we must consider separately 
cases where the admissible values of x are less than c^, between and 
Cg, or greater than Cg. The difference between the first and third can 
be removed by merely reversing the direction of measurement. 

2. Admissible values of x betw een and Cg. We can take the law in 

the form 


y ^ 


(m^4-mg+l)! 

m^! mg! (Cg— Cj)"'! ^"'3+1 




(9) 


F 


3595.58 



DIRECT PROBABILITIES 


Chap. II 


which will be possible if both and r/ig are greater than —1. If both 
are positive, the curve is belhshaped. If 0 > > — 1, 2 / infinite at 

Cj. If at the same time is positive, dyjdx is negative throughout the 
range and the curve is called d -shaped. In this case a does not lie 
between Cj and and is not an admissible value of x. If and 
are both negative, y is infinite at both limits and a lies between them. 
The curve is then called \J -shaped. These cases cover Pearson’s Type I, 
It will be seen that the possibility of U-shaped and J -shaped curves 
gives it greater generality than was originally attempted. 

There are several special cases: 

= Wig. The law is then symmetrical. This is Pearson’s Type II. 

Further degenerations give 

7^2 ~ m 2 — 0. This makes y uniform between and Cg, and zero 
outside that range. This is the rectangular distribution, not given 
a number by Pearson. 

= mg — 1. This, with a change of scale and origin, gives yoc 1 ~x^, 
the parabolic distribution, 

mj ~ 0. This is a J -shaped curve with y proportional to {c^—x)^^ for 
X between and c^. This is Pearson’s Type IX. It starts from a 
finite ordinate at Cj. 

1 j with — 1 < m < 1 . 

This is Pearson's Type XI 1, The curve is always J -shaped. 


3. Admissible values of x all 5^ Cg. We can take the law in the form 


y = 


(-mj— 1)! 


m^\{- 


-rn^ 


-mg— 2)! (Cg— 


(x-c^)m(C2~-x)^\ (10) 


where for convergence m,g > —1, < ~1. These are the laws 

of Type VI. If mg 0 they are bell-shaped, if m^g 0, J -shaped. They 
are never U-shaped. These laws will give the kind of distribution shown 
by the times of arrival of a train; there is a concentration at values a 
little greater than Cg, values less than Cg do not occur, and there is a 
long train of large values, which may rarely occur but are serious when 
they do. 

A particular case is 

mg = 0. This makes y proportional to for values of x greater 

than Cg; evidently m 2 < — 1. This gives Pearson’s Types VIII and 
XI, which are identical. It starts from a finite ordinate at Cg. 
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lYpes IV, I, and VI, to take them in what seems to me to be their 
natural order, are the only ones that involve the full number of adjust- 
able parameters, four. There are also three transitional cases between 
them. 

4. There will be a transition from Type I to Type VI expressed by 

making Cg in I tend to +cc or in VI to — oo. In either case the hmiting 

form IS a > 0). 

This is Type 111. It resembles Type VI in appearance but is more 
closely concentrated to small departures from c. A particular case is 

m ~ 0; this is Type X, an exponential la^v, which can also be regarded 
as the transition between Types VIII and IX. 

5. The transition from Type VI to Type IV is the case of equal roots, 
the roots of the denominator in (4) being equal, real, and finite. Then 
we can write (4) in the form 

\ dy ^ ^ 

y dx x—c'(x~cy^' 

whence y = A(.r--c)“''exp 

This is Type V. To give convergence at x, a must be > 1; for con- 
vergence at c, ^ > 0 for any x > It is always bell-shaped, since y 
must vanish at x c. Othei^vise it resembles Type VI. It differs from 
Type III in the interchange of the two types of convergence at the 
extremes; indeed, the change of (x—c) to {x~c)~^ transforms one into 
the other. 

6. The transition from Type IV to Type I requires the roots to be 
±x ; then and both vanish and we are back to the normal law. 

This analysis covers the range of the Pearson types, and is, I think, 
considerably shorter and more systematic than has been given pre- 
viously. jNIy own experience with them has been rather small, though 
I have had to deal with Types II, III, VII, and VIII. For purposes of 
exposition I think it would be a great convenience if those who use 
them extensively could agree on a more systematic numbering in place 
of the present haphazard one, which places III, the transition between 
I and VI, between II, which is the symmetrical case of I, and IV, which 
is a different main type from any; and VI, a main type, between V, a 
transitional case, and VII, a degenerate case of IV. I should suggest 
the following. 
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A umber 

Main types 

Pearson's number 

Special rases 

Pearson 's 

Suggested 

1 

IV 


- 0 

vn 

\a 

2 

J 

7??1 

- m2 

n 

2a 



7/1, 

- //?2 0 

Roct. 

2b 



'//?, 

//?2 I 

Parab. 

2c 



»?1 

0 " 

I.\ 

2d 



'//I, 

//?,, 

Xll 

2e 

3 

VI 

m2 

-- 0 

VJli 

:\a 

Transitions 






2 to 3 

JIl 

m 

0 

X 

2\\a 

3 to I 

V 





1 to 2 

Xonnal 






This covers the whole range witli the exception of XI, which is a mere 
rewriting of VIll. I think tliat special numbers for the rectangular ami 
parabolic laws are worth while as they are likely to be at k'ast as im- 
portant as Xll in practice, and the rt^ctangular law has great theoretical 
interest. Both, like t he normal law. involve only a scale parameter and 
a location parameter. Tlie main types involve iwo others. The rest 
involve three parameters in all. 

It may be remarked that JVarson distinguislual Types 1 and VI 
according as the roots are real and of ()p])osite sign or real and of like 
sign. This appears to make the type depend on the arbitrary position 
of the origin. The important point is whether the admissible values of 
X lie between the roots or not. In fact I^earson does make his decision 
according to the latter criterion. 

2.4. The negative binomial law. 8u])pose that a distribution of 
chance follows the Poisson law 

P(l\rU) = ^e-r (1) 

but that r itself is unknown, having a distribution of chance given by 
the Type III law 

P{dr\H) = ( 2 ) 

a! 

(where, since a may be fractional, we must understand a! to be defined 

00 

by a! = J Then 

0 

P{1, dr I H) - ^ 3 y’ 

To get the total probability for any value of I, we must add for all 
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possible values o( r\ wliicli means in this case that we must integrate. 
Then 

mu)^- , 4 ) 

J Hn! (]J /!)'»•■'/!»! ' ' 

0 

Apart from the factor (-J~\ 

^ 1 ^+ 1 / ’ 

expansion of 


this is the coefficient of in the 


sum over all values of / is 1, as it 
must be since the conditions stated are exhaustive. If we ])ut 


^ + 1 


1— a. 


we have 




(5) 


which puts the negative binomial form more cieai ly in evidence. This 
result is due to M. Greenwood and (h U. Yule. I The immediate a])])lica- 
tion was to problems of factory accidents. The conditions of tlie Poisson 
law were satisfied in res[)ect ol‘ the total chance of an accident in a 
factory in a given period being the sum of a large number of small 
chances, but it was not clear that these chances were the same for all 
employees. The chance of a particular workman liaving an accident on 
a particular day, for instance, would have to be regarded as the analogue 
of X in the derivation of the Poisson law, and tlic number of days in the 
period considered as the analogue of n. Then for each individual the 
chances of 0 , 1, 2 ,... accidents in the period would follow a Poisson law 
— subject to the condition that having one accident does not stimulate 
him to have another — and if the values of r ^ 7ix for the different v ork- 
men are distributed, as nearlj^ as can be for a finite number, in a Type 
III law, the negative binomial follows as the resultant for all wnrkmen. 

The following alternative development shows that the condition that 
the probabihties of accidents to the same workman must be independent 
is not strictly necessary. It can at any rate be replaced by other condi- 
tions. Suppose that the total number of events is recorded, but that in 
fact some of the events are composite, two or more being associated. 
These are each only one independent event, but will be counted as two 
or more each in the totals. Let r-g,... be the appropriate values of r 
for the simple, double,... events in the interval considered. Each type 


t J. li. Slat. Soc, 83, 1920, 255-79. 
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separately will satisfy the Poisson rule, and the chance that there will 
be simple, in^ double events, and so on, will be 

|r,,r2 R) = -i--; -^...exp{-(r,+r2+...)}. (6) 

The probability that the total number of events as counted will be m 
is the sum of these expressions, subject to 

+ ... 7n. ( 7 ) 

But this sum is the coefficient of in the expansion of 

f{x) - exp(riX+r 2 x 24 -...-ri-r 2 ~...). (8) 

Now in practice, if we have no record of the individual events, there 
will not be much hope of determining the separately. But if we 
want to find a law that will take into account the extra complication 
we must have at least one new parameter, though there may not be 
much point in introducing more than one. Let us take the form: 

r^--= r^a^-^js. ( 9 ) 

\ogf{x) = r,^(l + |aar+iaV-i-.-.)— ia+...) 


('•i/«){-log(l-aj;) + log(l-a.)}, 
f{x) 

\l~axl 


and the coefficient of is 


P(m I r^.a,H) — l]^, 

a\a I \(i /ml 


( 10 ) 

(H) 

( 12 ) 


which again is a negative binomial law, with r^ja replacing the a+1 of 
Greenwood and Yule’s derivation. f 

It is convenient to take the law in the form 


P(m I r,n,H) 


' n \”7i(n+l)...(n-f 1)/ ^ 
n-\~rj ml \n+r/ 


( 13 ) 


When n -> 00 this tends to the Poisson law with parameter r. We shall 
see later that it has other advantages. The series converges for all 
positive n. The expectations of m and are r and {l~\-\jn)r^. 

That of (m~~r)^ is r-\-r^/7t. When n-> 0, all the chances of non-zero m 
tend to 0, while that of m being zero tends to 1. In the latter case as 
we approach the limit, keeping r fixed, the chances of m become more 
and more widely spread to wide values, and the concentration at 0 is 
needed to keep the total expectation equal to r. Thus the negative 


t This derivation has already been given by R. Liiders, Biometrika^ 26, 1934, 108-28. 
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binomial law, for small n, will resemble the distribution of the scores 
of a first-class cricket or billiards player, whose commonest score may 
be 0 though his average is about 60. On the Poisson law the commonest 
score and the average should approximately agree, and the cliance of 
a score of 1 would be 60 times that of a score 0. 

Here we have a case where two different types of departure from tlie 
Poisson law both lead to results of the same form, and modify it in the 
same direction. If the law is nevertheless found to agree with the facts, 
it is reasonable to reject both types of departure. Thus the agreement 
of the data about deaths from kicks of a horse in the Prussian army 
may be taken to mean both (1) that nobody can be killed twice by the 
kick of a horse, (2) that the fact that one man has been so killed does 
not indicate an extra liability for others in the same unit to be. The 
agreement in the radioactivity data would mean that (1) the chances 
of disintegration of different atoms of the same radioactive substance 
are approximately equal, (2) the disintegration of one atom does not 
lead immediately to the disintegration of another. 


2.5. Correlation. This can be treated on lines analogous to the deriva- 
tion of the normal law from the binomial. Suppose that two quantities 
X and y are to be measured simultaneously, and that there are m-\-n 
independent component variations, each contributing to a:: and 
to y. m of them are constrained to give the same sign in both x and y, 
n to give opposite signs. Suppose that in a particular case the number 
making positive contributions to x that give the same sign is p, the 
number giving opposite signs q. Then 

X — pa— (m—pja+ya— (n— = (2p~7n)(x-\-(2q—n)cx, (1) 

y = pP-{ni—p)P~qp+{n-q)p = (2p—m)P-{2q—n)p. ( 2 ) 

We are taking each component to be as likely as not to give a positive 
contribution to x. Then 


P(p, q\m,n, ot, p, H) = HJj, ”(7, 

by the previous argument. We have to transform to the observed 
variables x and y. Now 


8{p,q) ^ .2\a /?/ 


(4) 


Remembering that p and q are capable of integral values only, and that 
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the total chance in any region must be the same whether the observation 
is expressed in terms of p and g or of x and y, we see that we must 
replace the sum with regard to p and q by the integral with regard to 
dxdyj^cxp. Hence 


P(dxdy I in, n, a, H) 


dxdy ^ f 1 /^ , ^ 

^ I Sm\a 8?l\ot , 


(5) 


Now put 


{7n+n)or a-; (m+n)/3^ “ t“; 


(m — n)cxP ~ par. (6) 


Then we find 
P{dxdy I m, n, a. jS, II) 


dxdy 




{ 1 Iz^ 

exp -^71 -i 

I ^(1— P )\«^ 


(7) 


SO that the four original })arametcrs are now reduced to three, and we 
can assert that this is also equal to P{dxdy | a, r.p. H). Of course, every- 
thing that can b(‘ said against the normal law of error for one variable 
can be said twice against this form, which is the generalization to two 
variables. But on the other hand the chief thing that can be said in 
favour of the normal lawq that of all laws that are anywhere near the 
truth it is far tlie easiest to apply, can also be said wdth greater force 
of normal correlation. The ne^v parameter p is called the correlation 
coefficieni. 

The law (7) was obtained first by Sir Francis Oalton empirically, by 
studying observed frequencies. f As Pearson remarks:^ ‘That Galton 
should have evolved all this from his observations is to my mind one of 
the most noteworthy scientific discoveries arising from pure analysis 
of observations.’ Galton had not, at this stage, noticed that negative 
correlations exist, since he remarks: ‘Two variable organs are said to 
be correlated when the variation of one is accompanied on the average 
by more or less variation of the other, and in the same direction, ’§ and 
he speaks of correlation arising when two variations are the resultant 
of several causes, some common to both and some independent. The 
above analysis permits negative correlations. The more restricted one, 
however, is often valid and leads in particular to an account of intra- 
class correlation. 

By integration w^e find 

1 I x^\ 

P(dx\a,r,p,H) = (8) 


t B.A. Report, Aberdeen, 3 885. 

t Biometrika, 13 , 1020, 25-45. This is a most interesting historical study. 
§ Proc. Roy. Soc. 45 , 1889, 135. 
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Therefore 


P{dy \a,T,p,x,H) ^ 


P{dxdy I O', T, p, H) 
P{dx I a, r, p, //) 




That is, the probability of x is normally distributed with standard error 
or, and for given X the probability of y is normally distributed about 
prxla with standard error t^/( 1— p^). The line y “ prir/o is known as 
the line of regression of // on x. Similarly the probability of y is normally 
distributed with standard error t, and that of x given y is normally 
distributed about x — p<yyl'T, the line of regression of x on //. The lines 
of regression coincide only if p — ^ 1 . 

The expectations of x'^, y^, and xy, given a, p, r, H, are respectively 
CT^, par. 


2.6. The characteristic function. Suppose that on a given law the 
chance of the variable x being less than an assigned value is f(x). Then 
the expectation of any function X{x) of a: is J A(a:) df{x) over the range of 
x; in which we must understand a Stieltjes integral if f(x) has discon- 
tinuities. These, if any, will all be positive jumps. The characteristic 
function Q(k:) is defined as the expectation of e^^, where k is })urely 
imaginary; thus 

Je-d/(.r) (1) 

and \0.{k)\ ^ 1. The integral is absolutely convergent because | df{x) 


converges. 

The integral 

C + t'cO 



r—loo 


(X^ < Xg), 


in which the path is a line parallel to the imaginary axis on the positive 
side, is equal to 1 if < x < x^, and zero if x < x^ or > X 2 , being the 
difference of two Heaviside unit functions. If we replace the path by 
the imaginary axis, except for a small semicircle about the origin, the 
integral is unaltered. Also the integral about the small semicircle tends 
to zero in the limit and the integrand is continuous. Hence we may 
replace the path by the imaginary axis, and 



1 (Xi < X < Xo), 

0 (x < Xj, X 2 < x). 


( 2 ) 
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Now consider tlic sum 

i'xi 

Itti J k 

-foo 

over r, the ranges from to being so cliosen that all points of 
discontinuity of f(^) lie within them, and being some value between 
and On integrating witli regard to k, terms for not between 

and X2 vanisli, while those bedween them contribute 


1 {f(^r+l)-fi^r)} ->/(a^2)-/(a^l) (4) 


in the limit when the intervals become indefinitely short. But the limit 
of the sum is by definition the Stieltjes integral 

00 too i'oo 


-A- j df{x) \ ~ — dK == AL.- 

2 m J J j k 

X=—co -ICO —ir> 

by inverting the order of integration, which is easily shown to be valid. 

When /(a:) is differentiable this leads to a case of Fourier’s integral 
theorem 


dfjx) 

dx 



( 6 ) 


Similarly, if Cj, 62 -* -j ^ variables whose chances are 

independent and follow law^s given by shown 

that the chance that 

Xi ^2 

ICO p 00 

— too — 00 -* 

ico 

^ id j ( 7 ) 

— ico 


where the fl’s are the characteristic functions corresponding to the/’s. 
Hence the characteristic function of the sum of a set of variables 
following independent laws of chance is the product of their separate 
characteristic functions. 

The characteristic function is intimately related to the expectations 
of the powers of x, where these exist. If we write 

Mm = / x”^df(x). 


( 8 ) 
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we can call the mth moment of the law about the origin. If moments 
up to order m exist, we can differentiate (1) m times under the integral 
sign with regard to /c, and then for k = 0 

fjm 

— Q(/c) = (9) 

Thus, by Taylor’s tlu^orem, 

i2(/c) 1 (10) 

Z ! Tfl I 

even though the complete Taylor series may not exist. For this reason 
il{K) is also called the moment -generating function. If we take the 
origin oi x at its exj)ectation, /x^ will be 0. Inspection of (1 ) shows that 
decreasing all values of :c by will multiply fl(/c) by and there- 

fore if i2o(/c) is the characteristic function of x— /x^, 

Qq{k) =r:r e~^f^^Q(K). 

The coefficients of k^^/7iI in the expansion of logl2(/c) are called the 
semi-invariants or cumulants, when they exist, since the second and 
higher ones are independent of the origin and are additive for the sum 
of several variables. Also if y has a probability law^ g{y) such that 
g{y) ~ f(x) if y ax, where a is constant, the characteristic function 
of g{y) is 

E{k) ™ J dg{y) ~ J df{x) ~ D(a/c). (11) 

The moment and the semi -invariant of g[y) of order m are times 
those of f{x). 

If f2(K:) can be expanded in powers of /c, it will follow that the series 
represents an analytic function near #c = 0. But if any moment of the 
law diverges, the integral (1) defining Q.{k) will not exist for k on at 
least one side of the imaginary axis, however close to it, since the 
integral will contain a factor where c is real and not zero. Thus 
the integral will define a function only for purely imaginary values of k. 
It may be the value on the imaginary axis of some function analytic 
in the half-plane, but such a function, if it exists, w ill not be given off 
the axis by the integral. This applies to laws of Pearson’s Types IV, 
VII, and VI. 

The integral may exist for all real k; this applies in all cases where 
the law has a finite range, such as the binomial and Type I laws. It is 
also true for the normal law. In that case the integral will exist for all 
K and be uniformly convergent in any bounded region of the k plane. 
It can therefore be integrated under the integral sign about any contour 
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in the k plane, and this integral will be 0 since [ (Ik ~ 0. Hence 

c 

by Morera’s theorem^ is an analytic function within any contour 
in the k plane, and must therefore be an integral function. J Tlien Q(k:) 
is expansible in powers of k over the entire plane. 

There are cases where the integral exists for some complex values of 
K and not for others; for instance, the median law 

(// -- I exp( — \^'\/(i) (Lr/a. 

Within the belt — 1/a < J{{k) < 1/a the integral will define an analytic 
function. Outside this belt it diverges. 

Thus we have two main types of ease. If all the moments of the law 
exist and the expectations of also exist, where c is some real quantity, 

Q.(k) will be analytic near 0 and the coefiicient of will be iJL,Jn\ for 
all n. If moments up to order vi converge, but those of higher orders 
diverge, the integral does not define a function except for purely imagi- 
nary values of k. Its derivatives at k - 0 for imaginary k will give the 
moments correctly up to order but higher derivatives, if they exist, 
will not give the higher moments. We shall see that they do not neces- 
sarily exist. 

2 . 61 . The characteristic function is sometimes useful for actually 
calculating the moments. Thus consider the binomial law, according to 
which the chance of a sampling number less than I is 

(1) 

0 

Then Q{k) — ^ (2) 

z=o 

The coefficient of /c is which is therefore the expectation of 1. The 
moments about 7ix can then be derived by considering 

{ 1 97 7 ? 1 

7) 7hK^ 

= '^+-^^y + -^^yiy-^) + j,^xV+nxy(l-Gxy)}+..., ( 3 ) 

wliere y = l—x-, whence the moments to order 4 about the mean are 
/i 2 == /^3 = 7ixy{y—x); = Zn^xY^+nxy(l — 6xy). (4) 

t E. C. Titchmarsh, Theory of Functions, 1932, p. 82. 

J I am indebted to Professor Littlewood for calling my attention to this point, in 
answer to a query. 



§2.6 DIRECT PROBABILITIES 

Pearson's parameters and are given by 


77 





y — X 
{nxyyi'^’ 



1 -- (\xy 
iixy 


(5) 


and ^2 the characteristic form parameters (as distinct from those 
of location and scale) used by liim in fitting his cliaracteristic laws and 
other types of law. They are otherwise useful as a general indication 
of tlie features of a law. If .r < the positive sign of \)3j indicat("s the 
skewness due to the longer range on the upper side of the mean. If 
X i, the law is symmetrical and 3— 2/r^. Jn the limit when n 
is large and tlie law tends to the normal, therefore, the fourth moment 
tends to three times the square of the second. The fact that jSg < 3 
for the symmetrical binomial is an indication of the effect of the finite 
range. The law is lower in the middle and at the tails than the normal 
law with the same pg* 

In (2) put X rjn and let n tend to infinity; then the law tends to the 
Poisson form. In this case tlie mean of the law is r; shifting the origin 
to the mean we have 



0„(,f) oxp{r(("^ + 

(6) 


= l+-|,+-.5,+(-‘l'-Hr)^. + .... 

(7) 

whence 

p,2~r, 

(8) 


The semi -invariants are all equal to r, by (6). 
For the negative binomial law 



The coefficient of k in the expansion is r, which is the expectation of m; 
and 


£ 2 o ( k :) 


n 




^ ' \ 2 ^ 27 i ) \6^2n^3w2/ 124^24 w 


,2 . r«\ 




4n^l 


(11) 

+-• 

( 12 ) 
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The second moment is therefore r+r^jn, as we found directly in 2.4; 
the third and fourth are 


. 3r2 . 2r3 

Ma — ^ H — 2 ’ 

n 

For the normal law 






we find easily Q(/c) = exp^a^/c^). (13) 

All the moments converge, and 

Ma. = = 0. (14) 

For the median law 

rf/=lexp(-M)^ (15) 

^ d J CL 

we find ii{/c) = - — (16) 

1 — 


The second moment is 2a2, as we can see at once otherwise. 

For the binomial, Poisson, and normal laws all the moments exist 
and the characteristic function is an integral function. For the negative 
binomial and the median law all the moments exist, but the charac- 
teristic function has poles and is not defined over the whole k plane 
by 2.6(1). 

2.62. Consider now a case where the second moment is infinite, 
the Cauchy distribution (the Type VII law with index 1) 

^ = — . ( 1 ) 

dx 7r(l+ar2) 


The integral for i2(/c) must be found by contour integration. When 
I{k) is positive the infinite semicircle must be taken on the positive 
side of the axis of x, and the contour encloses the pole at x ~ i. When 
I(k) is negative, on the other hand, the suitable contour encloses the 
pole at —-i. Thus ti(/c) has different analytic forms according to the 
sign of I(k). They are 



{/(k) > 0), 

{I(k) < 0}. 


( 2 ) 

( 3 ) 


The first derivative of fll(/f) does not exist at /c = 0, and no function 
analytic in any region about /c = 0 can represent Q(/c). 
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For the Type VII law with index 2, 


df _ 2 

dx 7r(l+a:2)2' 

we find similarly 

^ i {/(/<:) > 0 }, 

\ {l-{-iK)e~^'^ {d(K) < 0 }. 


(4) 

(5) 

( 6 ) 


Derivatives to order 2 are continuous at /c = 0, corresponding to the 
existence of the second moment. But the third derivative at k = 0 
has different values on the two sides, and Q(k) is not the form taken by 
any function analytic in a region about k = 0. 

2.63. The central limit theorem. The interest of 2.6 (7) lies in its 
relation to the resultant of a number of independent disturbances. In 
many cases, if the number is large, it can be shown that the chance of 
the resultant is approximately normally distributed. We may notice, 
first, that if there are two components both following the normal law 
with standard errors a and r, the respective values of Q.{k) wiU be 
and by 2.6 (7) the characteristic function of their sum 
is exp Hence the distribution of the chance for the sum is 

normal with standard error This can be extended to the 

composition of any number of normal errors. This principle is called 
the reproductive property of the normal law. 

If for each component we take the origin at the expectation of 
and all the second moments about this origin are 1, we have by 2.6 (10) 


^rM= 1+W + 0 (k^). ( 1 ) 

If instead we consider e^/V^, the second moment is divided by k, and 

by 2.61 (11) 

1 +^ + 0 (^.) ( 2 ) 

It is to be noticed that is a function of Kl\k and therefore the 
remainder term, for any k, is small compared with l/^* for k large. Then 

k 

the characteristic function of 2 


Q.(k) — = 1 + 




(3) 


if all components follow the same law. But even if they do not we shall 
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and the differences between the laws ai)pear only in the terms 
If then k -> oo, log£I(K:) and in the limit 

n(/c) exp(|/c2). (5) 

The chance that ^ betw een and is therefore 



g-/<:X2)gV2K® 


( 6 ) 


This is differentiable, and tlie derivative gives the ])robability density 


ix> 

f exp(|»<2_^a;) ^ __^ exp(- U“). (7) 

— ioo 

Thus the probability distribution of the sum o^ k component variations, 
all following independent laws of chance with second moments l/A^ 
wdll tend in the limit as k becomes large to the normal law with standard 
error 1. 

It is not quite obvious that if a sequence of characteristic functions 
tends to a limit, that limit is the characteristic function of the limit, 
if any, of the corresponding law\s. Jt is proved by H. Cramer that the 
convergence is uniform and therefore that the passage from (5) to (0) 
is justified. 

If the components have not all the same second moment, the result 
is not necessarily true; Whittaker and Robinsont give a striking 
example to the contrary. 

The above argument is given, with more attention to mathematical 
detail, by H. Cramer. J The important point is that it does not assume 
the existence of moments above the second. The derivation of the 
normal law on similar principles, given by Whittaker and Robinson 
and reproduced with minor changes in my Scientific Inference, is no 
longer of much interest. For it was assumed in the course of the proof 
that the functions n^(/c) are all expansible in powers of /c, with coefficients 
given by the moments, which can be true only if all the moments are 
finite. The resultant of several components, each satisfying tlie normal 
law, itself satisfies the law exactly. The extreme departure from the 
normal law for each component that would make all the moments 
finite is one where the chance is concentrated in two values, since any 
further spread would amount to a smoothing of the distribution and 
make it more like the normal. But we already know that the resultant 

t Calculus of Observations^ p. 178. 

t Random Variables and Probability Vistributiojis, 1937. 
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of several components in this case would give a binomial law and would 
be approximately normal if tliere were several components. The proof, 
therefore, added little to what was already obvious. 

The argument has been extended by various vTiters to the case where 
the components follow independent laws/^{6^) with second moments 


n 

P 2 ,r about 0, provided that as n-^ cc. 31^^ ^ 2 M 2 ,r and for all r, 

r - 1 ' 

fjL 2 ,rl^ri other w^ords, the second moment for the sum tends to 

infinity but the largest proportional contribution from a component 


tends to zero. 


Then if ^ 




dy. 


Details are given by Kendall. f 

2.64. If one or more of the components have an infinite wth moment, 
(m > 2) and the number of components is finite, the normal law' can 
be approximate only in a rather peculiar sense, for it makes all the 
moments finite, w'hereas in such a case the wth moment for the resultant 
is infinite. An investigation of a special case is desirable to see w'hat 
this sense can be. But it is convenient to take first the Cauchy law of 
2.62, For the resultant of k components 


Q(k) 


j 

\ 


and the probability density is 


1 

2771 


/ 


dK 


{I{k) > (•). 

(1) 

{^{«) < O'. 

(2) 

k 

(3) 


— iao 

which is of the form for one component, but with the scale multiplied 
by k. The mean of k components from this law' follow^s exactly the 
same law' as for one component, a fact emphasized by Fisher. What 
would happen wdth a large number of observations in this case w'ould 
be that larger and larger deviations would occur, the extremes increas- 
ing so rapidly that the mean will fluctuate by quantities of order 1. 
For a component satisfying the law' 


we have 


P(dx,\H) 

L\{k) = j 


g(br+m,)K 

f,(b,-iar)K ^ 0 ). 


(4) 

(5) 


t The Advanced Theory of Statistics, vol. 1, 1943, 99-103, 180-2. 
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For the sum of h such components 


Q.{k) 


> 0 ], 

^r-iZar)K 0 }. 


pi^hf 


( 6 ) 


( 7 ) 


Hence the sum follows the law 

Thus the and h^. are both additive. This can also be proved by direct 
integration for the combination of two components and generalized by 
mathematical induction. 

For the Type VII law with index 2, if we reduce the scale in the ratio 
and combine k components, wc have for the resultant 

( 1 [i{K) ; > 0] , 

{1{k) < Oj, 

and the probability density is 


kl{K) 


( 8 ) 


dx 


rx) 

Q _-L_ r \ dK + 

J 

0 

0 

-] — ~ r dK. ( 9 ) 

2771 j 

— ioc 

Apart from the factor in x tlie integrands are real and positive and 
become exponentially small within a distance from the origin of order 
k-^'-. We can approximate to the logarithm of the integrand in powers 
of and find 

iao 

— too 

and the term in is negligible. Then 


This will be valid provided x is not comparable with If it is of order 

or larger, kx and the neglected terms in will be comparable. We 
have therefore for large k an approximation of the same nature as that 
found for the binomial; the normal law is a good approximation over 
a range that includes most of the chance. 

If X is comparable with k^^^ or larger a different form of approxima- 
tion is necessary. The method of steepest descents is also unsuitable 
because there is a branch-point at the origin and the paths of steepest 
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descent from it do not go near the saddle -points. But for the two parts 
the integrands fall off most rapidly in directions in the first and fourth 
quadrants respectively, and we can replace the integrals by those along 
the real axis and then apply Watson’s lemma, j* Then 


G ~ I dK (12) 


and we want the imaginary part of the integral for k small, 
non -zero term is 


oo 



0 


The first 


(13) 


This is proportional to 2.62(4) for x large, but it is divided by VA:; 
higher terms will involve higher pow’^ers of The effect of combining 
several components is therefore to give an approach to the normal up 
to an indefinitely increasing multiple of the standard error; beyond this 
multiple the law’ retains the original form except that all ordinates are 
reduced in approximately the same ratio. The higher moments do in 
fact remain infinite, but the area of the tails is greatly reduced. 

2.65. We can make a little further progress by considering cases 
w’here the fourth moment is finite. We shall have 




and if we contract the scale in the ratio k~^‘~ and combine k components, 



o o 

I 

2A-'^6pfe 


24A-2 



k 

dK. 


( 2 ) 


If some higher moment is infinite, the corresponding derivative of 
Q{k) will not exist at /c — 0, and we cannot immediately apply the 
method of steepest descents to (2) because the integrand is not analytic. 
But (2) is a valid approximation w’hen k ^ 0{k^^-), and for large k the 
integrand is small. Hence if we drop the last term the error will be 
negligible, and we can apply steepest descents because without this 
term the integrand is analytic. Then, for large k, 


G 


1 

2Tri 



24k j 


dK 


( 3 ) 


t H. and B. S. Jeffreys, Methods of Mathematical Physics, pp. 47],' 668. 
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and if we take the path through x we shall have, nearly, 


G - 


_ 1 




24k /■ 


( 4 ) 


The correcting factor will become important itx is of order or 

{24kl{fji^~3)y^\ whichever is the smaller. Thus symmetry and approxi- 
mate normality for the separate components will favour rapid approach 
to normality for the resultant. There is evidence that some errors of 
observation follow a Type VII law with index about 4.| For tliis, if 
^2 ™ 1, p ,3 0, ^4 5, and the correcting factor is exp(a:7l2i), for x 

not too large. 

The conditions for the normal law’ to hold are fairly well satisfied 
in some cases, especially where the observed value is the mean of several 
crude readings. Thus in the standard method of determining the mag- 
netic dip both ends of the needle are read, the needle turned over, the 
case rotated, and the magnetization reversed to eliminate various 
systematic errors. The error of the mean is then the resultant of six- 
teen components, presumably with the same finit(‘ second moment, and 
the normal law’^ should be right up to about (12 x Ifi) “ 3-8 times the 
standard error. In Bullard's observations of gravity in East Africa, J 
two separate sw ings of the pendulums in the field were compared with 
two in Cambridge taken at the same time; the error is therefore the 
resultant of four components, and if the separate law^s have index 4 
the normal law should hold up to about 2-6 times the standard error. 
But w^here there is a dominating source of error there may well be 
considerable departures from the normal lav . 

The normal law of error cannot therefore be theoretically proved. 
Its justification is that in representing many types of observations it is 
apparently not far wrong, and is much more convenient to handle than 
others that might or do represent them better. Various theoretical 
attempts at justification have been made, notably Gauss's proof that if 
the mean is the most probable value, the normal law must hold. But the 
argument would equally imply that since w e know many cases where 
the law does not hold the mean is not the best estimate. Indeed, we have 
had Cauchy's case where the mean is no better than one observation; 
but with a different way of making the estimate we could get much 
higher accuracy from many observations than from one even with this 
law. Whittaker and Robinson (p. 215) give a theoretical argument for 
the principle of the arithmetic mean, but this is fallacious. It depends 


t See later, p. 290. 


X Phil, Trans. A, 235, 1936, 445-531. 
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on confusion between the measurement of two different quantities in 
terms of the same unit and of the same quantity with respect to two 
different units, and between the difference of two quantities with regard 
to the same origin and the same quantity with regard to different 
origins. The irrelevance of the unit and origin may be legitimate axioms, 
but are replaced by the former pair in the course of the argument. f 
2 . 66 . When several components following the same symmetrical law 
with a finite range are combined, the approach to the normal is very 
rapid. Thus an elementary law may consist of chances I at each of 
±1. If we combine three such components tlie second moment for the 
resultant is 3, the possible values being —3, — -1, +1, +3. Compare 
the expectations for eight observations witli those corresponding to the 
normal law with the same second moment, supposed rounded to the 
nearest odd integer: 

< __4 4.1 43 >44 

Binomial 0 13 3 10 

Normal 0-084 0-908 3-008 3-008 0-908 0-084 

For four components and sixteen observations the expectations in 
ranges about the even numbers are as follows: 

< -5 -4 -2 0 f2 +4 > 4r> 

Binomial 0 1 4 6 4 1 0 

Normal 0 10 0-97 3-86 6-13 3-86 0-97 0-10 

In neither case do the probabilities of one observation falling in a 
particular range differ by more than 0*012. It can be shown that if 
the observations were in fact derived from a binomial law with three 
components, and we were given only the totals by ranges to compare 
by the used in Pearson’s way, with the postulate that they are 

derived from the normal law, it would take about 500 observations to 
reveal a discrepancy. J 

If the primitive law is a rectangular one from — 1 to + C we have 
P{dx \H) ^dx (-~-l<a:<l) (1) 

1 1 

and n(/c) = I j e^^dx = — (2) 

-1 

For two components the law will be 

P{dx I H)ldx — r dK 

Sm j 

L 

This is known as the triangular distribution. 

t Calculus of Observations, pp. 215-17. J Phil. Trans. A, 237, 1938, 235. 


(0<x<2), 

( — 2<x<0). 

( 3 ) 
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For three components it is 

(-3<a-<-l), 

P{dx I H):dx ^ tV(6-2x"-) (-1 < a- < 1), (4) 

{l<a:<3). 

The second moments for (1), (3). and (4) are and 1. Rescaling to 
give unit second moment in each case we have from (1) and (3) 

P(dx \H) = -^ dx (- v'3 < a- < V3), (5) 



Fig. 1. Laws of equal (unit) second moment obtained by combining 1, 2, 3, 
00 rectangular distributions. 


We see at a glance from Fig. 1 that (6) already gives a fair approach 
to the normal, though it has combined only two rectangular distribu> 
tions; while (4) is very close, even at the tails. 

The approach to the normal is much less rapid if the component laws 
are asymmetrical. Thus if three components each give chances | of 
— J and J of +f , the expectations from the results of 27 observations 

0 +1 +2 

8 12 6 1 
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and plainly no normal law can fit all the chances within a little under 
0 - 04 . 


2.7. The y- distribution. Supj)ose that we have 'n indejiendent 
variables wiili normal distributions of chance about zero, so that we 
can write 


P(dXj dx.^..dx^^ I H) 

1 


(27r)’/‘''cr^ a2...CJ.j 


exp 


Ux\ 


i j ^ ^ 


Consider the total chance that the function 

X' 


■y,2, ^2 ^2 

- + 




(2) 


may fall in a given range. This can be got by integrating over all values 
of iTj to x,^ that correspond to y- in this range. First put 


Xj, — ‘^2 — - 0’2^2’ €!tC. 

Then (^) 

and P(dx^ \ H) = (277-)-'/-'' J J - J exp(- di/i-dy,,. (4) 

If we like we can regard the ?/’s as Cartesian coordinates in n dimen- 
sions and the integral with regard to them as a volume integral. But 
in any case in a range between two neighbouring values of y we can 
neglect the variation of y. while all the ?/’s are proportional to y. The 
integral from 0 up to a given y, omitting the factor exp( — iy^), would 
be proportional to y^^; hence the change in it due to a change in y is 
proportional to y“"^c?y, and now, wsince we can neglect the variation of 
exp( — |y^) in the shell, we have 

F(dx^ I H) oc x"'^exp(-^-X*)<^X- (5) 

The constant factor can be found by using the condition that y^ is 
certain to lie between 0 and oo, or the Dirichlet integral may be used. 

Then P(dx^\H) = 

It is easy to verify that the expectation of y^ is n, as is obvious from 
its definition. The maximum of the integrand is near y^ = n. If we 
neglect a factor y^^ and take logarithms, 

^,{nlogx-h^) = ~2 ( 7 ) 

near the maximum, whence if n is large P(dx^ I H) is nearly proportional 
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to exp{— 
can write 


f’}dx or to 


Thus, roughly, we 

( 8 ) 


as a summary expression of the rule. Tables giving P(x^), the chance 
that X" exceed a given value, are given by Pearson, Fi.sher, and 
Yule and Kendall. 

The interest of this rule is tliat it often enables us to see very easily 
whether a set of data are consistent with a hypothesis. It is required 
that we shall have a set of estimates, obtained independently, on a 
hypothesis that gives estimates of the standard errors, and that we 
compare them with a set of values predicted by the hypothesis. In 
general the observed and theoretical values Avill differ by quantities of 
the order of the standard errors, but if we form x^ we have a quantity 
that wcmld be increa.sed either by an unexpected systematic variation 
(the random variation remaining the same), by the actual random 
variation being larger tlian that expected, or by some internal correla- 
tion that makes errors tend to repeat themselves, when the means Avill 
vary more than expected. If than 7i-\-^l{2n) we can usually 

say at once that the observations agree with the theory as well as could 
be expected, and if it is less than n there is no immediate need 

to discard the hypothesis. The matter will be treated in more detail 
later, but these simple considerations so often cover all that is wanted 
that they may as well be stated at the outset. 

2.71. It often (or rather usually) happens that the hypothesis 
investigated contains some adjustable ])ara meters, and that these are 
determined in such a way as to make y- a minimum. If they are fewer 
than the x's there will still be an outstanding variation, but we should 
naturally expect it to be smaller than the original one. Instead of all 
the x^s being independent, we must now suppose that the information 
with respect to them can be written 




(9) 


where the Ij. are known, but a is to be found, and can be con- 

sidered random. Then on this hypothesis 


P(dxi.. .dx„ \olH)^ - exp [ — V ) dx^. . .dx^. (10) 

ai(T 2 ...or„ [ ^ 2a; j 

Now suppose that we determine the value of a, a say, that makes 
2 {x^—’lrOc)^lcrr a minimum. Then 


2 


l,(x^—l^a) 


= 0 , 


( 11 ) 
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and 


2 




•>rfi 


=2 




2 & 


( 12 ) 


The first term on the right is the value of that would be found by 
comparing the with lj.a instead of with 0 or Hence 


P(dx^...dx,^\aH) = lr2:l_2exp/— >x^-(a:-a)2 V -^\dx^...dx,^. 


(13) 


The form of this shows that the information about the can be 
regarded as composed of three independent parts. For they would all 
be determined by a, y, and n-~2 direction parameters of the form 
™ {Xj.--lj.a)jaj.x- If we change to these as new variables the three 
groups of chances will be independent, and by applying Theorem 12 
we have 


P(dx I oL,a,w^,H) 

cc exp(- y x X"'*exp(-|x^)tZx. 

o(a,x,w.j,...,m„_2) 


(14) 


Thus the determination and elimination of each adjustable constant 
reduces the index of y in the chance for the outstanding variation by 1. 
The difference between the number of separate data and the number 
of parameters allowed for is usually called the number of degrees of 
freedom. If this is identified with the n of (6) the formula will always 
hold. 

It may be noticed that on the left dx means the proposition that y 
will lie in a particular range rfy; dx" means that y- will lie in the corre- 
sponding range These propositions are equivalent and can there- 
fore be interchanged in the expression on the left by Theorem 3. 

2.72. If there is a linear constraint on the data, so that 


2 ni^x^ -- 0 , 

this also will remove one variable from the integration and reduce the 
degrees of freedom by 1 and also the index of the distribution. 

2.73. x^ obtained by Pearson in relation to a problem of 

sampling. f In the latter case it can be simply derived from the last 
remark. Suppose that wo are sampling an enormous population of 
several different types, and that the expectations in a sample, given 
the time of sampling and the proportions in the population, are 
7^2,..., m^. Then if these are moderate numbers and the occurrences 
of members of different types do not interfere, each type will give an 


t Phil Mag. 50, 1900, 157-75. 
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independent Poisson distribution and the expected number may be 
written If the observed numbers are 71 ^ we have therefore 

= 2 {nr—rn^)^jm^ 


taken over all types. The degrees of freedom will be p. Such a case 
might be realized if we were observing a phenomenon for a finite time, 
so that the total number of events w'as subject to a sampling variation, 
besides the separate variations of the numbers of the types. 

2.74, But if we are extracting from a population a sample of given 
size, the total number of the sample is known as .V ^ T If the 
expectations are assessed in given ratios, but now are subject to the 
total of 7ij. being N, we have introduced a linear constraint and 
the number of degrees of freedom will be p — i. A detailed treatment, 
following Pearson, is as follows. We return to the multinomial rule. 
If N is prescribed, and subject to N the expectations are the 

probability of a sample is 


\NH) ^ 


7?l! 7^2!.../^^,!\iV/ \S^ } 


Put n^ = ocr 

where 2 “r ^ Then 


( 1 ) 

( 2 ) 


log n M Jplog2ir- 2 «r+ 2 (n,-\-l)\ogn,. (3) 

log A" ! = I log 2tt—N + (iV + i)Iog N, (4) 




(277-)V20»-1) (7iJir+V;2) ]^N 


(27r)'^^<^-i>J][ (njr) IP + 


. (5) 


which gives, on approximating to order a*, 

I 1 V 

2Z mj 


and 



(n,— 

rrij. 




(6) 

(7) 


The probability distribution of x» given the is now to be found by 
integration. But only p~ 1 of the can be varied independently, and 
the result will be 


P(dx I x x^“*exp(-ix^)dx- (8) 

2.75. If the analysis refers to a rectangular contingency table and 
we wish to test whether the elements agree with the hypothesis that the 
chances in different rows are in proportion, further degrees of freedom 
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disappear. For in such a case the ratios of the total chances in the 
rows or in the columns are not fixed initially and must be estimated 
from the data. Thus if there are m rows and tz, columns, we fix m 
parameters from the numbers in the rows and n~\ from the columns. 
The expectations being made in proportion, consistently with the row 
and column totals, the number of degrees of freedom that remain in 
is 

^ ~ (m— 1). 

If m = ^ ~ 2 the number therefore reduces to 1. 

2.76. The ^ analysis is of enormous use. It is easy to apply, and 
very often is enough to answer the question aslved. This means really 
that the hypothesis stated is very often right and the predictions made 
by it come off. It does not, however, always go into sufficient detail. 
More will be said about this under significance tests. The trouble is that 
it combines all degrees of freedom together as if they were all relevant 
to the same question, whereas only part of the information in them may 
be relevant. If, for instance, we have a set of data with 32 degrees of 
freedom, the expected on the hypothesis of complete randomness 
will be which means that in the ordinary course of events it may 

be anything from 24 to 40 and might go beyond this range without any- 
thing but random error being involved. If there is actually a systematic 
variation whose amount is four times its standard error, it w’ill con- 
tribute IG to but if the other degrees of freedom happen to contribute 
only 24 the total will still be 40, which would pass as entirely random. 
But a systematic variation of 4 times its standard error would be 
accepted as genuine by any significance test if it was tested directly. 
The trouble is that with regard to a large number of data we may w^ant 
to ask several questions. To some of them the answer w ill be 'yes’, to 
others 'no’. But if we try to sum up all the information in one number 
we shall not know what question we have answered. It is desirable to 
arrange the work, when several questions arise simultaneously, so as to 
provide answers to each of them separately. When this is done it is still 
found that the ^ form persists, but it is now" broken up into separate 
parts each of which has its own message. 

The passage from (5) to (6) above involves the neglect of cubic terms. 
In Pearson’s earlier work he ignored the resulting errors, sometimes 
applying the result when the expectation was considerably less than 1 . 
Later he recommended grouping the small expectations together so 
that the expectation in no group would be less than 6. This has the 
disadvantage that in, for instance, a test of the normal law- of errors, 
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an observation in a range where there might be a 0*001 chance that 
any would occur on the normal law, and taken by itself would be strong 
evidence against the law, cannot be considered except in combination 
with several others, and there is considerable loss in sensitiveness. Both 
methods have drawbacks in dealing with small groups, but where the 
expectations are over 1 the earlier method seems to be the better; 
where they are under 1 the only solution seems to be to introduce a new 
parameter explicitly and estimate it. Then the relevant part of 
the square of the ratio of the new parameter to its standard error. 


2.8. The i and distributions. Suppose that we have n observations 
derived from the normal law with true value x and standard error a. 
Their joint chance is 

P{dx,...dx„ I X, a, H) = expj - 2 (1 ) 

Put nx ™ 1)6“ ™ ■—- y {Xj,-—x)^, (2) 

Then x is the arithmetic mean and 6* is the standard deviation as usually 
defined. We shall call 6*' the mean square deviation, x, 6*, and 6*' are 
all determinate functions of the observed values. In the present problem 
writing is simplified by using .s' rather than 6, but wlien we come to the 
method of least squares we shaU find that s has advantages. Also 

2 (Xr-X)^ = X {{Xr—x)-^{x~x)f 

= X {x^-xY-{-2(x—x) X (x^~x) + n{x-xf. (3) 

The second term vanishes by the definition of x, and the result is 


Hence 


ns'^-\-n{x~xY. 


1 Ft? 

P{dx^...dx„ \x,a,H) = dxi...dx„. 


Thus X and s or 6*' are what Fisher calls sufficient statistics, A ‘ statistic ’ 
in his terminology is any function of the observations that we might 
choose to provide an estimate of an unknown parameter in a law. 
We have seen that, whatever the prior probability may be, the observa- 
tions enter into the posterior probability only through the likelihood, 
which in this case is the function we have just given. Also in practice 
the observations are not exact determinations since we read only to 
the nearest convenient multiple of some convenient unit. A reading of 
15*3 mm. means really an observation between 15*25 and 15*35 mm. 
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This range of 0*1 mm. would replace dx^ in practice, and it is the same 
whatever the parameters in the law. Hence, when we apply the principle 
of inverse probability, the factor is the same for all values of 

the unknowns x and o-, and will cancel. It follows that the whole of the 
information with respect to x and a that is contained in the observa- 
tions is summarized in the two statistics x and -s-. When this occurs it 
is unnecessary to make further reference to the observations a])art from 
these statistics, which are therefore called .Hufficicnt. A definition of a 
sufficient statistic is as follows. Whenever the likelihood, a})art from 
. factors independent of the unknown parameters to be estimated, can 
be expressed as a function of the unknown parameters, the number 
of observations, and a number of functions of the observations equal 
to the number of unknown parameters, those functions of the observa- 
tions are called sufficient statistics. 

For various purposes we require to know the joint probability distri- 
bution of X and s', given x and a. Then we must consider a pair of ranges 
of X and .s' and form the integral of (4) over all values of the observable 
values that give x and 6' in these ranges. This is easily done as follov s, 
by translating into analytic language a geometrical argument due to 
Fisher. We can regard x^. as a set of rectangular coordinates of a point 
in ri-dimensional space, and then ^ (x^—xy^ is the square of the distance 
of this point from a point all of whose coordinates are x. But we can 
rotate the axes in any way, and this will still hold for the new axes. 
In analytic language, we can form ?? linear funct ions of the Xj. such that 
if a new function is a:'- ' /r\ 

r 

where Z ®ir = ^ fh (<5) 

i r r 


and this can be done in an infinity of ways. We can choose one of the 


x'^ to be 


/ It -I 

Xi -- 2 ^ 


(') 


r 

Applying this to the point {x,.r,x,...) gives (x\'nA).0,...). 
Then 


through any region, where 2' denotes summation for all i except / 1 . 
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Hence if we consider a region between two fixed values of x[ and two 


fixed values of s', the integral breaks up into two factors 

X 1 + dx\ 

/i = J exp|— ^-(x;-a:Vw)2| (10) 

X\ 

4 = J J- J 1) 

integration in the latter case being over all values such that 

ns'^ < 2' n(s'+ds'f. (12) 

Within short ranges of x'^ and ,v, therefore, the integral 

cc expj— ^(xi-xVn.)*|<ix;..s‘'"-=exp| — (13) 
oc expj — ^(f-x)2|(/x.*''''-2exp| — (14) 


The constant factor is determined by the condition that x is certain to 
be between ±oo and s' between 0 and od. Hence 


P{dMs' 1 X, (7, H) 

“ y(£);“'’( - “p( - 1>) *'• 

(15) 


The argument fails if n 1 , for then s' is necessarily 0 and the factor 

(16) 


/g does not arise. 

Now put x~ X ~ s'z 

and transform to variables s' and z. We have now 


P(dzds' 1 x,o,H) 


— “P| - ‘ +^’> 1 * 


and finally, on integrating with regard to s' , 


P(dz \x,g,H) 


V7r.(Jn~|)! 


dz. 


(17) 

(18) 


This rule was first obtained by W. L. Gosset, a prominent statistical 
writer who used the nom de plume of ‘Student’. *j* Its remarkable feature 
is that it is independent of x and a, which may therefore be suppressed ; 
their actual values are irrelevant to z, and their existence is implied 
by H, which includes the statement that the normal law holds in the 


t ^iometrika, 6, 1908, 1-25. 
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problem under discussion. It may be transformed by introducing the 

quantities ^ ^ i S 

^ (n— 1)’^“ \ n(n—\) j ’ 






Then .9^ is the usual conventional estimate of the standard error of a 
meant and t is the ratio of the actual error of the mean to the estimated 
standard error. We shall then have 

P{dt I (7, //) = P{dt I H) = — _f 1 4 - -^Y'^^dt. 

( 21 ) 

This is now the usually adopted form, and is called the t distribution. 
If n is large it tends to the normal with standard error 1, but for 
moderate values of n it is more widely spread to large values of t. This 
represents the fact that, given x and a, the probabilities of different 
values of x and s' are independent. Consequently, while those of x 
follow the normal law with standard error cr/V?i, in any individual case 
the error of x may be associated with a value of 6' either more or less 
than a, and s^ as calculated from s may be either more or less than 
a/^'n. The result is that there is a considerable chance that an error of 
X larger than a/Yn will be associated with a value of Sj^ less than cr/vW, 
and the result will be to give an excess chance of large values of t in 
comparison with that for x/cr on the normal law. 

2.81. Suppose now that we have two separate samples of and 
rig derived from a normal law with the same parameters, and that their 
means and mean square deviations are and f 2 ^ sY What is the 

joint chance of these four quantities lying in prescribed ranges, given 
X and a ? Since the law is one of chance neither set can give any infornia- 
tion about the other when x and a are given; hence by the product rul 3 

P{dx^ dx 2 ds[ ds^ | x, a, H) 


vy 




2Va(ni-3)^^- 






2<t2/ 

t It has no unique standard error since the posterior probability of the true value, 
given the mean and standard deviation, is not normally distributed. 
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which is the product of four independent factors. Now consider the 
chance that will lie between 4.V 4Cv+^^//)* For all values of 

and ^2 have, by Theorem 12, 


jexp| — 


P{dyd.s[^ I x.y. X, (7, H) 

+7*2-3 y7} j -2 

— 2'hon-^ 7Tr-6)( I ' 

and, integrating witli regard to 4^ 

F(dy \x^,X2.x,cr, H) — ^ ^ v. i i . / ./ 

Now put y e^. 


( 2^1 — f)Ui^2~f )■ 2) 


dy. (24) 


P(dZ I x-^,x.^,x.a,H) 

2^,V2Wi _l/^,y^l/«2n2_l/o^J 2)1 


f(m~l)ZdZ 


(25) 


(l/ij — f)! (|^^2“i)- (/io-^- /?! + 

This, with a change of variable, is Fisher’s z distribution.! If we take 
2—1 (following Yule and Kendall in this notation), 


v'l = ^1“ Ij ^2 
we have sf = 


^26-1 =- M2 4^ logisj.s,^) == 2, 


e'’‘~dz 


(iv,-l)! (1^2-1)! 


• (26) 


This is Fisher’s form. It is curious that the factors that arise in the 
transformation should cancel so completely. In practice there is an 
arbitrariness as to which of the standard deviations we should call s^; 
the larger is taken, so that 2 ; in actual use is always positive. It is easy 
to verify that interchanging and ^2 and reversing the sign of leaves 
(26) unaltered. But apart from this conventional restriction can range 
from —CO to + 00 , unlike y, which can only range from 0 to 00 , and the 
law for z is therefore much more symmetrical. The law is in fact nearly 
normal for moderate departures of 2 ; from 0, and may be conveniently 
represented by 

z = 0± 

Detailed tables of the values of z with 5, 1 and 0*1 per cent, chances of 
being exceeded on the hypothesis of random variation are given by 
Fisher. ! 

2.82. The 2 : rule may be regarded as a generalization of The x^ 
rule assumes that the data are either derived from the normal law with 



t Proc. Roy. Soc. A, 121 , 1928, 669. 

X Statistical Methods for Research Workers^ Table VI. 
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known standard errors, or approximately so derived with standard 
errors calculable from frequencies, and the probable scatter of the data 
is compared with the known standard errors. In the 2 rule, the scatter 
of one set of estimates is compared with that of another set, each being 
measured by the standard deviation and not by the standard error, 
and consequently both numbers of degrees of feedom appear in the 
result. But it is supposed that each estimate of either set has the same 
standard error. This is achieved in biological experiments by what is 
called a balanced design (cf. 4.9). In physics it is hardly ever achieved; 
the essence of comj^arison of ph\^sical estimates is usually that they 
have been obtained by different methods and consequently have 
different standard errors. We tlierefore need a method to replace the 
z rule in such conditions; we can hope only for an approximate answer, 
but some answer is necessary. 

If we have several series of estimates with estimated standard 
errors based on d.f., we might suggest forming the sum 



( 1 ) 


for tlie series together, measuring c^ach fi*om a weiglited mean of tlie 
.T^. This is the simjdest analogue of When all the are large it is 
biirly satisfactory. If there are n estimates tlie number of degrees of 
freedom is n~l. But if the aie not large this function will not follow 
the same rule as y-. The expectation of from (1) is not 1 but 
for > 2; for v^. <. 2 it is infinite. C'Onsequently, if we estimate y''^, 
using the estimated standard errors, the estimate will be about 


-^-1 ( 2 ) 

instead of ti—I. This may be serious. Suppose that we have 10 series 
of 5 observations each, and form y^ in this way from the means. The 
expectation of y^ will be 19 instead of 9. But on 9 d.f. y^ ~ 19 is nearly 
up to the 2 per cent, point, and such a set of means will habitually be 
judged discordant even if the variation is wholly random. 

A better method is suggested by the central limit theorem. We have, 
if E denotes an expectation, 

== Et*-(Et^)^ = (3) 

(v—2y(p—4:) 

and if r* = <2— /— ^ (4) 

V aJ V — 1 

the expectation of is always 2 for v > 4, and ^{fy—Ei'y) 

^596. 58 TT 
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will have a nearly normal probability distribution for n more than 
about 3 or 4. Then 


EQ 





(5) 


if the true value is taken as 0. If one weighted mean is determined it 
will be allowed for approximately by multiplying the first term by 
(n~-\)jn and replacing yj{2n) by ^{271 ~2) in the second. It now becomes 
impossible to include in the test any estimates based on fewer than 4 
d.f., but if those with v^. > 4 are found accordant they can be com- 
bined, and then those with ^ 4 can be compared with them 
individually. 

The method is necessarily rough, but should serve as a useful compro- 
mise capable of being used in the same w^ay as X“ 

not always be the end of the matter, but will provide a simple w^ay of 
seeing whether it is worth while to go into greater detail. 
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ESTIMATION PROBLEMS 

‘Wo Vo got to stand on our heads, as men of intellect should.’ 

R. Austin Fkeeman, The Red Thumb Mark 

3 . 0 . In the problems of the last chapter we were considering the proba- 
bilities that various observable events would occur, given certain laws 
and the values of all parameters included in these laws. The usual use 
of these results is that they provide the likelihood for different values 
of the parameters; then, taking the observed results as given, and using 
the principle of inverse probability, we can assess the relative probabili- 
ties of the different values of the parameters. A problem of estimation 
is one where we are given the form of the law, in which certain para- 
meters can be treated as unknown, no special consideration needing to 
be given to any particular values, and we want the probability distribu- 
tions of these parameters, given the observations. 

Now from any finite number of observations we can never evaluate 
more than a certain number of parameters. A sample {/, m) cannot 
determine more than two parameters and, since Z+m is in practice 
chosen for convenience and has no reference beyond the sample, there 
will be only one parameter that has any relevance beyond the sample 
itself. A set of n quantitative observations cannot determine more 
than n adjustable parameters; but if we always admitted the full n we 
should be back' at our original position, since a new parameter would 
imply a new function, and we should change our law with every observa- 
tion. Thus the principle that laws have some validity beyond the 
original data would be abandoned. It is necessary, tlierefore, to the 
statement of a scientific law that it involves a number of adjustable para - 
meters (possibly none) and that new observations do not alter the form of 
the law, though they may alter the estimates of the parameters. The likeli- 
hood of a given set of observations has no definite value unless the form 
of the law is given and all the parameters in the law are explicitly stated. 

On the other hand, a law is not a final statement. By rule 5 we can 
rule out no law as impossible a priori, and if a true law involves n 
parameters it could not be found until there are more than n relevant 
observations. Hence the number of parameters in the laws that it is 
possible to consider at any time depends on the number of observations. 
Thus it is a necessity of progress that laws must be considered, on the 
whole, in the order of increasing number of adjustable parameters. 
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The function of significance tests is to provide a w ay of arriving, in 
suitable cases, at a decision that at least one new^ parameter is needed 
to give an adequate representation of the existing data and valid 
inferences to future ones. But we must not deny in advance that those 
already considered are adequate, the outstanding variation being legiti- 
mately treated as random. Though w^e do not claim that our law^s are 
necessarily final statements, w e claim that they may be, and that on 
sufficient evidence they have high probabilities. But by rule 5 we can 
set no limit to the number of possible laws, and this is the same as saying 
that the number is infinite. If all laws had the same prior probability 
it w ould be infinitesimal, and would remain infinitesimal on any amount 
of evidence. Thus there could be no stop, nor even a temporary pause, 
unless we agree that every law' has a finite prior probability. But then 
if there are an infinite number of possible law's their prior jirobabilities 
must form a convergent series. 

This result implies the possibility of arranging possible laws in an 
order of decreasing prior probaliility. What can this order be? The 
methods capable of being adopted, wdiich are mainly those already in 
use, provide our answer. It is the order in wdiich the laws ordinarily 
arise for consideration, that of increasing number of adjustable para- 
meters. This principle of convergence w'as what Wrinch and I originally 
called the simplicity postulate it is not, how^evcr, a separate postulate 
but an immediate application of rule 5. We stated it in a w'ay applicable 
only to quantitative laws expressed by differential equations, and in 
Scientific Inference I gave a quantitative definition of the complexity 
of a differential equation. This, how ever, appears insufficiently general, 
because it is not clear that all law s are expressible by differential equa- 
tions: for instance, ‘all crows are black’, ‘the chance of throwing a head 
with a penny is and the various non -commutative rules of quantum 
theory. It appears much better not to restrict tlie possible types of law 
at all, but merely to be ready for them as they may arise for considera- 
tion, whatever their form. This makes the relation to actual thought 
immediate. The complexity of a law is now merely the number of ad- 
justable parameters in it, and this number is recognizable at once; we 
can satisfy rule 3. There is no objection to regarding such laws Sisyocx 
and y oc as of equal complexity, because their consequences will 
usually differ so much that discrimination between them by means of 
observations will be easy; laws involving the same number of adjustable 
parameters can be taken as having the same prior probability. When 
t Phil Mag, 42 , 1921, 369-90. 
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the question of modifying a law first arises, the suggested modification 
must be stated, in most cases, in such a form that it involves one new 
parameter. (A modification to a law of dilTerent form, but involving 
the same number of parameters, can be tested directly. The more 
probable is the one with the higher likelihood.) The question will 
then be, Is the new parameter supported by the observations, or is 
any variation expressible by it better interpreted as random ? Thus 
we must set up two hypotheses for comparison, with equal prior pro- 
babilities, so as to say that we have no grounds for expecting it to be 
present or not. 

But if the parameters already introduced are ctj, ctg,..., and the 
question is whether we should introduce another, we can choose 

it so that making it zero will reproduce the old law. This is equivalent, 
therefore, to saying that we can proceed directly to the law containing 

prior probability is concentrated at 
™ 0. We shall see under significance tests how this procedure 
leads to a test of whether the new parameter is supported by the 
evidence. At present we need only notice that a parameter that arises 
in a pure problem of estimation often presupposes a significance test 
that has disposed of some suggested value that it w ould have in a 
simpler law. A significance test itself, if it shows that a new parameter 
is needed, will lead to an estimate of it on the wa} . But there are many 
cases where tests have been applied in analogous cases, or where the 
evidence is so clear that a quantitative test of significance hardly needs 
to be applied. For instance, the latitude and longitude of the epicentre 
and the time of occurrence are obviously relevant parameters to the 
observations of an earthquake. In a problem of estimation, then, we 
proceed entirely on the hypothesis that the law is given and that the 
stated parameters and no others are needed. Their actual values are 
unknown and our object is to find estimates of them. Though estima- 
tion problems really presuppose the solution of the corresponding signifi- 
cance ones, it is convenient to take them first because they are easier 
mathematically and because in many cases the answer to the significance 
question is already known. 

3 . 1 . Our first problem is to find a way of saying that the magnitude of 
a parameter is unknown, when none of the possible values need special 
attention. Two rules appear to cover the commonest cases. If the 
parameter may have any value in a finite range, or from — oo to +oo, 
its prior probability should be taken as uniformly distributed. If it 
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arises in such a way that it may conceivably have any value from 0 to 
CO, the prior probability of its logarithm should be taken as uniformly 
distributed. There are cases of estimation where a law can be equally 
well expressed in terms of several different sets of parameters, and it is 
desirable to have a rule that will lead to the same results whichever set 
we choose. Otherwise we shall again be in danger of using different 
rules arbitrarily to suit our taste. It is now known that a rule with this 
property of invariance exists, and is capable of very wdde, though not 
universal, application. 

The essential function of these rules is to provide a formal way of 
expressing ignorance of the value of the parameter over the range 
permitted. They make no statement of how frequently that parameter, 
or other analogous parameters, occur wdthin different ranges. Their 
function is simply to give formal rules, as impersonal as possible, that 
will enable the theory to begin. Starting with any distribution of prior 
probability and taking account of successive batches of data by the 
principle of inverse probability, we shall in any case be able to develop 
an account of the corresponding probabihty at assigned state of 
knowledge. There is no logical problem about the intermediate steps 
that has not already been considered. But- there is one at the beginning: 
how can we assign the prior probability wdien we know nothing about 
the value of the parameter, except the very vague knowledge just indi- 
cated ? The answ' er is really clear enough w hen it is recognized that a 
probability is merely a number associated wdth a degree of reasonable 
confidence and has no purpose except to give it a formal expression. If 
we have no information relevant to the actual value of a parameter, the 
probability must be chosen so as to express the fact that w e have none. 
It must say nothing about the value of the parameter, except the bare 
fact that it may possibly, by its very nature, be restricted to lie within 
certain definite limits. 

The uniform distribution of the prior probability was used by Bayes 
and Laplace in relation to problems of sampling, and by Laplace in some 
problems of measurement. The problem in sampling would be, given 
the total number in the population sampled, to use the sample to esti- 
mate the numbers of different types in the population. We are prepared 
for any composition if we know nothing about the population to start 
with. Hence the rule must be such as to say that we know nothing 
about it; and Bayes and Laplace did this by taking the prior probabili- 
ties of all possible numbers in the population the same and leaving the 
entire decision to the sample. 
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Bayes and Laplace, having got so far, unfortunately stopped there, 
and the weight of their authority seems to liave led to the idea that the 
uniform distribution of the prior probability was a final statement for 
all problems whatever, and also that it was a necessary part of the 
principle of inverse probability. There is no more need for the latter 
idea than there is to say that an oven that has once cooked roast beef 
can never cook anything but roast beef. The fatal objection to the 
universal application of the uniform distribution is that it would make 
any significance test impossible. If a new parameter is being considered, 
the uniform distribution of prior probability for it would practically 
always lead to the result that the most probable value is different from 
zero — the exceptional case being that of a remarkable numerical coinci- 
dence. Thus any law expressed in terms of a finite number of parameters 
would always be rejected when the number of observations comes to 
be more than the number of parameters determined. In fact, however, 
the simple rule is retained and the new parameter rejected, at any rate 
until the latter exceeds a few times its standard error. I maintain that 


the only ground that we can possibly have for not always rejecting the 
simple law is that we believe that it is quite likely to be true — that is, 
that when we have allowed for the variation accounted for b}^ the 
functions involved in it the rest of the variation is legitimately treated 
as random, and that we shall get more accurate predictions by proceed- 
ing in this way. We do not assert it as certain, but we do seriously 
consider that it may be true — in other words, it has a non-zero prior 
probability, which is the prior probability that the new parameter, 
which is the coefficient of a new function, is zero. But that is a recogni- 
tion that for the purpose of significance tests, at least, the uniform 
distribution of the prior probability is invalid. 

The uniform distribution of the prior probability was applied to the 
standard error by Gauss, who, however, seems to have found something 
unsatisfactory about it. At any rate there is an obvious difficulty. If 


we take 


P{da I H) oc da 


as a statement that a may have any value between 0 and oo, and want 
to compare probabilities for finite ranges of a, we must use oo instead 
of 1 to denote certainty on data H. There is no difficulty in this 
because the number assigned to certainty is conventional. It is usually 
convenient to take 1 , but there is nothing to say that it always is. But if 
we take any finite value of tr, say a, the number for the probability that 
cr < a will be finite, and the number for a > a will be infinite. Thus 
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the rule would say tliat whatever finite value a we may clioose, if we 
introduce Convention 3, the probability that o- < a: is 0. This is incon- 
sistent wdth the statement that we know nothini? about a. 

This is, I think, the essence of the difficulty about the uniform assess- 
ment in problems of estimation. It cannot be applied to a parameter 
with a semi-infinite range of possible values. Other objections that have 
been made at various times turn on the point that if a parameter is 
unknown then any power of it is unknown; but if such a j)arameter is v, 
then if v lies between and we should have according to the 

<v< I H) cc dv, 

and if we try to apply the rule also to we should say also 

P{v^ < v'^ < I ^ ^ v^~^dv. 

The propositions considered on the left are equivalent, but the assess- 
ments on the right differ by the variable factor There are cases 

where this problem has arisen. For instance, in the law connecting the 
mass and volume of a substance it seems ecpially legitimate to express 
it in terms of the density or the specific volume, which are reciprocals, 
and if the uniform rule was adopted for one it would be u rong for the 
other. Some methods of measuring the charge on an electron give c, 
others but de and de^ arc not })roportional. In discussing errors of 
measurement we do in fact usually re})resent them in terms of the 
standard error; but there is no conclusive reason why we should not 
use the precision constant h l/aV2, and do is not proportional to dJi, 
But while many people had ncjticed this difhculty about the uniform 
assessment, they all appear to have thought fliat it was an essential 
part of the foundations laid by Laplace tliat it should be adopted in 
all cases whatever, regardless of the nature of the problem. The result 
has been to a very large extent that instead of trying to see whether 
there was any more satisfactory form of the prior probability, a succes- 
sion of authors have said that the prior probability is nonsense and 
therefore that the principle of inverse probability, which cannot work 
without it, is nonsense too. 

The way out is in fact very easy. If vp is constant, then 

^ Q 

V p 

If then V is capable of any value from 0 to oo, and we take its prior 
probability distribution as proportional to dvjv, then p is also capable 
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of any value from 0 to go, and if we take its prior probability as pro- 
portional to dp/p w e have two perfectly consistent statements of the 
same form. Similarly, for any other power, dvjv and dv'^jv^ are always 
proportional, and the constant ratio will be absorbed in the adjustable 
factor. ]f we have to express previous ignorance of the value of a 
(juantity over an infinite range, w e have seen that to avoid dealing with 
ratios of infinitesimals we shall liavo to represent certainty by infinity 

CO 

instead of 1; thus the fact that dv/v diverges at both limits is a satis- 

0 

factory feature. Tliis argument is equally applicable if v is restricted 
to lie betwaxm values for 

d?' dv^ 

?dog(r2,/ri) ““ v^^\og(vljviy 

This point is relevant to the fact that in many practical problems we 
are not totally ignorant of the standard error wfiien w^e start. Some 
knowledge of it is implie'd by our choice of measuring instruments, 
wdiich must be capable of reading to less tlian tlie standard error and 
must cover ranges greater than that likely to be covered by the observa- 
tions. "Idius we usually have some vague knowledge initially that fixes 
upper and lower bounds to the standard error. But dr ’iV remains the 
only rule that is invariant for powers. If in an actual series of observa- 
tions the standard deviation is much more than the smallest admissible 
value of (7, and much less than the largest, the truncation of the distribu- 
tion makes a negligible change in the results. 

The point may be put in another way. If a parameter v is a dimensional 
magnitude and not a number, and w^e want to assess P{dv | //), where 
H contains no information about v except that it is positive, this can 
only be of the form dv, where A and n are constants. For the ratio 
of two probabilities must be a number, w hich w^ould not be satisfied if 
we took the first factor, say, as sin v — the sine of a length means nothing. 
Nor could it be, say, wdiere a is some constant of the same dimen- 
sions as V. For then it w^ould assign a definite value to the ratio of the 
probabih’ties that v is less or greater than a. If, then, a is knowm, it 
contradicts the condition that w^e know nothing about v except its 
existence and that it lies betw^een 0 and ; if it is not known w’e should 
have to provide a rule for estimating it or for saying that it is unknown, 
and in either case we are no further forward. The coefficient of dv must 
be something that involves no magnitude other than,^^ and if v is 
dimensional this can be satisfied only by a power of v. But now if we 
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consider some fixed value a the ratio of the probabilities that v is less 
or greater than a is 



If n > —1, the numerator is finite and the denominator infinite. We 
could therefore introduce Convention 3 and say that the probability 
that V is less than any finite value is 0. If n < — 1 , the numerator is 
infinite and the denominator finite, and the rule would say that the 
probability that v is greater than any finite value is 0. Both of these 
would therefore be inconsistent with saying that we know nothing 
about V. But if r/ ~ — 1, both integrals diverge and the ratio is indeter- 
minate. We cannot now use Convention 3. Thus we attach no value 
to the probability that v is greater or less than a, which is a statement 
that we know nothing about v except that it is between 0 and cc , Thus 

the form j , rr^ j , 

P(dv \ fi ) or dvjv 


is the only satisfactory one. 

I have recently had an objection to it. that if we fix two possible 
values a and b the rule will lead to the statement that the })robability 
that V lies between a and b is 0; and it is inferred from this that the rule 
says that v is either 0 or oo and can have no fiiiite value at all. To the 
first point I should answer that if we know nothing about v except that 
it may have any value over an infinite range we must in any case 
regard it as a remarkable coincidence if it should be found in a particular 
arbitrary finite range. If a and b are not arbitrary but are suggested 
by some previous information, then v is not initially unknown and the 
previous information should be allowed for. To the second point I 
should say that wdiat the rule says is that we attach oo as the number 
to represent the total probability of all finite values; it says nothing at 
all about the probability of an infinite or zero value. It is easy to invent 
mathematical functions that are everywhere finite but whose integrals 
diverge, such as /(*) » 1/x (rr ^ 0). 


.m = 1 (X = 0). 

Fundamentally the fallacy in the argument is that it assumes the con- 
verse of Theorem 2 in the type of case where zero probabilitjr does not 
imply impossibility. 

The rule seems to cover all dimensional magnitudes that might con- 
ceivably have any value from 0 to oo; and all cases where it appears 
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equally natural to take a quantity or some power of it as the parameter 
to be estimated. The extension to all cases where we want to say that 
a quantity is initially unknown except that it must lie between 0 and 
00 is done by rule 6, that we must introduce the minimum number of 
independent postulates. If we used a different rule in other such cases 
we should be making an unnecessary postulate. 

If P{dv 1 H) oc dv/Vy it is also proportional to d log and Jog v can have 
any value from — co to -f co. The rule is therefore consistent with the 
adoption of a uniform distribution for the prior probability of a quan- 
tity restricted only to be real. It appears inconsistent at first sight with 
the uniform assessment for a quantity with a finite range of possible 
values. If such a quantity is x and must lie betw een 0 and 1, xj{ \ — x) 
is a quantity restricted to lie between 0 and oc ; w hich suggests taking 
a rule suggested by Haldane: 


P{dx I H) oc 


1 —X , X dx 

d oc . 

X l~x x(l— x) 


Laplace’s and Bayes ^s assessments in the sampling problem were simply 
dx. Haldane’s form gives infinite density at the limits. In spite of the 
apparent inconsistency 1 think that the dvh: rule is right; there are 
better grounds for believing that it says wfiat it is meant to say — that 
is, nothing — than for the Ba 3 ^es-Laplace rule. 1 should not regard the 
above as showing that dx/x(l-~x) is right fbr their problem. Other 
transformations would have the same properties and would be mutually 
inconsistent if the same rule w^as taken for all. 

1 think that at this point we come up against one of the imperfections 
of the human mind that have given trouble in the theory: that it has 
an imperfect memory. If everything that attracted its attention was 
either remembered clearly or completely forgotten it w ould be much 
easier to make a formal theory correspond closely to w hat the mind 
actually does, and therefore there w^ould be less need for one. Data 
completely forgotten would then be totallj^ ignored, and w^e know’ how 
to do that; those perfectly remembered could be used in the theory in 
the usual w ay. But the mind retains great numbers of vague memories 
and inferences based on data that have themselves been forgotten, and 
it is impossible to bring them into a formal theory because they are not 
suflSciently clearly stated. In practice, if one of them leads to a sugges- 
tion of a problem as worth investigating, all that we can do is to treat 
the matter as if we were approaching it from ignorance — the vague 
memory is not treated as providing any information at all. If the com- 
ment on a competent piece of experimental work, leading to a definite 
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conclusion, is ‘ Evciybody knew that’, the answer is, 'Yes, but nobody 
knew enough about it to convince anybody else. ’ Now I am not at all 
sure that the dilHculty about the Bayes- Laplace assessment is not of 
this kind. Is it a pure statement of ignorance, or has observational 
evidence, imperfectly catalogued, about the frequency of different 
sampling ratios in the past somehow got mixed with it ? Edgeworth and 
Pearson held that it was based on the observed fact that sampling ratios 
had been about uniformly distributed. This might appeal to a meteoro- 
logist studying correlations in weather, which do seem to be roughly 
uniformly distributed over the possible range, but hardly to a Mendelian. 
Again , is there not a preponderance at the extremes ? Certainly if we take 
the Bayes-Laplace rule right up to the extremes we are led to results that 
do not correspond to anybody’s way of thinking. The rule dxjx{l—x) 
goes too far the other way. It woidd lead to the conclusion that if a 
sample is of one type with respect to some property there is probability 1 
that the whole population is of that type. 

16 is at least clear that some special hypothesis is needed for quanti- 
ties that must lie between 0 and 1, for even if we try to obtain a rule 
by transforming the dvjv rule the transformation is not unique. A 
chance or a ratio in a population, if it is treated as unknow n, is an 
adjustable parameter. Now our general considerations showed that an 
adjustable parameter usually presupposes a significance test that has 
excluded some suggested value. Is this so here? It appears that it is. 
Naive notions of causality would make all population ratios either 0 or 
1. On our analysis sucli a suggestion w^ould never be certain, but we 
must give it a finite prior probability at the outset. Not to do this goes 
too far in the opposite direction. Further, t hough it has been disposed 
of in many cases, there are, even in our present state of know ledge, many 
where it appears to be true; apples and oranges do not grow' on the same 
tree. In genetics the suggested values are usually hitermediate, such as 
and f ; in such questions as bias of dice they may be ^ or J. What 
the suggested values will be in any specific case will depend on the cir- 
cumstances of the particular problem; we cannot give a universal rule 
for them beyond the common-sense one, that if anybody does not know 
what his suggested value is, or whether there is one, he does not know 
what question he is asking and consequently does not know what his 
answer means. But then the problem of sampling, as a pure estimation 
problem, is limited to the case where there is no suggested value and 
the prior probability has no singularities. Then there is no objection 
to the uniform distribution, and no other satisfying this condition has 
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ever been seriously suggested, though there is something to be said for 


the rule 


P{dx I H) 


1 dx 


With this limitation, then, we may as well use the uniform distribution. 
Even at the present state of knowledge, sampling ratios do seem to be 
very uniformly distributed except for problems of certain specific types, 
where suggested values exist. It is not asserted that such a rule will 
hold for all time, nor can it if the work is done correctly. But we can 
test what the form suggested would lead to, and say that in the present 
state ol‘ knowledge that is good enough to be going on with. 


3.2. Sampling. At first I shall extend the Bayes-Laplace theory to 
the samphng of a finite population. The total number of the population 
is iV, wliich wdll be the sum r-\-s of the tlieory of random sampling. 
But our problem is now to infer something about r, given N and the 
sampling numbers I and m. Hence we must treat N as given and replace 
.s by N—r. Then the probability of the observed numbers, given N 
and r , will be I ^ ( 1 ) 

We have no information initially to say that one value of r, given N, 
is more likely than another. Hence w'e must take all their prior probabi- 
lities equal, and I ^ j ^ ^2) 

Then by the principle of inverse probability 

P(r\lm,N,H)ocrCr^~rc,,, (3) 

factors independent of r having been dropped. But some value of r 
in the range 0 to A inclusive must be the right one, whence 

f P(rlZ,7n,iV,//)^ 1 (4) 

r=0 

and P(r 1 1, m, N, H) = f (5) 

‘ r=0 


The summation is done by algebraic methods in Scientific Inference, 
A simple alternative way of doing it, suggested to me by Hr. F. J. W. 
Whipple, is as follows. Suppose that we have a class of A'-f 1 things 
arranged in a definite order, and that we wish to select Z+m + 1* This 
can be done in ways. But we may proceed as follows. First 

select an arbitrary member of the class; let it be the (r+l)th in order. 
From the remainder we may select I from those before the (r^-l)th 
and m from those after it in ways. But we might choose any 

value of r, and all selections for different values of r are different, 
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since the (r+J)th of the class must be the (Z 4 -l)th of the sample. 
Hence y 

= ( 0 ) 

r-0 

If the sample is large and N is large, the application of Stirling’s 
formula leads to the approximation 


P{r\l,m,N,H) 
where 


n 


2ttp(1—p)N{N 
n ~ j) ///?.; 


«)1 2 (iV — n,)p(l— 7 ;)]’ 

(8) 


r 

N' 


I 

n 


Thus 0 measures the departure from proportionality. Its probability 
is distributed about 0 with standard error {(A' - n)p(l ~ p)lnNy^’\ which 
approaches {p{l~p)/ny^- if the population is large compared with the 
sample. This might be expected from the corresponding result in the 
direct problem. Further, if N /n is large the probability of l/n given 
r/N is nearly independent of N. The ^sample can therefore give us no 
information about the size of the population, and the latter is irrelevant 
to r/N given the sample, when N is large. But if N is such that we must 
take into account the difference between N—n and A^, the standard 
error of ^ is a little smaller than for a larger population; the solution 
for the latter would also be applicable to problems of sampling with 
replacement or of estimating chances. This represents really only the 
fact that we regard the sample as part of the population, and our defi- 
nite knowledge of it reduces the standard error of the ratio for a finite 
population of which the sample is a part. 

This may be seen by considering the probability that the next 
specimen will be of the first type. The population being of number N, 
of which n have already been removed, and the members of the first 
type being r in number, of which I have been removed, the probability 
of the proposition p, that the next would be of the type, given r, N and 
the sample, is 1 

P(p\l,m,N,r,H) -= (9) 

Combining with (5) by the product rule, 

P(r,p\l,m,N,H) = (10) 


The total probability ofp on the data is got by summing over all values 
of r. But 


r—l rl ^ (^+l)r! __ 1 + 1 .^ 

N-nlHr-l)l {N-n)(l+l)\(r-l-l)\ ~ N—n ‘ 


( 11 ) 
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and 

Hence 




P(p\l,m,N,H) = 


1+1 . l+l 

n+2 


l+l 


(12) 

(13) 


which is independent of N. It is usually known as Laplace’s rule of 
succession. j* Neither Bayes nor Laplace, however, seems to have con- 
sidered the case of finite N. They both proceed by considering a chance 
X, which would correspond to rjN, taking the prior probability of x 
uniform between 0 and 1 , and using the binomial law for the likelihood. 
The formal result is naturally the same; but 1 think that the first person 
to see that the result is independent of N was Professor C. D. Broad. J 
Having got so far, we can see at once that the probability, given the 
sample, that the next n' will consist of V of the first type and n —V 
of the second is also independent of N. For we can construct in turn 
the probabihties of the second further member being of the type, given 
the sample and the (?i-fl)th, of the third given the sample and the 
(?i+l)th and (n+2)th, and so on indefinitely. All of these are indepen- 
dent of N, and the probability of a series of V and rn in any prescribed 
order will be built up by multiplying the results. This is found to be 


. .(m-j-w/) . ^ ^ . 

irrespective of the order; and the number of possible orders is 
Hence the probabihty given the sample that the next Z'-f-m' will con- 
tain just V of the first type, in any order, is 




(r+mO! (Z+l)...(Z+/-)(m + l)...(m-fm-) 

rim'l (Z-f m-f-2)...(Z4-w+Z'4-w/+l)* ' 


This leads to some further interesting results. Suppose that m = 0, 
so that the sample is all of one type. Then the probability given the 
sample that the next will be of the type is (Z-fl)/(Z-j-2), which will be 
large if the sample is large. The probability that the next V will all be 
of the type (m' — 0) is (Z-f l)/(Z+Z'-f 1). Thus given that all members 
yet examined are of the type, there is a probability that the next 
Z-f-l will also be of the type; a result given by Pearson by an extension 
of Laplace’s analysis. But if V = iVT— Z, the result is (Z-t-l)/(iV4-l)* 
This can be obtained otherwise. For Z' ~ A^— Z is the proposition that 
the entire population is of the same type, and is equivalent to r = A'. 


t Mim. de VAcad. R. d. Sci., Paris, 6, 1774, 621 ; (Euvres CompUies, 8, 30. Curiously, it 
is not reproduced in the Thiorie Analytique. X Mind, 27, 1918, 389-404. 
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But P{r = N I l,m,N,H) = (16) 

It follows that with the uniform distribution of the prior probability 
(1) a large homogeneous sample will establish a high probability that 
the next member will be of the same type, and a moderate probability 
that a further sample comparable in size with the first sample will be 
of the type, (2) sampling will never give a high probability that the 
whole population is homogeneous iinl(‘ss the sample constitutes a large 
fraction of the whole population. 

3.21 . The last result was given by Broad in the paper just mentioned, 
and was the first clear recognition, I tliink, of the need to modify the 
uniform assessment if it was to corres})ond to actual processes of induc- 
tion. It was the profound analysis in this paper that led to the work 
of Wrinch and myself. f We showed that Broad had, if anything, under- 
stated his case, and indicated the kind of changes that were needed to 
meet its requirements. The rule of succession had been generally 
appealed to as a justification of induction: what Broad showed was that 
it was no justification whatever for attaching even a moderate proba- 
bility to a general rule if the possible instances of the rule are many 
times more numerous than those already investigated. If we are ever 
to attach a high probability to a general rule, on any pi acticable amount 
of evidence, it is necessary that it must have a moderate probability 
to start with. Thus I may have seen 1 in 1.000 of the ‘animals with 
feathers’ in England; on Laplace’s theory the probability of the pro- 
position, all animals with feathers have beaks’, would be about 1/1000. 
This does not correspond to my state of belief or anybody else’s. We 
might try to avoid the difficulty by introducing testimony, through the 
principle that if there were animals with feathers and without beaks, 
somebody would have seen them and I should have heard of it. This 
is perhaps questionable, but it only shifts the cbfficulty, because it 
raises the need to consider the proposition, ‘all other people mean the 
same thing by words as I do’, and this would itself be an inductive 
generalization as hard to accept, on Laplace’s theory, as the first. The 
fundamental trouble is that the prior probabilities l/(iV'+l) attached 
by the theory to the extreme values are so utterly small that they 
amount to saying, without any evidence at all, that it is practically 
certain that the population is not homogeneous in respect of the 
property to be investigated; so nearly certain that no conceivable 

t Phil. Mag. 42 , 1921, 369-90; 45 , 1923, 368-74. 
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amount of observational evidence could appreciably alter this position. 
The situation is even worse in relation to quantitative laws, as Wrinch 
and I showed; the extension to continuous magnitudes would make the 
probability that a new parameter suggested is zero always genuinely 
infinitesimal, and there would be no way out of the difficulty considered 
on p. 103. Now I say that for that reason the uniform assessment must 
be abandoned for ranges including the extreme values, by rule 5 and 
by the considerations already quoted from Pearson. An adequate 
theory of scientific investigation must leave it open for any hypothesis 
whatever that can be clearly slated to be accepted on a moderate amount 
of evidence. It must not rule out a clearly stated hypothesis, such as 
that a class is homogeneous, until there is definite evidence against it. 
Similarly, it must not rule out a quantitative law stated in terms of 
a finite number of parameters. But this amounts to enunciating the 
principle: Any clearly stated law has a finite prior probability , and therefore 
an appreciable posterior probability until there is definite evidence against 
it. This is the fundamental statement of the simplicity postulate. The 
remarkable thing, indeed, is that this was not seen by Laplace, who in 
other contexts is referred to as the chief advocate of extreme causality. 
Had he applied his analysis of sampling to the estimation of the com- 
position of an entire finite population, it seems beyond question that 
he would have seen that it could never lead to an appreciable probability 
for a single general law, and is therefore unsatisfactory. 

The admission of a probability for the extreme values that remains 
finite however large the population may be, leads at once to satisfactory 
results. For if we take 

P{r = 0 I NH) = P{r== N\ NH) - k (17) 

and distribute the remainder I — 2k uniformly over the other values, 
we shall have 

P(r\NH) = -^^ {r=^0,N). (18) 

For k == 1/(N+1) this reduces to Laplace’s rule. Now if the sample is 
not homogeneous the extreme possible values of N give zero probability 
to the sample, and are therefore excluded by the data; while for com- 
parison of intermediate values the new prior probability merely gives 
an irrelevant constant factor and leaves the result as it was before. Thus 
the results derived from a mixed sample will need no change. 

But now suppose that the sample is all of the first type, so that 
I ~~ n. r — 0 is now excluded by the data, but we want the revised 

3595.58 j 
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posterior probability that r = N. This can be derived easily. For the 
likelihood factors are unaltered, and for r N the ratios of the prior 
probabilities are unaltered. Therefore we need only consider the two 
alternatives r ~ N and r ^ 0, N, multiplying the previous posterior 
probabilities in the same ratio as the prior probabilities. The former 

were and the previous prior probabilities were 


N~l 

N+1 


; the new prior probabilities k and I — 2k. Hence, now, 


P{rrr=.N\l^n,h\H) n+l k N-~l 
P{T ::^N\l^n,N,H)~~~N~n\-2k~ 1 


(19) 


Hence if n is large, the ratio is greater than (n-\- i)kl(l~2k) whatever N 
may be, and the posterior probability that r - N will approach 1 as 
the sample increases, almost irrespective of N, as soon as n has reached 
l/k. We may notice that if = 1, the ratio is 2kj{l — 2k), which is 
independent of iV if A: is. 

The best value to take for k is not clear, but the following considera- 
tions are relevant, li k ~ it says that we already know^ that r ™ 0 
or N\ hence this is too large. If k = !/{.¥+ 1), we recover the result 
from the uniform assessment, and this is too low. k ~ \ gives the ratio 


i{n+l) 


N-\ 


which — 1 if = I , this w^ould say that a generalization 


on one instance has probability which is not unreasonable. The 
trouble here is that on the uniform assessment, if iV == 2, k is already J, 
so that A: ~ ^ is too low in this case. If we are to make a general rule 
independent of N we are therefore restricted to values of k between J 
and A possible alternative form would be to take 


which puts half the prior probability into the extremes and leaves the 
other half distributed equally over all values, including the extremes. 
The basis of such an assessment would be a classification of the possi- 
bilities as follows: (1) Population homogeneous on account of some 
general rule. (2) No general rule, but extreme values to be treated on 
a level with others. Alternative (1) would then be distributed equally 
between the two possible cases, and (2) between its n-fl possible cases. 
This is in accordance with the principles of significance tests, which 
will be developed later. For = 2 it gives k = leaving J for the 
prior probability that the two members are unlike. For N large it 
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gives the ratio of the posterior probabilities 


71+1 iv+:i 


which seems 


satisfactory. It is jiossible, therefore, to give assessments of the prior 
probability that avoid the difficulty found by Broad. The solution 
would be suited to a case where it is still a serious possibility that the 
class is all of one type, but we do not know of which type. 

A partial solution has been given by Pearson. f ‘Suppose the solidi- 
fication of hydrogen to have been once accomplished. . . . What is the 
probability that on repetition of the same process the solidification of 
hydrogen will follow ? Now Laplace has asserted that the probability 
that an event which has occurred p times and has not hitherto failed 


will occur again, is represented by the fraction Hence, in the 

case of hydrogen, the probability of repetition would be only or, as 
we popularly say, the odds would be two to one in its favour. On the 
other hand, if the sun has risen without fail a million times, the odds 


in favour of its rising to-morrow would be 1,000,001 to 1. It is clear 
that on this hypothesis there would be practical certainty with regard 
to the rising of the sun being repeated, but only some likelihood with 
regard to the solidification of hydrogen being rej)eated. The numbers, 
in fact, do not in the least represent the degrees of belief of the scientist 
regarding the repetition of the two phenomena. We ought rather to 
put the problem in this manner: p different sequences of perceptions 
have been found to follow the same routine, however often repeated, 
and none have been known to fail, what is the probability that the 
( p + 1 )th sequence of perceptions will have a routine ? Laplace ’s theorem 
shows us that the odds are p+1 to 1 in favour of the new' sequence 
having a routine. In other words, since p represents here the infinite 
variety of phenomena in which men’s past experience has shown that 
the same causes are on repetition followed by the same effect, there are 
overwhelming odds that any newdy observed phenomenon may be 
classified under this law of causation. So great and, considering the 
odds, reasonably great is our belief in this law of causation applying to 
new phenomena, that when a sequence of perceptions does not appear 
to repeat itself, we assert with the utmost confidence that the same 
causes have not been present in the original and in the repeated 
sequence.’ Here Pearson goes far to anticipate the difficulty raised by 
Broad, in fact too far, for he almost says that exact causality has been 
established in general by inductive methods. But he has given one 


t The Qramtnar of Science, 1911, p. 141. Everyman edition, p. 122. 
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essential point, by transferring the Laplacean inference from simple 
events to laws. If routines have been established in half the cases 
already examined, that is adequate ground for attaching a prior proba- 
bility I that there wdll be a routine in a new case. If it has been found 
that all pure substances yet examined have fixed freezing-points, the 
to 1 rule would apply as it stands, p being now the number so 
far tested. The weakness of the argument is that each of the previous 
cases of routine has involved an induction from a finite number of 
observations to a general law, and if we started w ith the Laplace assess- 
ment w^e should never be able by induction to attach a high probability 
to even one general law. Pearson’s argument, with the above modifica- 
tion, is highly important in relation to present procedure, but the type 
of assessment (20) is needed at the outset in any case. 

3.22. In what follows Dirichlet integrals are used several times. As 
they are usually expressed in the F notation, and I find the factorial 
notation more convenient (it is also adopted in the British Association 
Tables), the main formulae are given at this point. 


1 

I* dx 

h 


1\7h\ 

(/-prw-t- 1 )! ‘ 


( 1 ) 


For w variables all betAveen 0 and 1 , 


dxy.. 



(0 


]) 


k'-k 

1*1_*^'* 





(^ 1 +^ 2 +- 
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..xfe dxy. 

..dx,„ 


(0 

< 2 ^ 
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/^i+^ 1 ) 1 / 

'^2+1 


1 /^■r+ 1 

iV 

__ J 
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> P 

/ 

■( p 
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xfj dx^.,.dx^ 






p 




{Iw 




For -- I 2 — ... = l,„ = 0, (2) reduces to 1/w!. 
For /, == = ... = = 0 , j) = 2, (3) becomes 


2«'(|m;)! • 


( 2 ) 


( 3 ) 


( 4 ) 
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If negative values of the a:’s are admitted, tliis is multiplied by 2^. 
This gives what is often called the volume of a ie-diraensional sphere 
of radius 1 . That of a te-dimensional sphere of radius c is therefore 


which reduces to for w ^ 2, and Ittc^ for w — 3, as it should. 

3.23. Multiple sampling. When the class sampled consists of 
several types we can generalize Laplace’s assessment, with similar 
provisos to those need(‘d in the simj>ler case. Suppose that the whole 
number of members is divided among r types, the numbers of the 
respective types being 7n^. Tlien we say that all compositions 

are ecpially probable. The number of ways of dividing n things into 
r classes is {n-\-r— 1 )!//i!(r — 1 )!; but is determined when the rest are 
known, and can therefore be omitted by Axiom 0. Hence 


I aH) -- /i!(r— l)!/(7i-f r— 1)!. (1) 

Of these possibilities, if vt^ is considered fixed, tlie number of partitions 
among the otiiers is the number of ways of dividing n—m^ things into 
r— 1 classes, which is (/^ — 
itself 

P{in^ ] yill) ^ 


2)!/(?i— 2)!. Hence for by 
(r- l)H!(w-m,-|-r-2)! ^ 2 ) 


{n-\ r— 1)! (a- ?aj)! 


If 7^ is very large, put - //pj, and so on. The proposition that 
has a particular value becomes the proposition tliaty^j is in a particular 
range dpi of length l/V?. Then 

P(dp^dp.^...dp^^i 1 nH) = 

-^{r-l)\dp^...dp,^i. (3) 

Here n has disappeared and need not be considered further. This gives 
the distribution of the joint prior probability that the chances of the 
various types lie in particular ranges. For separately we can approxi- 
mate to (2), n — ])eing large compared with r, or integrate (3). Then 


P(dpi\H) -= (r-\)(\-p^Y-"dp^. (4) 

In (4) the probability of pj is no longer uniformly distributed as on 
Laplace's assessment. This expresses the fact that the average value 
of all the p's is now 1 jr instead of J as for the case of two alternatives; 
it would now be impossible for more than two of them to exceed J. 
But if all but two of them are fixed the prior probability is uniformly 
distributed between these two. 

Suppose that wc have made a sample and that the numbers of various 
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types are x^,. The probability of the sample, given the p s and 

the actual order of occurrence, m whence, by (3), 

P{dp^...dp,^^ I eU) oc piiK..pfrdp^...dp,^r, (5) 

factors independent of the p’s having been dropped. Integrating with 
respect to all p's except Pi, the sum of the others being restricted to 
be Ie.ss than (1 -pj), we have (d denoting the observed data) 


P(dpj I dH) oc 




(Xi+...+x,+r-2)\ 






( 6 ) 


But if we are given only the probability of getting x^ of the first type 
and 2 x— x^ of the others together is ^i^(l and combining this 

with (4) we get (6) again, the factor r— 1 being independent ofpj. Hence, 
if we only want the fraction of the class that is of one particular type, we 
need consider only the number of that type and the total of the other 
types in the sample. The distribution among the other types is irrelevant. 

By a similar analysis to that used for simT>le sampling it is found that 
the probability, given the sample, that the next member chosen will be 
of the first type is 



W. E. Johnson, t assuming that distribution among the other types is 
irrelevant to the probability of and working entirely with the 
posterior probability, has shown by an ingenious method that the 
probability that the next specimen will be of the first type is linear in 

Xj. His formula, in the present notation, is 1)/(^ 2 is not 

evaluated; (7) shows that in the conditions considered here w ~ 1. 

The conditions in question in fact assume that information about the 
proportion of the class that is of one type is irrelevant to the ratios of 
the numbers of the other types. They would apply to an estimation of 
the proportions of blue, white, and pink flowers in Polygala vulgaris. 
We may call this a simple statement of alternatives. If the class falls 
into main types, according to one set of properties, each of which is 
subdivided according to another set, and the ratios within one main 
type give no information about those in another, the result needs some 
change, as we shall see for a 2 x 2 classification in § 5. 1 1 . The numbers of 
the main types can then be estimated according to Laplace’s rule and 


t Mind, 41, 1932, 421-3. 
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the distribution within each according to that just given. The difference 
arises from the fact that the discovery that several subtypes of the same 
main type are rare will give some inductive ground for supposing that 
other subtypes of that type are also rare: there is no longer complete 
independence apart from the bare fact that the sum of all the chances 
must be I. 


3.3. The Poisson distribution. The derivation of this law suggests 
an analogy with sampling, but there is a difference since the one para- 
meter involved is capable of any positive value. It is the product of a 
chance known to be small in any one trial, and the number of trials, 
which is large. We might try to regard the problem of radioactivity, 
for instance, as one of samphng, the problem being to estimate the 
fraction of the atoms in the specimen that break up in the time of the 
experiment. But this is not valid because the size of the specimen and 
the time of the experiment are themselves chosen so as to make the 
expectation large; we already know that the fraction that break up is 
small but not zero. This must be expressed by a concentration of the 
prior probability towards small values. It is not covered by either the 
uniform assessment or the suggestion of a finite concentration at 0. 
The fundamental object of the w^ork is to estimate the parameter a in 
the formula which represents the fraction of the atoms originally 
present that survive after time t. This parameter is not a chance but 
a chance per unit time, and therefore is dimensional; thus the correct 
prior probability distribution for it, given that it must lie between 0 
and 00 and is otherwise unknown, is da/a. In the dust counter, similarly, 
the fundamental parameter is the number of particles per unit volume, 
which again is dimensional; but it might appear equally legitimate to 
use the mean volume per particle, and the drjr rule holds, though pos- 
sibly with a slight modification to take account of the fact that the air 
cannot be all dust. In the problem of the soldiers killed by horses a 
time factor again enters. It appears best, therefore, in problems where 
the Poisson law arises, to take the prior probability 

P(dr\H)€C drjr. (1) 


Also given r, the chance that the event will happen m times in any 
interval is 


P(m I rH) = 


( 2 ) 


The joint chance for several intervals is therefore 


Y^m^-nr 

| rH) = ■ ■ - | 

m-^\ mg! ...m^l 


( 3 ) 
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and, omitting factors independent of r, we have 


P{dr I Wj, r/ig,..., //) oc 


) Zm 


(2 


(4) 


The probability, given the observations, tliat r is in any particular 
range is given by the incomplete F function. f We notice that the only 
function of the observations that appears in the posterior probability 
is 2 which is therefore a sufficient statistic for r. The utility of further 
information about the individual ?w’s is that they may provide a check 
on whether the Poisson law actually holds, or Avliether, for instance, 
there is a deviation in the direction of the negative binomial. The 
expectation of r, given the data, is at m ~ (2 the maximum 
probability density is at a slightly smaller value, and the standard error 
if 2 ^ is large. 


3.4. The normal law of error. We consider first the case where the 
standard error is known, but the true value x is unknown over a wide 
range. Then a is part of the data H, and 

P{dx\H)ozdx. (1) 

Also the joint chance of all the observations is 


Hence, omitting factors independent of a:, J 


dx-^ dx.^,>.dXj^, 


( 2 ) 


P(dx \ Xj^,X 2 ,...,x,^, H) oc exp 


n 

^2 



dx 


t J. B. S. Haldane, Proc. Camh. Phil. Soc. 28, 1932, 58. ThiH paper contained the use 
of the dvjv rule for the prior probability in such cases, at a time when I had considered it 
only in relation to a standard error; also the concentration of a finite fraction of the prior 
probability in a particular value, which later became the basis of nay significance tests. 

t It is understood that dx in the sign P{dx | ..) is an abbreviation for a proposition, 
namely that a quantity ^ whose probability distribution is being considered lies in a 
particular range x to x-tdx. In the data x, H of (2), x is used as an abbreviation for the 
same proposition ; bub it is convenient to abbreviate the same proposition in different 
ways according as it appears in the data or in the proposition whose probability is being 
considered. The reason is that in (1) or (3) P{dx | ...) is an element of a distribution, and 
the differential calls atteintion to this fact and appears explicitly on the right ; but in (2) 
the variation of a? in an arbitrarily small range contributes arbitrarily little to the right 
side, and we need attend only to the value of x. This method of abbreviation lends itself 
to immediate adaptation to integration: 

** 

I i 9) = P(Xi < X < a-, 1 g). 
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SO that the posterior probability of x is normally distributed about x 
with standard error aj\n. 

In practical cases there is usually some previous information relevant 
to X, Perhaps the discovery of a new star (nova) affords the simplest 
example. The original discovery is a non-(}uantitative observation, 
often a naked-eye one, but by comparison with neighbouring stars it 
gives enough information to enable the observer to identify the new 
star again. It may be enough to specify the position within but 
later measurements may have a standard error of the order of 1". 
Then (1) should strictly be replaced by 

P{dx 1 11) “ J{x) dx, 

where /(:r) is very small if x is not within a particular range of order 1°, 
and within this range f(x) varies slowly. But then we get 

P{dx \ cc f(x) expj —^^(x—x)'^ dx. 

X is within the range where /(a:) is appreciable (otherwise the accurate 
observer would be observing the wrong star) and the exponential factor 
is negligible if \x~-P\ is more than about 3". In this range we can 
neglect the variation of /(a:), and on adjusting the constant factor w e 
are led again to (3) with a high degree of accuracy. In such cases 
the original information is not contradicted by the new' evidence, but 
is superseded in the sense that when the latter is available the effect 
of the original information on the result is negligible. Similar considera- 
tions can arise in most of the problems of this chapter and the next, 
and we shall not usually call special attention to them. 

3 . 41 . If the standard error is unknown, its prior probability must 
be proportional to rfcr/cr, partly because it is usually dimensional and 
might be either very large or very small, partly because we might 
equally w^ell take the precision constant as our standard of accuracy. 
Also we need not suppose that any previous knowledge of x would tell 
us anything directly about a, so that the prior probabilities of x and a 
may be taken independent. Then 

P{dxda I H) oc dxdaja. ( 1 ) 

The likelihood factor is the same as before; hence 

P{dxda I oc a-^-^exp dxda (2) 

and the constant factor is 
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We notice here the immediate representation of the posterior proba- 
bility in terms of the sufScient statistics x and s'. All the other factors 
depending on the observations are the same for all values of x and cr, 
and therefore cancel from the posterior probability. 

To get the posterior probability of x by itself we have only to inte- 
grate with regard to a. We have 


00 

P((ix |Ti,a; 2 ,...,x„, H)oc dx j — _^{(x— x)^+s'^} 


dcr 


which becomes, on putting 


n 


{(X — x)2 + -''''^j, 


(3) 

(4) 


P{dx\x^,X 2 ,...,x^^,H) QC l-\ .{s'^+(x~xf}-^‘-^^ dx. (5) 


Only the last factor involves x. Determining the constant factor by the 
condition that — oo < a: < oo, we have 


P(rfx|Xi,X2,...,X„,P) 


I i ln-iy. s'-i 

Vtt (!«— I)! {*’"■*+ (x—x)^}'/2'' 


The right side is identical with ‘Student’s’ rule in form. 
Integrating (2) with respect to x we get 

P(da |Xi...x„,P)oc a -«exp| — ^jdcT. 
If re = 2, and we put x— x = s' tan we get 


(6) 


(7) 


P(d(f> I Xj, Xj, H) = - d(f>. 

TT 


(8) 


But in this case s' is simply the distance of either observation from the 
mean, and the values = zhi^r give, respectively, x = Xj and x ~ Xg. 
Hence P(x, < x < x^ | x,. x^, H) = I (9) 

That is, given just two observations the true value is as likely as not to 
lie between them. This is a general result for any type of law that 
involves only a location and a scale parameter, both of which are 
initially unknown. The latter condition is necessary. If, for instance, 
H contained information about the standard error, and the first two 
observations differed by 4or, there would be a high probability, given 
these observations, that the true value was about midway between 
them, and then the probability that the true value was between them 
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would be more than 1. If they differed by |cr, on the other hand, we 
should interpret this as an accidental agreement and the probability, 
given the observations, that the true value lay be^tween them would be 
less than i . It is only when the observations contain the whole of the 
information available about a that the probability, given them, that 
the true value lies between them can be the same for all possible 
separations of the observations. 

1[’ n ~ I, X Xj, and s' 0. Then returning to (2) 

P{dxda I //) oc (T“^exp| j^~-| dxda. (10) 

Integrating with regard to a w'e get 

P{dx\x„H)az-^— (11) 

\X X-^\ 

that is, the most probable value of a: is but we have no information 
about the accuracy of the determination. (7) gives for a 

P{dG \Xi,H) cc dajfj, ( 12 ) 


that is, we still know nothing about o*. These results were to be expected, 
but attention to degenerate cases is often desirable to verify that the 
solution does degenerate in the right way. 

It is easy to show that, with the distribution of probability given in 
(6), the expectation of {x—xY is, for n > 3, 

*■'2 _ 2 — 


-3 7i{n — 3) 


(13) 


and is infinite if n is less than 4. At small numbers of observations the 
departure of the posterior probability from normality is great. 

There is, however, the following peculiarity if two sets of observa- 
tions with different standard errors a, r are relevant to the same x. 
We should here take 

P{dxdadr [ H) oc dxdGdrjar, 


P(e\x,a,T,H) cc ^-{s'H(a:— x)2}— ^{<'2+(a:— y)2}j. 

Combining these and integrating wdth regard to a and r, we get 

P{dx I dH) oc (14) 

and the expectation of converges even if m = n = 2. The integral 
needs complicated elliptic functions to express it if m and n are odd, 
and in general is not expressible compactly. If m = 1, n = 2 we find 
that the posterior probability has a pole at x, but the expectation of 
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(x—x)- is infinite; this means that ncitlier very small nor very large 
values of o* are yet effectively excluded by the data. 

If an estimate has standard error a, or some number proportional 
to it is called the weight. If x^,x.y,.,. are a set of estimates of x, with 
weights most probable value of x is given by 

X^'iVr 2 

and if unit weight corresponds to standard eri'or 1 , the standard error 
of the estimate is This additive property of weight often 

makes it convenient to ex})ress the standard errors in terms of it. The 
standard error, itself, however, has an additive property. If and x^ 
have independent standard errors and ao, then the standard error of 
+ or of x^—x^y is (crf+a|)'^-, and the corresponding weight is 

The usual practice in astronomical and physical w ork is to multiply 
the estimated standard error by 0*6745 and call the result the ‘probable 
error’. But this multiplication, which has little point even when tlie 
probability considered is normally distributed, is seriously wrong w hen 
uncertainty is estimated from the observations themselves. Writing tlie 
usual estimate of the standard error in the form 



n(n^l)i 


and t 

we find as for 2.8(21) 

P{dt\eH)ac 1-f dt. 


( 16 ) 

( 17 ) 

(18) 


which is not normal. We have already seen that for 7i ^ 2 the proba- 
bility that x is between is so that the probable error in the 

sense defined for the normal law is equal to the standard error. For 
risks of larger error the difference is greater. P being the probability 
of a larger t (positive and negative errors being taken together) we have 
the following specimen values, from Fisher’s table. 


»\p 

0 5 

0 1 

005 

O'Ol 

2 

1-000 

6-314 

12-706 

^■657 

5 

0-727 

2-132 

2-776 

4-604 

10 

0-703 

1-833 

2-262 

3-250 

20 

0-688 

1-729 

2-093 

2-861 

CO 

0-674 

1-645 

1-960 

2-676 


The values depart widely from proportionality, and a statement of 
uncertainty based on only a few observations is useless as a guide to 
the risk of large error unless the number of observations is given. 
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In many statements of the results of physical experiments, besides 
the omission of explicit statement of the numbers of observations in the 
final conclusion, the uncertainties stated are often rounded to one 
figure; T have actually seen a ‘probable error’ given as 0*1, which 
might mean anything from 0*05 to 0*15. Suppose then that two esti- 
mated standard errors are both given as 0*1, but one means 0*05 on 
20 observations, the other 0*15 on 2 observations; and that we want to 
state limits such that there is a probability 0*99 that the true value lies 
between them— which we might quite well want to do if much depends 
on the answer. The limit in one case would be 0*14, in the other 9*5. 
In fact if anybody wants to reduce a good set of observations to 
meaninglessness he can hardly do better than to round the uncertainty 
to one figure and suppress the number of observations. 

It is generally enough to give tw^o figures in the estimated standard 
error. Karl Pearson usually gave many more figures, often six or seven, 
and statisticians still usually give four, but T consider more than two 
a waste of labour. It is not often that a result of importance depends 
on whether the standard error is 0-95 or 1*05. 

3.42. The following problem is liable to arise in practice. Given one 
set of observations derived from tlie normal law, say Xj to x^^^, and no 
other information about x and a, what is the probability that a new 
series of Tig observations will give a mean or a standard deviation in a 
particular range? We have, from 2.8(15), 


P(dx2ds2 \x,g,H) 








and from 3.41 (2) 
P(dxda I 


(1) 


whence 


71 ~ ^ r 71 ■, 

2. — exp 

cr">+J ^ 


a;-fi)2+«;21 


dxda, (2) 


P{dxd(jdx^d.o'^\x^,...,x„^JI) = 
Xexp 




;X 


I)! (1^2 — I)! ani+'ia+l' 

— — dxdadx^ds'^. (3) 


But 

ny(x—x.^f-{-ni{x—x^f = (ni+'Wg)/x — 

\ Wr|-«2 J Wi + J?2 

(4) 
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and integration with regard to x gives 
P{d(jdx.^ds 2 \ 

X exp( — : , (x2--.fi)4exp[ — -h (n .sf +?Z2 42)| d^dx.^ da’^. (5) 

[ i(Wi+«2)CT* ) \ 2 a~ I 

If we now integrate with regard to a, a factor 

{n n \-^h(ni + H 2 -l) 

nis'^+nl,s'^-{ -^1)“ 

7^1 4“ ^2 f 

will arise. This does not separate into factors. Hence, given and s[, 
the probability distributions of and Sg are nut independent; though 
they are independent given x and a. What tin’s means is tliat if is 
unusually large in comparison with o-, we shall overestimate the scale, 
and this overestimation will affect the estimates of the ranges likely 
both for I2 and 4- if we are interested in only one of them v e can 
integrate with regard to the other. Then 

P(d(Tdx 2 \x^,...,x,^,H) 




J _ n 2 (x 2 — x^ f _n I 


^ 2(7?i4-??o)or“ 2(7^ 


dadx 2 , 


P{dx 2 \x^,..,,x^,H) 


^ 2 " (i^i— i)? , n2{x2~x^f\'~'‘^-^^dx2 




P(dGdS2 I II) 

i/.2ni„]/o i/oWa-J/^, /W2„2 / ^ y 24 -<w o'SV 

== ^ ^ g- _ . *1 ^ ex of — +^2-^2 \ ^ ^ ' / q X 

„+«=-!- 4 2a2 4/ 2’ 

P,i., I H, = 

( 10 ) 

and on putting ~ sjy, (11) 

we recover the form 2.81 (24), and the z distribution follows. 

3.43. If:r2,... , Xy.^1 are the means of r further sets of 712 observations 
each, 4»“*> 4+1 corresponding mean square deviations, the rule holds 
for each separately and independently. Hence 

P{dx2...dx^+^\x,(T,H) = 1 ^'' lexp|-^2 2 (i:„-a;)2|(j!f2...rfx,+i. 

( 12 ) 
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Now put 2 Xj^ 


(13) 

the exponent becomes 


(14) 


and (12) is of exactly the form of 2.8(4), with r written for n and 
a/V/ig for a. Hence (10) and the ^ rule are adapted immediately to give 
the probability distribution of 8 given x^to We need only replace 
7^2 by r and 6*2^ by 

This form is more closely analogous to the way in which the 2: rule 
is used in agricultural experiments. In them the means of plots with 
the same treatment are taken, and the sum of the squares of the 
differences between the treatment means and the general mean gives 
rS^; n^rS^ is called the treatment sum of squares. The differences 
not explicable by treatments or other systematic effects are used to 
provide Then, given and the hypothesis of general randomness, 
the method will give the probabihty distribution of S. If the observed 
value is such that it would be very unlikely to occur on this hypothesis, 
given 4, then the hypothesis is rejected and the existence of treat- 
ment differences asserted. In Fisher’s form 62 would correspond to the 
random variation and to the possibly partly or mainly systematic one, 
hence his convention that > S2. It is easy to see that interchanging 

and with ng and §2^ reversing the sign of z, leaves 2.81 (26) 
unaltered. 

These results were obtained by Mr. W. 0. vStorer in an unpublished 
paper, based on a suggestion of mine that the conditions that lead to 
the similarity between ‘Student’s’ result and mine seemed to be fulfilled 
also in the circumstances considered by Fisher in deriving the 2: distribu- 
tion. Hence I expected that the probability distribution of log(s2/s-^), 
given one set of observations, would agree exactly with that derived 
from Fisher’s formula; and Storer found this to be the case. 

3.44. A closely related problem, which will serve as an introduction 
to some features of the method of least squares, is where we have to 
estimate m unknowns Xj. (r ~ I to m), to each of which a set of Vy 
measures x^.^ (7=1 to 71 j.) is relevant. The standard error of one 
observation is supposed to be the same in all series. Put, S denoting 
summation with regard to i, 2 with regard to r, 

nj.Xj, = Sxj,i, — S(x^^~x^Y. (1) 

Then, denoting the observations collectively by 6, 

P{dx~^..dXj^do \ H) oc dx^.,.dx^dajG, 


( 2 ) 
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By integration 


»' n exp — ^{{Xr—Xrf+s'f\^ , 

(3) 

>-lexpJ- 2 

JJ dx^da. 

(4) 


(5) 


(6) 

»exp{ 

(7) 


This is of the same form as 3.41 (7), if in the latter we replace by 
(n — l)cs2 and then replace n—l by 2 former problem 

n— I, in the present one is the difference between the whole 

number of observations and the number of true values to be estimated. 
Hence it is convenient to call this difference the 'umriber of degrees of 
freedom and to denote it by v, and to give the name standard deviation 
to s in both cases. Then ho^' ever many unknowns are estimated we 
always have , 2 \ 

P{da I 6H) oc cT-^^-^-^^expl — j da, (8) 

and the posterior probability distribution of ujs is given by a single 
set of tables. 

(4) can now^ be w ritten 


P{dx^.„dx,^da\eH) x a- expj — ^ I jj dx^da 


Integrate with respect to then 



P{dx^ da 

\eu)cc 

CT- X K. +m -2 exp 1 _ ^1- (Xj — Xj ) 2 — rfxi rfa, 

(10) 


P{dx^ 

\eH)az 

{vs^ + (^1 dx^ . 

(11) 

Put 



■‘-V, == 

(12) 

then 


P{dxi 


(13) 




1 ^4, ) 


Hence the posterior probability of x-^ follow s the t rule with v degrees 

of freedom, where ^ - m /i^v 

t = (Xi-Xi)/s^,. (14) 

is related to s in the same way as the standard error of f ^ would be 
to that of one observation if the latter was known accurately. Hence 
it is convenient to quote as the standard error of x^ ; s^,^, and v 
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are enough to specify the posterior probability of completely, while 
s and V give that of a completely. 

The situation considered is a common one in practice. A large number 
of unknowns may have to be estimated, but the number of observations 
directly relating to any one may be small. The estimate of any unknown 
from the observations directly relating to it may be of very doubtful 
accuracy on account of the small number of degrees of freedom. But 
if the standard error may be assumed the same for observations of all 
sets the number of degrees of freedom is much increased and a good 
determination of accuracy becomes possible. 

As an example we take Bullard’s observations of gravity I in East 
Africa. Seven stations were visited twice or more, many others only 
once. Those visited more than once were as follows: 



j 

! 

Residual 


1 g {cm. 1 seer) 

Mean 

(10~* cm..jsfcr) 

N akurii . 

i 977-4810 

977-4805 



■4800 


-5 

Kisuinu . 

977-6056 

977-6050 

4-6 


1 -6045 


- 5 

Lquator . 

! 977-2608 

977-2605 

4 3 


1 -2602 


-3 

Mombasa. 

977-0212 


-15 


j -0242 


f 15 

Jinja 

1 977-7186 


4-4 


-7176 1 

977-7182 

-6 


-7183 1 

1 

-■f I 

Nairobi . 

977-53289 | 


-3 


-5307 ' 

977-5292 

-f 15 


■5281 1 


-11 

Naivasha. 

977-4663 

f ^ 1 

977-4679 j 

-16 


■4695 1 


4-16 


The sum of squares of residuals is 1499; v -- 16—7 — 9; hence 


Then 


lO^s ^ (1499/9)'^^ 12-9. 

•V - 0-00129|l, cm./sec.* 


= (0*0013, 0*00091,0*00074) cm./sec.^ 


according as the number of measures at a station was 1, 2, or 3; in 
each case based on 9 d.f. 


3.5. The method of least squares. This is the extension of the 
problem of estimation, given the normal law of error, to the case where 

t Phil, Trans, A, 235, 1936, 445-531. 

3595.58 jr 
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several unknowns besides, usually, the standard error need to be found. 
If the unknow^ns are Xi, ni in number, and a measure is c^, then if there 
were no random error we should have a set of relations of the form 

Cr -=fr(Xi,X2,...,xJ. ( 1 ) 

Actually, on account of the random error, this must be replaced by 

P(dc,\x,,a,H) = -^exp( _ L(c^-/,)4dc„ (2) 

V(27r)a \ 2a- f 

and if there are n observations whose errors are independent w e can 
denote them collectively by 6 and wTite 

P(d\Xi,a,H) = dc^-dc^, ( 3 ) 

S denoting summation over the observations. Usually the functions 
are either linear, or else we can find an approximate set of values of 
the Xi, say and treat the actual x^ as the sum of x^q and a small 
departure x\. In the latter case w^e can take x[ as a new^ set of unknow ns, 
so that wdthin the permitted range dfjdx\ can be treated as constants. 
In either case we can write 

W mr~fr)^ (4) 

which will be a quadratic function of or of x[. The accent can now 
be omitted. We can also wTite 

/r = X (5) 

2 denoting summation over the unknowns; but we can shorten the 
writing by using the summation convention that when a suffix i is 
repeated it is to be given all values from 1 to m and the results added. 
To avoid confusion through a suffix occurring more than twice we now^ 

W = lS(a;,Xi~c^)(aj^Xj—c^) (C) 

== + (7) 

= fibijXiX^-diX^+^Scl ( 8 ) 

In the first sum each pair of unequal suffixes occurs twice, since either 
may be called i and the other j. There is always a set of values of x ; 
that make W a minimum. If we call these differentiate with regard 
to and put yj for Xp we have equations 

== (9) 

These are called the normal equations. They have a unique solution 
if w < n and the determinant formed by the is not zero. Put 




(10) 
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Then W is quadratic in and its first derivatives with regard to 
all vanish when the z- are 0. Also W is then equal to Hence 

W — (11) 

Also is essentially positive because it is equal to and 

it can be reduced to the sum of m squares of linear functions in an 
infinite number of ways. The most convenient is illustrated most easily 


by the case of three unknowns. Suppose 

lake (1^) 

^11 ^11 

Then 

= 62221+26^2233+6332!. ( 14 ) 

Now put , / 

^2-^2 + ^% (15) 

^22 

= (*33-|j)2| = 6;32i. (16) 


The process can evidently be extended to any number of unknowns. 
Hirst suppose that a is known, and take the prior probabilities of 
uniformly distributed. Then 


P{dx^dx^...dxj^^ \a,H)a: dx^...dx^, (17) 

P{dx^.,.dx„^ I 0,a,H) oc < 7 -^ exp^—^^dxi,,.dxj^ 

OC cT-«exp|— ^^( 6 ,., 2 ,: 2 , + >S'f;2)|(i.fi...(/a-„. (18) 

But by the mode of formation of the Ci that in the Jacobian 

j all terms in the leading diagonal are 1 , and all those to one 

d(Zj^,.,., Zjj^) 

side of it are 0. Hence the Jacobian is 1, and we have the form 


P(dxi...dx„10,a,.ff)oc <7-"exp[-i-3(26i?? + ^c;2)jdCi...(i^,„. (19) 

This breaks up into factors, and we can say for any separately 


( 20 ) 
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In particular, since ~ we shall be able to write 

-= yni+-m = ?/m±<7/A„. (21 ) 

can be identified easily, for if we wTite 

Z)=||6,,.l| (22) 

for the determinant of all the and for the minor of in it, 
the transformation alters neither D nor since 

^7u ) _ I l] nir: 1 (28) 

and therefore b„^ ™ (24) 

Any other function of tlie can be estimated as follows. Let 

(25) 

where the are specified. Then we can eliminate the in fiivimr of 

tl,« ?„ and got (26) 

wJiere the probability of is distributed about 0 with standard error 
aj'slb^. Hence that of ^ is distributed about l.y^ with standard error 
a(|) given by (Af/6,). (27) 

If a is unknown we must replace (17) by 

P(dz^...dXj^da lH)oc dx^...dx^daja (28) 

and (19) by 

P(dx^..dx,„da | OH) cc cT-«-iexp| — 6,. ^?4-.S'c;2)| 

(29) 

Integrating with respect to all the except we have 

PidCrr, da I OH) oc £7-"+”*-® exp j - (6,„ j c(0, da, (30) 

and then integrating with regard to a, 

P{dl,, I c,...c„F)qc (*Sc;2+6„ (31) 
_ / K \H Un~m~ i)}u 

~ \77&;v {](w-m-2)}!i 8c'^^ I 


80 that the posterior probability of is distributed as for < with n—m 
degrees of freedom. It is easily seen that the same applies to any 
linear function of the If n—m is large the distribution becomes 
approximately normal with standard error ff(f„,) given by 
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1,33 


This is the same as the form taken by (21) if we replace by 


Sc^l(n~7n.). 


The practical method of solution is as follows. We start with the 


n equations 




( 33 ) 


which are called the equations of condition. In general no set of values 
of X- will satisfy them all exactly. But if we multiply each equation 
by and sum for all values of r, we obtain the equation 


bijXi --= dj ( 34 ) 

by the definitions of and d^. This is done for all values of j from 1 
to and yields in equations for x^. These are the normal equations. 
Their solution as simultaneous equations is 




( 35 ) 


The most convenient process of solution is identical with that of finding 
the For if we divide tlie first equation by the function on the left is 

<^11 \ ^11 Ki I 

Multiplying this in turn by b^^, and subtracting from all the others, 
we eliminate x^ from all. Thus we are left with in — 1 equations, which 
still have the property that the coefficient of in the equation for Xj is 
e(pial to that of in the equation for ;r-; for both are equal to 

We can therefore proceed to eliminate all in turn, finishing with 
the coefficient of which will be and is therefore yielded auto- 
matically. Any other coefficient b^ is the coefficient of x^ in the first 
equation remaining wdien x^ to x-_^ have been eliminated. Thus the 
process of solution yields all the bf. If o is initially known, all that 
remains is to express any unknown, say in the form dilb^-\::Gj\b^+ 
a linear function of //.^to and of to in this we use the second 
equation to replace ?/2 ^ constant dbcr /^^^2 with functions of ?/3 to y,,, 

and of ^3 to and so on. Thus finally we obtain the value of which 
is the most probable value of x^^ and a set of independent uncertainties 
of x^, which are easily combined. 

If o is initially unknown w^e proceed to estimate the as before; 
then substituting in the equations of condition we obtain the set of 
differences which are called the residuals^ and are identical 

with c' . Then we can define the standard deviation of one observation by 


(n—m)s^ — 


( 37 ) 
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(38) 


and that of by s.^ — sj\'b,„. 

Put t — zjs^^\ and we liavc 


P{dz^\c-^...c„H) cc 


b„sl 

[n — m)s^] 


^ hi II -711 hi) 


dt 


f- 


n~ 


rn 


dty 


which is of exactly the same form as 3.44 (13). If 7i—7n = v, v is again 
the number of degrees of freedom , and the t table can be used as in the 
simpler cases. 

This method (essentially Gauss’s method of substitution) lias great 
advantages over some of those usually given, which involve the working 
out of r/H-l determinants of the 7/ith order to obtain the y,-, and the 
evaluation of the first minors of all terms in the leading diagonal of D to 
find the standard errors of the Personally I find that to get the right 
value for a determinant above the third order is usually beyond my 
powers, but the above process usually gives me the right answer. The 
symmetry of the equations at each stage of the solution gives a useful 
check on the arithmetic, and the correctness of the final solution can 
be checked by substitution. 

A method due to Laplace is often said to be independent of the normal 
law; but it assumes that the ‘best’ estimate is a linear function of tlie 
observations, and if there was only one unknown this would imply by 
symmetry the postulate of the arithmetic mean, wliich in turn implies 
the normal law. Further, it assumes that the error is estimated by the 
expectation of its square, which is justified by the normal law but has 
to be taken as a separate (and wrong) postulate otherwise; and an 
unnecessary appeal to Bernoulli’s theorem has to be made.f 

3.51. To illustrate the method of solution, consider the following set 
of normal equations (1), (2), (3); the standard deviation of one observa- 
tion is 5. 


= 2 

(1) 

a;- 0*42^ + 0-332 +0 17 ±0-28.<( 

(4) 

-5x + Hy-\-iz = 1 

(2) 

5r— 2- 11/+ 1*72 = +0-8 

(5) 

^x+iy+^z ~ 5 

(3) 

4x-l-7y+l-32 = +0-7 

(0) 

5*97/*t-3'72 “ 1*8 

(7) 

S/+0-G32 = +0-31 + 0-41* 

(9) 

3*7»/ + 4*72 -I-4-3 

(8) 

3*7^+2-32 = +]*1 

(10) 

2*42 = +3*2 

(11) 1 

2 -= + l*33±0-64a 

(12) 


y z=r 4-0-31 — 0-63 X 1-33 = —0-53 (13) 

- -f 0-17~0-42x0-53-0-33x 1-33 -= -0-49 (14) 

(4) is got by dividing (1) by 12; (5), (6) by multiplying (4) by 5 and 4. 
Then (2) and (5) give (7), and so on. These results should be checked 


t Cf. Phil. May. 22, 193C, 337-59. 
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by substitution in the original equations. The standard error 0*286‘ in 
the first line is sj^V2, and similarly for the others. For we have 

Sy = ±0-4U-±0-63x 0-645 -= (±0-41 ±0-41).s* -- ±0*58.5, (15) 

and for 5 ^ 

a: (.r— 0*42?/±0*33;:)±0*42(2/±0-632)--~0-602:; (16) 

Ax (±0-28±0-42 xO-41±0-60x 0*64)5; (17) 

52^0-2952, 5^-- 0*545. (18) 

Hence 


a: — 0*49±0*545; y — 0-53±0*585; c — ±l*33±0*645. (19) 


3.52. Equations of condition of unequal weights; Grouping. 

In the argument of 3.5 we have assumed that every measure has the 
same standard error. If the standard errors are unequal, 3.5 (3) wdll be 
replaced by 




/r)- TT'^^r (1! 


and the exponent is still a quadratic form. It differs from IF in so far 
as each term of the sura has to be divided by before addition. 
Consequently the quantities cr~2^ or their products by a convenient 
constant, are called the weights of the equations of condition. It will 
be noticed that (1) is the same as if we replaced the equations 



li 

( 2 ) 

by 

^ = ^±a 

Gf G^ 

( 3 ) 


and took each observation as one of o/^/cr^ with the same uncertainty o. 
If the cr^ are known and a is chosen conveniently the formation and 
solution of the normal equations will proceed exactly as before. 
Evidently the arbitrary o will cancel in the course of the work. This 
procedure is convenient as an aid to seeing that the method needs only 
a slight alteration at the outset, and is sometimes recommended as a 
practical method; that is, it is proposed that the whole of the equations 
of condition should be multiplied by their respective ajcj. before forming 
the normal equations. This has the disadvantage that the weights are 
often integers and the multiplication brings in square roots and conse- 
quent additional rounding -off errors. It is better to proceed as follows. 
If , . 


(4) 
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W is also equal to 

2 ^i^ir ^r)| > 

(5) 

and 

r'JH' o ,1 

ax, ^ 

(6) 


Consequently, if we lirst multiply every equation of condition by its 
weight and then form the normal equations by multiplying by 

and adding, we get the same equations with less trouble and more 
accuracy. 

If the Oj. are unknown and some of them mutually irrelevant there 
will be a complication similar to that of 3.41 (14). But it often happens 
in a programme of observation that some observations are recorded 
as made in specially favourable conditions, some moderate, and some 
poor. It is usual to deal with this by attaching impressions of the 
relative accuracy in the form of weights, somewhat arbitrarily, though 
a determination of the accuracy of observations in the various grades 
would be possible if the residuals were classified. Our problem, if the 
relative accuracies are accepted, is to obtain an estimate of accuracy 
when the cr^ are not taken as known, but their ratios are taken as know n. 
We take a as the standard error corresponding to unit weight and 
proceed as just described. If w^, ~ is the w^eight of the rth observa- 
tion the terra in 3.5 (29) will be replaced by Sw^ 4^. The only change 
in the method of estimating a is therefore that in forming 6^^ as in 3.5 
(37) we must multiply each by the weight of the observation. 

The observations c)ften fall into groups such that within each group 
all the are nearly the same. The extreme case of this condition is 
the problem of 3.44, w here for the ith station Uy = 1 if the observation 
is at that station and 0 if it is at any other. In the determination of 
an earthquake epicentre from the times of arrival of a phase at different 
stations, the stations fall into geographical regions such that within 
any region the time of arrival would be altered by nearly the same 
amount by any change in the adopted time of occurrence and the 
position of the epicentre. It then simplifies the w^ork considerably to 
form an equation of condition for the mean position of the stations in 
the region and to use the mean for it. The standard error of the latter 
will be aj's/Uj., where ?Zy is the number of stations in the region, and 
therefore it supplies an equation of condition of weight The normal 
equations will be nearly the same as if all the stations were used to 
form separate equations of condition. All the residuals are still available 
to provide an estimate of a, which will be on n—m degrees of freedom 
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just as in the treatment without grouping. If we chose to use the 
method described in the last paragraph we should get the same least 
squares solution, but only the mean residuals in the groups would be 
available to provide an estimate of uncertainty, which would therefore 
be on many fewer degrees of freedom. 

3 . 53 . The following data, given by E. C. Bullard and H. L. P. Jolly, y 
provide a more complicated instance of the method. The unknowns 
are the values of gravity at various places. In general gravity is not 
measured absolutely, but the difference between the periods of the same 
pendulum when swung in different places is found, tlius giving an esti- 
mate of the difference of gravity. This is referred to a standard value 
for Potsdam, where an absolute determination exists. In the following 
set of equations of condition, therefore, absolute values refer to stations 
compared directly with Potsdam; the rest are differences. Bullard and 
Jolly took I)e Bilt as given, but it appears that the comparison of De 
Bilt with Potsdam has an appreciable uncertainty compared with those 
of some of the English stations, and it seems best to treat it as an 
additional unknown. The unknowns are then: 

De Bilt. 

Qi, (ireenwich. Record Room. 

^2. (deenwich, National Gravity Station. 

(73, Kew. 

Cambridge, Pendulum House. 

(75, Southampton. 

The equations of condition are: 


Observer 

Date 




Putnam ..... 

1900 

f/i 

98M88 

(1) 

Putnam ..... 

1900 

r /3 ~ 

981-200 

(2) 

Lenox -Conyngham . 

1903 


0-014 

(3) 

Meineaz ..... 

1025 


-0-003 

(4) 

Lenox -Conyngham and Manley. 

1925 

9i-93 == 

4-0-0647 

(3) 

Jolly and McCaw 

1927 

9z-9x ^ 

-f- 0-0003 

(0) 

Miller 

1928 

9i = 

981-1888 

(7) 

Jolly and Willis 

1930 

9i-93 

4-0-0742 

(8) 

Willis and Bullard . 

1931 

9z~9b — 

+ 0-0053 

(9) 

Jolly and Bullard . 

1933 

9^~93 “ 

4-0-1431 

(10) 

Buliard ..... 

1935 

9\~9h ~ 

4- 0-1 390 

(11) 

Meinesz ..... 

1921 

9o ^ 

981-267 

(12) 

Moinosz ..... 

1925 

9o = 

981-269 

(13) 

The unit is 1 gal 

“ 1 cm 

./sec.^ 




A main source of error is known to be change of the mechanical proper- 
ties of the pendulums during transport. Hence all the. equations will 
t M.N.R.A.S,, Goophys. Suppl. 3, 193C, 470. 
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be taken of equal weight except (6). For this the stations are only 
300 metres apart and at nearly the same height, and the difference can 
be calculated more accurately than it can be measured. 1 take 

+0*0001. 

An approximate set of solutions is easily found; we write 


-- 98F268+:ro, (14) 

g^ 981*1 88+aq, (15) 

g. ^ 981*1881+^^, (16) 

f7a- 9S1-200+X3, (17) 

g^ -- 981*265+^*4, (18) 

(75- 98M23+u:3. (19) 

Then the equations ol’ condition, omitting (6), become 

x^-^. 0*0000. (!') 

u*3 -- 0 0000, (2') 

•^3-^1 ^ +0*0020, (3') 

x^~x^ 0*0000, (4') 

^•4-^3 == —0*0003, (5') 

4 0*0007, (7') 

^4-^1 = -0*0027, (S') 

-= +0*0002, (9') 

x^~x^ =- +0*0011, (10') 

^4-^’5 -0*0030, (11') 

3*3 = -O-OOIO, (12') 

.Tq +0*0010. (13') 


Xq occurs in equations (4'), (12'), (13'), with coefficients — f > + 1 ) + 1 • 
We therefore add (12') and (13') and subtract (4') to give the normal 
equation for Xq, namely 

3x0— 0*4 — 0*0000. 

occurs in (!'), (7'), (9') with coefficient -|-1, in (3'), (8') with coefficient 
— 1. We therefore multiply (3'), (8') by —1 and add to the sum of 
(!'), (7'), (9'). Similarly we proceed for the others. 

Normal equations 

3^0 0*0000 (20) 

5^1 —Xg —x^ —x^ = 4- 0*0016 (21) 

— Xi + 3x3 -x* = 40*0023 (22) 

--Xo — Xi ~Xs-i-5x4~2x^ — —0*0049 (23) 

Xj^ — 2 : 37443 X 5 = -f” 0*0017 (24) 




-0*3333x4 r- 0*0000 (25) 
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First divide (20) by 3; the result is (25). To eliminate Xq we have only 
to add (25) to (23). Then 

5x, -Xi ~Xr^-== 4-0-0016 (21) I -0-2.r3- 0-2x4 - 0-2.r5 -- 10 00032 (27) 

-Xi4-3x3 -X 4 -r. 4-04)023 (22) | 

-X, ~X3 4-4-6667x4-2x5 = —0-0049 (26) I 
—Xi — 2 x 44 - 3 x 5 .}-04)017 (24) I 

Now eliminate x^; 

2 - 8 x 3 - J-2x4-0-2x 5 - f 0-00262 (28) i X 3 -0-4286x4 -0-07 Uxj =- 4-0-00094 (31) 

- 1-2x3 4-4-4667x4-2-2x5 ^ -0-00408 (29) | 1-2x3-0-3143x4-0 0857x5 == 4-0 00113 (32) 

— 0 - 2 x 3 — 2-2x4-2 8 x 6 +O-00202 (30) j 0-2x3-0-0857x4 -0 01 48 x 5 -- f 0-00019 (33) 

3- 9524x4-2-2857x5 - -0 00345 (34) I X4 - 0-5783x5 - -0-00087 (36) 

-2-2857x4 f 2-7857x6 ^ +O-00221 (35) | 2-2857x4-1-3218x6 -- -0-00200 (37) 

1-4639x5 -. 4-0-00021 (38) | Xg -- H-0-00014 (39) 

Hence the solution is, from (36), (31), (27), (25) in turn, 

—0-00020 \ 

== +0-00031 

a-3 +0-00061 ). (40) 

x^ =- —0-00079 
r:r. +0-00014 j 

Substituting in the normal equations we find that the largest discrepancy 
is 5 in the fifth decimal, so that the solution is checked. A check on 
the formation of the normal equations is got by noticing that most of 
the equations of condition are differences; hence the sum of the right 
sides of (!'), (2'), (7'), (12'), (13') should be that of the right sides of (20) 
to (24).-|‘ Now substituting in the equations of condition we get the 
calculated values. Residuals are multiplied by 1000 for convenience. 



Calc, 

O-C 

C'2 

(1') 

+ 0-31 

—0-31 

010 

(2') 

+ 0-61 

—0-61 

0-37 

(3') 

+ 0-30 

+ 1-70 

2-89 

(4') 

-0-59 

+ 0-59 

0*35 

(5') 

— 1-40 

+ 1-10 

1-21 

(7') 

+ 0-31 

+0-39 

0-15 

(S') 

-MO 

— 1-60 

2-56 

(9') 

+0-17 

+0-03 

0-01 

(10') 

-0-93 

+2-03 

4-12 

(11') 

-0-93 

— 2-07 

4-28 

(12') 

-0-20 

-0-80 

0-64 

(13') 

-0-20 

+ 1-20 

1-44 

r8l2 


t For general methods of checking when the number of normal equations is large, see 
H. and B. S. Jeffreys, Methods of Mathematical* Physics, p. 283. Method (2) mentioned 
on p. 284 will also check tht? formation of the normal equations themselves from the 
equations of condition. 
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We have 12 equations and 5 unknowns have been found; hence 

*2 = ]8-12/(12-5) = 2-59; s = J-60 rnilligal. (41) 

The uncertainties of tiie separate determinations have still to be 
found. Denote departures from the least squares solutions by accents 
and take 1 rnilligal as the unit. Denote, apart from acc^ents, the 
quantities on the right of (25), (27), (31), (30), (39) by these have 


independent uncertainties. Then 

X', = a-; -- ±l-00/(l-40)'fc - ±1-32, (42) 

X[ = ±l-b0/(3-95)‘fc = ±0-80, (43) 

X’a == ±1 •00/(2-80)'/^ = ±0-96, (44) 

X[ -= ±l-00/(o-00)''-’ — ±()-7], (4.7) 

X'o -= ±l-60/(3-00)''" =- ±0-92. (46) 

= .Y;+0-u78x 5 = i;0-80±U-70 ±M0, (47) 

•4 Z3+0-4280Z;+0-177x5, (48) 

= ±0-90i:0-34±0-23 = - ±1-04, (49) 

and so on. The final solution is 

(/q -- 981-2()780±0*0()099, (50) 

= 98M8831 ±0*00092, (51) 

^2 98M8841 ±0*00092, (52) 

(73 -= 981*20061 ±0*00104, (53) 

(74 -- 981-26421 ±0*001 10, (54) 

g. 98M2314±0 00132. (55) 


From the t table for 7 degrees of freedom we find that the probability 
of an error numerically greater than 2 milligals ranges from about 
0*07 for and g^ to 0*18 for 

The standard errors are not much less than for one determination. 
This is ultimately because, of the 12 equations, only 5 represent direct 
comparisons with Potsdam. Even if the difi’erences were exactly deter- 
mined the standard errors could not be less than 1*60/V5 0*72 rnilligal. 

The fact that most of the equations give ditferences makes the normal 
ecpiations far I'l’om orthogonal, as is showm by the fact that the coefficient 
of ^^5 drops from 3*0 in (24) to 1*46 in (38). 

Seidel’s method (see p. 173) was tried on these equations, but conver- 
gence w' as too slow\ This method is really adapted only to problems where 
the ecjuations are nearly orthogonal, otherwise the estimation of uncer- 
tainty becomes more laborious than the solution of the normal equations. 

With a slight modification, however, the method succeeds. The 
difficulty arises principally from the equations give direct determina- 
tions of Xy, :ri, and .r-j, w hile :r 4 is connected diieetly to all these three. 
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But has only a single connexion with x^ and two with x^. Hence x^ 
really has little to say concerning the values of the other four, which 
would be well determined without it. If we drop the equations con- 


taining x^ we have the normal equations 

3.^0 ~x^ == 0-0000, (56) 

4xi — Xq, — ~ -f-0*0014, (57) 

— .Tj-j-SiCg — = -j- 0*0023, 

~Xq~x^ — 3^4 —0-0030. (59) 


These are nearly orthogonal. The largest term on the right is in (59); 

we therefore take a first approximation x^ ~ —0-0010. Then from (56), 

.Tj) -= —0*0003; from (58), x^ — -^0*0004; and from (57), x^ — -f 0-0002. 

Substituting these approximations in the left sides we have in turn 

3r„ — ^4 -- +0-0001, 

4xi — 3*3 ~x^ ™ +0-0014. 

—x^~\-^x^ — a*4 = +0-0020, 

— — ^3+3:r4 — — 0-0033. 

Comparing with the original equations we see that (58) and (59) are 

both +0-0003 higher, and that we can add 0-0001 to x^ and x,^. Then 

0-0 -- —0-0003; x^ :=:= +0-0002; .Tg +0-0005; x^ —0-0009. 

This is very near the solution (40). 

If the equations were strictly orthogonal the standard errors would 

be a/ s/3, or/2, (t/V 3, a/V3, and independent. To a second approximation 

By iteration we find, nearly, 

(T-(.ro) ~ 0-40 c 7“; o'’(.ri) — 0-31cr-; cr^ix^) - 0'42a-; -- 0'4(4a‘. 

Again, ^ 3(a;^+0-0009)+J(.ri— 0-0002)±a/V3 

= 0-0000±0-56'/-a. 

a is estimated as before, and the solution is 

.To —0-0003+0-0010, 

+0-0002+0-0009, 

^3 +0-0005+0-0010, 

x^ -- -0-0009+0-0011, 

^5 =:= 0 - 0000 + 0 - 0012 . 

The accuracy would be enough for all practical purposes. 
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3.54. The following problem, and various extensions of it, have often 
occurred in astronomy. There are cases where a group of stars can be 
assumed all to have the same parallax; the estimates from any star 
separately are comparable with their standard errors, but the mean of 
all is substantially more than its standard error. The physical restriction 
here is that a parallax cannot be negative. It is substantially less than 
the standard error of one observation, and we may adopt a uniform 
prior probability over positive values. If, then, a is the general parallax 
and Sj. the separate estimates with their standard errors, the number 
of observations in each case being large, we have 

Pidai...da„ | ocH) oc expj — ^ 

and F(da. \H) oc da (a > 0) ; =0 (a < 0). 

Then 

oc exp| 2 (a > 0) ; := 0 (« < 0). 

The posterior probability of a is therefore a normal one about the 
weighted mean of the a^, but it is truncated at a — 0. 

The treatment of such problems has given rise to some discussion. 
In the conditions of the problem some of the estimates are usually 
negative. These have sometimes been rejected as impossible, and a 
mean is taken of the positive ones. Then the rejection of a large frac- 
tion of the negative random errors biases the mean by an amount com- 
parable with the standard error of one determination. We are entitled 
to allow for the impossibility of a negative true parallax, but this can 
only be done at the end when we take the prior probability into account. 
If only one star was in question we should still be entitled to take it 
into account. We must not, however, do it by rejecting factors from the 
likelihood. The point is somewhat similar to one that arises in one case 
of the combination of correlation coefficients (p. 156), where there is a 
constant term in 2 ; arising partly from the prior probability and partly 
from the likelihood. But when several estimates are combined the part 
from the prior probability only enters once, while that from the likeli- 
hood enters every time. Similar considerations have occurred in the 
estimation of the focal depths of shallow earthquakes. Here the depth 
h enters through and the least squares solution is liable to give 
negative There are two valid treatments possible. One is to take 
h as zero in all cases in the estimation of other parameters, especially 
the velocities, thus regarding the whole of the estimated values as not 
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significant. The other is to eliminate h from all the solutions and com- 
bine the equations for the velocities. What is not valid is to reject the 
cases of negative estimated h- and determine the velocities from the 
rest; this gives a bias in the estimated velocities. 


3.6. The rectangular distribution. This distribution is of theoretica l 
interest on account of the fact that the mean of all the observed values 
gives a less accurate estimate of the centre of the distribution than the 
mean of the two extreme observations does by itself. Let the centre 
of the distribution be a and the range 2a, to be determined. The chance 
of an observation in a range dx is 


P(dx \.,a,H)= I («-a < X < a+a) 

( (x < a — a, X > ct+a). 


(1) 


The chance of n observations in given ranges is 

P{dx^..,dx,,\(x,ajl) -= n {dx)l(2ay', (3) 

provided that all the satisfy the conditions 


a — a < < a + O', (4) 

and therefore provided that the extreme observations satisfy them. 
Call these x^ and x^. We take a and a as initially unknown, and 
therefore 


P{d(xdo \H)oc dado j a 
and P{dado | x^.,.x,, H) cc dado, 

provided now a—o<.Xj^; a+a>a: 2 . 


(^) 

(f>) 

(7) 


These conditions fix the possible joint range of a and a, given the 
observations, and apart from the restrictions on the range the observa- 
tions do not appear in (6). Hence, with the rectangular law, the two 
extreme observations are sufficient statistics for a and a. 


Then P(da | Xy,,x^.H) cc da j a~”~^ do 


(«) 


through the permitted range. But, given a, o must be greater than the 
larger of ol~x^ and x^—a) the lower limit for o is therefore a—x^ if 
a > ^ 2 ”"“ if cx < \(x^-]-x^. Hence 


P(da \ x^,,,x^H) cc 


(a— 

{x^ — a)~'^da 


(a < 


(9) 

( 10 ) 


with the same constant factor in both cases. The posterior probability 
for a, therefore, has a sharp peak at the mean of the extreme values. 
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The constant factor is easily found to be If n ~ 2, 

we have 

P[Xi < a < OTg 1 ^1, ^^2, H) 

i VsUi-lro) 

J {x2—0L)~^^d(x-\~ j {a—Xj)~^doL 

ui 

= l (H) 

Thus, if w^e have only two observations, and a and a are originally 
unknown, the posterior probability that a lies between the observed 
values is i. This is a general rule for any continuous law of error ; we 
have already had a case of it for the normal law'. 

The possible values of a, given a, range from x.j,~a to x^-\-ar, provided 
the latter is the greater. Then 

P(da I H) cc (12) 

for a > constant factor is found to be 

— 1 )(>r2— 

If w — 1, the range for a is from arg—cr to x^+cr, and (6) leads to 

P(da|a'i,//)oc rf<j/a, (13) 

which expresses the same fact as for the normal law, that one observa- 
tion can tell us nothing about its own accuracy. It may be noticed 
that the probability density for o- vanishes at o — 2 (‘^ 2 ” ^‘i) 
a maximum at a — ^1 + l/^i)(‘i^ 2 “‘'^i)* This is because the extreme 
value would require both anri Xg to have fallen at the extremes of 
the law, which would be surprising, but it would nt)t be surprising that 
both should fall a little within them. 

On account of the form of the limiting conditions the posterior prob- 
abilities of a and a are far from independent; any inference that 
involves both should proceed from (6) directly. If we want the termini 
oc^ — a— a and ^ oc+cr, (6) transforms to 

P{d<x^d<x^ \x^,,.Xy^H) cc d(Xida2l(oL.^—oci)^^^ (ai < > x^); (14) 

whence for otg > 

P(d(X2\x^...x,,H) = (n~l)(x2—Xiy^-^((X2—x^)-^ doc^. (15) 

If we fix limits such that the probability that a, or 0:2 lies between 
them has any definite value, the distance betw'een these limits will 
decrease like Ijn as the number of observations increases, whereas with 
the normal law of error the corresponding distance decreases like 1/Vn* 
This kind of result usually arises for iaw^s of error with a finite range 
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where the gradient of the Jaw is non-zero at an extreme, and especially 
for any U-sliaped or d-sliaj)ed law. The rectangular law is merely the 
transition from a l)ell-shaj)e to a U -shape. 

The use of the mean and second moment as location and scale para- 
meters in such cases sacrifices much information. For with the rect- 
angular law the second moment, of the law is and the standard 
error of the mean of ii observations, given a, will be thus 

diminishing like J/v/z, w hereas any range for a definite probability tliat 
a: lies Avithin it w ill diminish like I//? if wa^ use the most accurate methods 
of fitting. 

3.61. Re -scaling of a law of chance. As many laws do not lead to 
sufficient statistics, as tlie normal and rectangular laws do, it has 
sometimes been suggested that- it wajuld be beneficial to choose a new 
variable whose law^ w ill be normal or rectangular. Thus if the law is 


we can define 



and then 1 oc.a.H) “ dijja (a < y < a-}- a). 

Similarly Ave could define a z such that 



— 00 — oo 


and the chance of is normally distributed about ^ w ith standard error a. 
It has been suggested that such transformations can be used to 
simplify methods of estimation, but they are useless. In the first place, 
for given x w e do not know the corresponding value of y or 2 : until w e 
know^ ct and a; and the Avhole reason for an estimation problem is that 
we do not. In the second, if x can be transformed so that 


X V 

I f{x) = j 9(y) dy, 

— 00 — 00 

d V 

then P(dy \ a, a, H) -= g{ij)dy 

where dxjdy will also depend on oc and a. If values of .r are observed, 
the correct likelihood factor is JJ f(pCj), But if instead Ave use y we shall 
get a factor g(yr)* Thus the tw^o likelihoods aaiII differ by a factor 

n (dyjdx)^^^^. a function dex>cnding on a and a for every observation. 
3595.G8 » 



146 


ESTIMATION PROBLEMS 


Chap. Ill 


It is remarkable that such maltreatment of the likeHhood is recom- 
mended (but so far as I know not used because it cannot be) by 
statisticians who object to the prior probability, which only appears 
once in any given problem. 

3.62. Reading of a scale. The commonest case where errors do not 
satisfy a normal law is the measurement of a length by means of a 
scale, the positions of the ends being read to the nearest multiple of the 
scale interval. Let the length of the object be L units. Two cases arise. 
In the first, we place one end of the object at a graduation, say the mth, 
and read the position of the other to the nearest graduation. Then 
clearly we shall always record the length as k units, where k is the 
integer nearest to L, Hence, for any k, 

P{k\LH) - 1 (-1 < L-k P(k\LH) - 0 {\L~k\ > I). 

Tf n observations are made, and P{dL | H) oc dL, 

P(dL\eH) - dL (^l < L-k < 1), 

P(dL\eH) -= 0 (\L-k\ > 1). 

In this simple case increasing the number of measurements does nothing 
to increase the accuracy of the determination. The })o.sterior probability 
distribution is rectangular. 

In the second case, we may put one end at an arbitrary position on the 
scale, say at m+y units from one end, where < y < i ; if the length 
is L = k-\~x units, wdiere 0 < < 1, the nearest graduation to the other 

end will be the (m+A:)th if | x-\-y | < -J, that is, if — | < y a 
will be the (m+I:+l)th if \x-i-y | > that is, if l-~x < 2/ < |. But 
P{dy \H) = dy ( \y\ < J), P{dy \H) ^ 0 (|j'i > \) 

and therefore 

P(k I LH) 1 -rr; P(k + 1 ] LH) = a*. 

If r observations give the value k, and the value L we have 
P(d I LH) = {\—xYx ^ ; 

P(dL \eH)oc{\ dx = ( 1 -xYx» dx. 

r\ 6*! 

The coefficient of dx is a maximum if 


r 


so that the most probable value is the mean of the observed values. 
For r, 8 large the standard error is nearly [—^1— ,1 
independent of Xq. 


\(r+8)^j 


, which is not 
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By a theorem due to Gauss (p. 189), if the probability of an error, 
given the true value, is a function of the error alone, and if the likelihood 
is a maximum when the true value is taken to be the mean of the 
observed values, the law of error must be normal. In this problem the 
second condition is true but the conclusion is false, The first condition 
is false because P(k | LH) is not a function o^k~L alone; if we vary L 
but keep k—L an integer, k will take non -integral values, which are 
forbidden by the conditions of the problem. Keynes has shownf that if 
the law of error is 

P{dx\$H) =^fix,^)dx, 

wliere / is twice differentiable with regard to a necessary and sufficient 
condition for the maximum likelihood estimate to be always the arith- 
metic mean of the observed values Xj. is 

^ogf(x,^) = + 

The normal law corresponds to 

<^(^) — iIj(x) — —a:2/2a^+ constant. 

The law for measurement by difference corresponds to 

(^~l)log(l-f)-~|log|; ijjix) = 0. 

The Poisson law corresponds to 

il^{x) = -x~]ogx\. 

These reductions to Keynes's form are due to M. S. Bartlett. J 

Tliis problem is of some theoretical interest. In practice the peculiar 
behaviour of the posterior probability would lead to difficulties in 
calculation. These are reduced if we can reduce the step of the scale, 
for instance by means of a microscope, so that the error of reading is no 
longer the principal source of error. 

3.7. The posterior probabilities that the true value, or the third 
observation, will lie between the first two observations. Let us 

suppose that a law of error is given by hf{h(x~-oc)}dx, where / may 
have any form and h plays the part of the precision constant, or the 
reciprocal of the scale parameter. Put 

'j f(z)dz^ F(z), F(oo)=^l. 

-00 

f Treatise on Probcd>ilily, p. 197. 

J Proc. Roy. Soc. A, 141 , 1933, 624-.5. 


( 1 ) 
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If OL and h arc originally unknown, Ave have 

Pidctdh I U) oc docdhjh, (2) 

P(dxj^d:r2 | ocjijl) h-f{h{x^— a)}j\h(;x2~oc)] dx^dx^. (3) 

and P(d(xdh | x^.x^, H) oc hf{}i(x^~a)]f{h{x 2 -—ct)} dadh. (4) 

The probability, given and ^*3 (-^2 third observation 

will lie in any range dx^, is 

P{dx^ I x^, //) — J j P(dx.^d(xdh | //), (5) 

integrated over all possible values of cv and A, 

GC drj J I" h^J{h(x^ — ct)]f{li{x.,-<xYJ[h(xy- x)\ (hxdli. ( 6 ) 

Let us transform the variables to 

6 h{x^~-oL). (j) h(x2 -~ (7) 


The probability, given x^ and x.y, that a is between them is wliere 
and P are got by integrating (4) from 0 to X) with regard to //, and 
respectively from Xy^ to X 2 and from —od to co with regard to a;. Then 


0 00 

ix^-x,)i, <x J J mm dedcf, = F({)){i (8) 

-‘a 0 

CO 00 

(x,-.t,)4oc j f f(e)mded<f> = J m{^~m]de =. 1-1 =: J, 

Pcoe (9) 

Hence IJI 2 = 2i^(0){l {())}. (10) 


If then F(0) — the ratio is In all other cases it is less than 
Referring to (1) we see that F{i)) ^ I is the statement that for any 
given values of cx and h an observation is as likely to exceed oc as to 
fall short of it. There will be such a value for any continuous law of 
given form. Hence, if we define the true value to mean the median 
of the law, then the probability, given the first two observations, that 
the true value lies between them is whatever their separation. If w^e 
chose any other location parameter than the median of the law', and 
the law' was unsymmetrical, the ratio would be less than This is a 
definite reason for choosing the median as the location parameter in 
any ease where the form of the laAv is unknown. 'We have already 
obtained the result in the special oases of the normal and rectangular 
laws. 
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The probability that will lie between and given the latter, 
is IJIi, where 

a. oo .r, 

J J \ f‘~f{f^i^}—^)}f{H-'>^ii~-^)lf{H^3—<^)}docdhdx^ (11) 

-‘oc 0 Ui 

00 00 

-oc 0 

CO oo 

Xo ^ J J J 

-00 0 

CO 

= f [l/(^){* - -/(^)^’(^){i - F(e)}] dd 

x*> x^ J 




0(a:2--Xi)' 


h =" j J J — a)}/(//(x2— .>:)}/{//(X3— a); 

- CXj 0 ~ ^ 

00 CO 

- oc, b 

00 CO 

- 1 1 mf(<f>) dHd<j> 

-CX) ^ 

a> 

- J/(0){l-/’(^)lrf^ 


2{x.^~x^y 


whence 


h!h = I 


Thus, if the location and scale parameters are initially unknown, the 
probability that the third observation will lie between the first two, 
given the first two, is J whatever the separation of the first two. 

The converse theorem to (10) would be that if the ])osterior proba- 
bility that the median of the law lies between the first two observations 
is I whatever their separation, then the prior probability for h must 
be dA/A. If it was X{bh)dhlh, where 6 is a quantity of the dimensions 
of a or of l/h, the ratio IJh would involve bKx^—Xi) and could not be 
the same for all values of Xo — Xi. The only possible modification would 

t herefore be P{d,^dh jll ) x hr ^ dadh. (16) 
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The question is whether y is necessarily 0 for all admissible forms of 


f{z). If we put 

h{l(x^+x^)—oL} = t. 

(17) 


\h{x^—Xi) = s 

(18) 

we find hf{h{Xi 

- 0 L)}f{h{Xi—(x)}d<x = —f(t—s)f{l+s)dt. 

(19) 

and (16) in place of (2) will lead to 


A-i 

00 , » 00 

4cc J |2 j -- J yiyj{t-s)f{t, \-s)dtdh. 

(20) 

Put 

S oo 

2 / - / /(^-«)/(<+-'>') dt = G(s). 

— 8 —00 / 

(21) 


Then our postulate reduces to 

00 

C syQ(s) ds ^ 0, (22) 

U 

and we know from (10) that this is satisfied for all x.^ if y - - 0. 
A sufficient condition for the absence of any other solution would be 
that G{s) shall change sign for precisely one value of s\ for if this value 
is Sq, we shall have 

00 

J slG(s) ds = 0, (23) 

0 

and for positive y the integrand in (22) is numerically larger than in 
(23) when s > and smaller when s < Sq. Hence (22) cannot hold for 
any positive y, and similarly for any negative y. It has not been proved 
that 0{s) has this property in general, but it has been verified for the 
cases where f(z) cc exp{ — ^z^); f{z) ~ ~~lexp{~\z\}; f{z) =■ I for 
1 < 2 < 1, and otherwise = 0; and for a remarkable case suggested 
to me by Dr. A. C. Olford, where 

f(z)==ll2z^ (\z\>l), f(z)^0 (|.|<1). 

The property has an interesting analogue in the direct problem. Start- 
ing from (3) and putting ~ 2a, = 26, we find 

P{da I baJiH) = . . (24) 

J h^f{h{a—b—<x)}f{h(a-\-b—(x)} da 
— 00 

The condition that x^—a and x^—oc shall have opposite signs is that 
\a—(x\ <6. Hence for any 6 we can find the difference between the 
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chances that two observations with separation 26 will have opposite 
signs or the same sign, and it is a positive multiple of 

6/{6(a — 6— a)}/{A(a+6~a)} d(a — a) — G(hb), (25) 

The fact that the integral of G(hb) over all values of 6 is zero means 
simply that the probabilities, given the law, that the first two observa- 
tions will be on the same or opposite sides of the median arc equal. 
For large 6 there will be an excess chance that they will be on opposite 
sides, for small 6 on the same side, and for continuous f(z) there will 
be a 6 such that the chances are equal. The result required is that 
there is only one such 6; this appears highly plausible but, as stated, 
has not been definitely proved except for special, though extremely 
different, forms oif{z). 

In a former presentation of the problem I took as a postulate that if 
and X 2 are the first two observations, x^ being the larger, and if x 
and <7 are initially unknown, then 

P(Xi <X^<X2\ x^,X2. H)^ (26) 

I showed that only the rule 

P(dxda \H)oc. dxdaja (27) 

can lead to this. The former, however, was really derived from 

P{x^ <x^ <X2\x,a,H) — J (28) 

by an unconscious use of an argument analogous to that of 7.5. It is 
reasonable to say that the probability in (26) must be a constant 
independent of and x^, but with a different power of a in (27) it would 
still be a constant but not and without some other principle it cannot 
be used to show that the daja rule is the only suitable one. The argu- 
ments for this are those of 3.1. But the principle (27) can be considered 
established otherwise, for complete previous ignorance of x and a, and 
then we may ask whether we should expect it to be seriously altered 
if there is any vague information about a such as we considered 
on p. 105. If the proper procedure is simply to truncate the prior 
probability law, and x^—x^ is much larger than the lower limit for a 
and much smaller than the upper, the effect on the posterior proba- 
bilities will be negligible. This is in accordance with common sense. 
But if we used daja^^y we should be led to the result J for y == 1 and 
0 for y -= —1. The latter is the uniform distribution for a, and would 
lead, also to the dxl\x\ rule for the posterior probability of x from two 
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observations. Either would make a chaime in the ])robability distribu- 
tion for T3 that cannot be accepted. We cannot admit that vague 
information about the range of possible values can make appreciable 
changes when the difference of the first two observations does not lie 
near either extreme, atid we avoid this by simply truncating the law; 
and then we find that this makes a negligible difference to the result. 
The conclusion tlum is that vague information may as well be neglected 
and treated as total ignorance. 


3.8. Correlation. Let the joint chance of two variables ;r and y be 
distributed according to the law 


P(dxdy I O', T. p, //) 


J 


I/- -Jp.rvyi 
— '( 


27TffT( 1 — ^ (2(1— 

Then the joint chance of ])airs (-^1,7/1), (I2, //o) 


dxdy. ( 1 ) 


P{0 ! a, T, p, H) 


1 


(277 (Tt)^‘( 1— P“) 




exp 


2(1 


1 I *'' 1 /“' 

-p‘)\<T- OT 


dxiihj^...dx„dy„. 

C-i) 


Put ~~ yis^. Si/- -- nt‘^, Sxy Hien s*. /, and r are sufficient 

statistics for a, r, and p. 

We take a and r as initially unknown. In accordance with what 
appears to be the natural interpretation of the correlation coefficient, 
,^(l+p) may be regarded as a sampling ratio, being the ratio of the 
number of components that contribute to x and y with the same sign 
to the whole number of components. Thus the prior probability of p, 
in the most elementary case, can be taken as uniformly distributed, and 


P(dadrdp I H) cc dadrdpjar. 


(3) 


Jf p is near 4-1 or —1, we may expect the lule to fail, for reasons 
similar to those given for sampling. But then it will usually happen 
also that one component contributes most of the variation, and the 
validity of the normal correlation surface itself will fail. The best 
treatment will then be to use the method of least scjjuarcs. But in the 
typical case where the methods of correlation would be used we may 
adopt (3). Then, combining (2) with (3), we have 


P{dadrdp | dH) 

1 i —71 (s- 2prst\\d<Tdrdp 

^ '(ffTr( 1 -p"! W ) or 


(4) 
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The posterior probability distribution for p can be obtained by the 
substitution, due to Fisher, 


whence 


c (a, t) 


cjO cri 

\eH)ccdpj j 




:o8h/3— pr)" 


since the integrand is an even function of p. At this stage the only 
function of the observations that is involved is r, so that r is a sufficient 
statistic for p. If we now put 

coslijS—pr— - — — (8) 

1 —u 

the integral is transformed into 


0 

Since r and p are at most equal to 1, we can expand the last factor in 
powers of u, and integrate term by term, the coefficients being beta 
functions. Then, apart from an irrelevant factor, ^ve find 

P(dp ! 9H) oc l^^jS„(pr)dp, (10) 

where «>r) = . + + „1) 

a hypergeometric series. In actual cases n is usually large, and there 
is no appreciable error in reducing the series to its first term. But the 
form (10) is very asymmetrical. We see that the density is greatest 
near p ~ r, but since p must be between ±^1 there must be great 
asymmetry if r is not zero. This asymmetry can be greatly reduced by 
a transformation, also due to Fisher, 

tanh^ ™ p; tanhs: = r; ^ (12) 
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SO tliat the possible values of ^ and z range between ioo. This gives 

PW 1 ^ Qosh’'+2^ cosh'^“'%(I — tanh z tanh 

^ dC 

^ cosh'^/^t co8h“®/32COsh"“^%’ 

a power of cosh 2 having been introduced to make the ordinate I at 
X =. 0. The ordinate is a maximum where 


— [I logcosh Dlogcosho:;] ~ 0, 

ax 

or — I tanh (w.— J)tanh:r 0. 

When n is large, x is small, and we have, nearly, 

_ 

^ 2n‘ 


(14) 

(15) 

(16) 


The second derivative is 

~|secb^^~(7i — l)sech“x — —n nearly. (17) 

sech C can range from 0 to 1 , so that the second derivative can range 
from — (n— J) to — (n+2). Hence for large n we can write 


5r 1 
2n ^ \^n 


(18) 


The distribution ( 13) is nearly symmetrical because the factor raised to a 
high power is sech:r, and it can be treated as nearly normal. Returning 
now to the series S,^(pr), we see that its derivative with regard to p is of 
order Ijn, and would displace the maximum ordinate by a quantity 
of order 1 jn^ if it was allowed for. But since the uncertainty is in any 
case about Ijyln it is hardly worth while to allow for terms of order 1/n, 
and those of order \jn^ can safely be omitt>ed. 

In most cases where the correlation coefficient arises, the distribution 
of chance is not centred on (0,0) but on a pair of values (a, 6), which 
also have to be found from the observations. Then we must take 


P{dadbdadrdp \H) ac dadbdadrdpjaT 
and replace x and y in (1) by x—a and y—b. Then 
Ax—af 


(19) 






= , (b—yY 2p(a~:g)(6>~g )) 



2pr8t\ 


or ) ' 


, (20) 
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where now 

7ix — Sx, nfj ~r. Sy, ns- ^ S{x--xY, nt^ — S{y~~y)^, 

vm = 8{x—x)(y-i/). (21) 


Then 

Pidadbdadrdp \ OTI) 


oc 


1 


(0T)"^^( 1— 




-71 \(a—xf (b-yf ‘■lp{a~x)(b-y)\ 
‘ki-p^W 'o^ t 2' ‘ “ ffT i 


'■^prA 

or I 


dadbdodi dp. (22) 


Integration with regard to a and b then gives 

P{dadrdp I eH)oc ^ - - . exp( -P--\ \dadTdp. 

(23) 

Applying the transformations (5) and integrating with regard to a and fi 
will therefore only give an irrelevant function of 7i as a factor and 
replace n in (10) by n—\. Hence, in this case, 


P(dp\eH)^^^^^^S„.,{pr)dp 


(24) 


and, to the order retained, ^ will still be given by (18). A slight change 
may perhaps be made with advantage in both cases. In the former, 
if 71 — 1, r will necessarily be ±1 whatever p may be; in the latter 
this will hold for n ^ 2. A permissible change will express this 
indeterminacy by making the uncertainty of ^ infinite in these cases. 
Thus in the former we can write 


and in the latter 






5r 


277^^(71—1)’ 

5r 1 


(25) 


(26) 


2n^.^/(n— 2) 

Fisher’s theory of the correlation coefficient f follows different lines, 
but has suggested several points in the abovc^ analysis. He obtains the 
result that I should write 

/ 1 _ Q2Yl2in~l)( 1 „ ^2\V2(« -4) 

P(dr \a,b,o,r, p, H) cx y._ L S,_M) dr, (27) 

and as this is independent of a, 6, a, and t we can drop these and replace 
the left side by P(dr | pH). Also if we take the prior probability of p 


t Biometrika, 10, 1915, 509-21 ; Meiron^ 1 , 1921, Part 4, 3-32. 
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as uniformly distributed, since r and dr are fixed for a given sample, 
this leads to 

P{dp I tH) cx dp. m 

which is identical with (24) except that the com[)lete data 6 are replaced 
by r. This amounts to an alternative proof that /* is a sufficient statistic 
for p; the data contain no information relevant to p that is not contained 
in r.f 

The bias sliown by the second term in (25) and (26) is usually negligible, 
but requires attention if several equally correlated series are likely to 
be combined to give an improved estimate, since it always has the 
same sign. The question liere will be, how far can the series be supposed 
mutually relevant ? We cannot combine data from series with different 
correlation coefficients. But if the correlation is the same in all series 
we still have three cases. 

1 . a, b, cj, T the same in all series. Here the best method is to combine 

the data for all the series and find a summary value for r from them. 
The second term in ^ will now be p, which will be utterly 

negligible. 

2. a, b different in the series, a, r the vsame. Each pair (u,/>) must 
now be eliminated separately and we shall be left with 


P(dadTdp \ 6 H)qc 

(orr) 


i 

T n - 1 )"+ i ^ I J !/•.> X ( /f- 1 ) 


X 


The data, therefore, yield a summary correlation coefficient 


2 


(30) 


and we proceed as before; the second term will be ^ (/? — 1). 

3. a, 5, or, T all different. Here a and r must be eliminated for each 
series separately, before we can proceed to p. In this case we shall be 
led to the forms 


P(dp \dH)cc 




(31) 


P(rfC I eu) oc 


di 

cosh*/'*p42^ jj cosh 2 )' 


( 32 ) 


t Proc. Roy. Soc. A, 167 , 1938, 464-75. 
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where p is the number of series. The solution will therefore be, a})])roxi“ 
mately, ^ ^ (w- + t {.‘53) 

or, if wo take Z as tlie weighted mean of the values of z and tanli Z — R, 




Z- 


In ^^{l{n-2)y 


(34) 


The accuracy is similar to that of (18). The bias shown by the second 
term will in this case persist, and must be taken into account if many 
series are combined, since it will remain of the same order of magnitude 
while the standard error diminislies. This point is noticed by Fisher. 
The 2 in the numei’atf)!’ comes from the fact that if P{dp | //) oc dp, 
I oc sech“^f^^. It therefore only appears once and its effect 
diminishes indefinitely as series are combined, but the extra I in (26) 
comes from the likelihood and is repeated in (34) by every series. 

If (7 and r in the correlation law arc originally known, (4) will be 
replaced by 






2prst 


dp. (35) 


Thus r is no longer a sufKciont st atistic for p; .s- and I are also relevant. 
The maximum posterior density is given by 


P +P r. + -i 

ar \a t" 


rd 


t». 


(36) 


If r is positive, this is negative for p — 0, and equal to 

/2 S'/, 

_j _ 

cr*' GT 


(37) 


for p -f 1 • and this is positive. For p r it is equal to 

.v/ 




+ C+r=') 1 


(38) 


which vanishes if 6‘ cr, t ™ r. Thus if .s‘ and / reach their expectations, 
r remains the best estimate of p. But (38) is negative if sja and tjr are 
very small, positive if they are large, and in the former case the best 
estimate of p will be larger, in the latter smaller than r. The reason is 
that if the scatters are unusually large it is evidence that too many 
large deviations have occurred ; if there is a positive correlation at all and 
this is found in both variables, the most likely way for this to happen 
would be by way of an excess of deviations where tr and y have the 
same sign, and the correlation in the sample would tend to be more 
than p. 



ESTIMATION PROBLEMS 


Chap. Ill 


].*>R 

It is iiiuisual in practice, however, for a and t to be well enough known 
for such supplementary information about p to be of much use. 


3.9. Invariance theory. If we have two laws according to which the 
chances of a variable x being less than a given value are P and P', 
any of the quantities 

4 = 1 \idpyi»'-(dpyi'-\'‘\ J = J d{P'~P} (1) 


has remarkable properties. They are supposed defined in the Stieltjes 
manner, by taking 8P, 8P' for the same interval of x, forming the 
approximating sums, and then making the intervals of x tend to zero, 
and therefore may exist even if P and P' are discontinuous. They are 
all invariant for all non -singular transformations of x and of the para- 
meters in the laws; and they are all positive definite. They can be 
extended immediately to joint distributions for several variables. They 
can therefore be regarded as providing measures of the discrepancy 
between two laws of chance. They are greatest if 8P vanishes in all 
intervals where 8P' varies and conversely; then /„, = 2 , J = CO. They 
take these extreme values also if P varies continuously with x, and P' 
varies only at isolated values of x. The quantities I2 and J are specially 
interesting. Put ™ 8P^, pj. ~ 8P' for the interval 8a:r^. Let 
depend on a set of parameters a,- (i — 1 to m); and let be the result 
of changing to Act,; where Act, is small. Then, if pj, is differentiable 

with respect to a,-, we have to the second order, using the summation 
convention wdth respect to /, k. 



where 

Also 


-- 

(j-j, lim ^ - 


(^) 

( 4 ) 

( 5 ) 


to the same accuracy. Thus J and 4/3 have the form of the square of 
an element of distance in curvilinear coordinates. If we transform to 
any other set of parameters aj, J and 4/3 are unaltered, and 


J -■= g'jiAoLjAaj,, 

doL^ dotf,, 


9jl 9ik 


doLj daci 


(6) 


where 


( 7 ) 
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Then 

11^;, II - Ii9'.-;.ll S !^ • 

docj t \c)(xi 

(H) 

But in 

the transformation of a multiple integral 



\\C(Xj 

(9) 



(10) 


\\\9a\\l ' 

Hence 


(H) 


This expression is therefore invariant for all non-singular transforma- 
tions of the parameters. It is not known w hether any analogous forms 
can be derived from \{ m ^ 2\ but the form of 7,,^ is then usually 
much more complicated. 

In consequence of this result, if w^e took tlie prior probability density 
for the parameters to be proportional to it could be stated for 

any law that is differentiable with respect to all parameters in it, and 
would have the property that the total probability in any region of 
the would be equal to the total probability in the corresponding 
region of the a'; in other words, it satisfies the rule that equivalent 
propositions have the same probability. Consequently any arbitrariness 
in the choice of the parameters could make no difference to the results, 
and it is proved that for this wide class of laws a consistent theory of 
probability can be constructed. Hence our initial requirement 2 (p. 8) 
can be satisfied for this class; it remains to be seen whether the desirable, 
but less precise or fundamental requirement 7 (p. 10) is also satisfied. 

For the normal law of error 
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= r -i 






1 

a 


X 


( (x~Xf\ 1 ( (x-Xf 

CD — -jL\ exDl — 




■ .) 2 
a [ JCT- 


-- 2sinh-^+cosh ^ 
'I’o tlie second order 


(A'-A)2 


47, J 




(lx 


(IT)) 

(16) 


Three cases arise. If a is fixed, the coefficient of {dX)- is constant, 
giving a uniform prior probability distribution fbr A over the range 
permitted, in accordance with the rule for a location parameter. If A 
is fixed, \\g^f^.\\^i-d(7 cc daja, again in accordance with the rule that we 
have adopted. This rule, of course, has itself been cliosen largely for 
reasons of invariance under transformation of a. But if A and a are 
both varied, \\gjj^]\^^-dXdaozdXd(jja^ instead of dXduja. If the same 
method was a})plied to a joint distribution for several variables about 
independent true values, an extra factor l /a would appear for each. 
The index in the corresponding f distribution would always be |(72,+ 1), 
however many true values were estimated. This is unacceptable. In 
the usual situation in an estimation problem A and a are each capable 
of any value over a considerable range, and neither gives any appreciable 
information about me other. Then if we are given —M < A < il/, 
cTj < a < (72, we should take 


P{dX I H) = dXj2M, P{do \H) ~ c?a/alog(a2/cr|), 

P(,dXda I H) = P{dX I H)P(dcr I H) = . (17) 

2ifa log(a2/cri) 

The departure from the general rule is thus explicable as due to the 
use of a previous judgement of irrelevance. 

There is no trouble for a alone or A alone; it arises when they are 
considered both at once. Now take a law such as that of partial 
correlation 

P{dxi...dx„ I dik, ai,H) = A exp(- J W) JJ dx^, 
where W = 

and the x^ are a set of observables. Here for each there is a corre- 
sponding scale parameter and the oiff^ are numerical coefficients. It is 
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clear from considerations of similarity that J, to the second order, is a 
quadratic in {daja^), and that | | will be of the form JJ where 

i 

B is a numerical factor depending on the Hence the rule leads to 

P{dai \H)cc'Yl(do, ■/(!,■) XI > (18) 

i 

wliich is what we should expect. There is no difficulty in the introduc- 
tion of any number of scale parameters. 

We can then deal with location parameters, on the hypothesis that 
the scale and numerical parameters are irrelevant to them, by simply 
taking their prior probability uniform. If A and cr are location and scale 
parameters in general, and the numerical parameters are a,-, we can take 


P(dXda doLf I H) oc dAj | p -da JJ doc^, (19) 

where is found by varying only a and the a,-, and is equal to 

1/a times a function of the oc^. This is invariant for transformations of 

A' A+a/(o.,), (20) 


the form 


which is the only form of transformation of A that we should wish to 
make. 

If a is already uniquely defined, a satisfactory rule would be 


PidXda n 1 ^ l'/'^ n (21) 

a 


where g^f. is now found by varying only the a,-, keeping A, a constant. 

Again, take a Pearson Type I law A(x~~c^y^^^(c 2 ~xy''^dx. For any 
non-zero change of or J is infinite, L is not of the second order 
in Ac^, Acg unless iriy, 7^ I- If we evaluate the coefficients in the 
differential form by integration, e.g. 

t'l 

This diverges unless > 1. Thus the general rule fails if the law is 
not differentiable at a terminus. But the case where either of m^y m 2 < 1 
is precisely tlie case where a terminus can be estimated from n observa- 
tions with an uncertainty and it is then advantageous to take 

that terminus as a parameter explicitly; the occasion for transformation 
of it no longer exists. If one of m^, < 1 it is natural to take Cj or Cg 

respectively as location parameter; if both are ^ 1, it is equally natural 
to take |(Ci-f Cg) as location parameter and ^(Cg—c^) as scale parameter. 
In either case we need only evaluate the differential form for changes of 
the other parameters and find a prior probability for them independent 
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of c^, Cg, or both, as the case may be. It is interesting to find that an 
apparent failure of the general rule corresponds to a well-known excep- 
tional case in an estimation problem and that the properties of this case 
themselves suggest the appropriate modification of the procedure. 

For the comparison of two chances a, a' we have 


(Va'-~Va)2-f {^(1 — 

- 2-2V(aa')-2V(l-a)V(l-ct'). (23) 

This takes a simple form if we put a = sin^a, a = sin^a'; 

/g ™ 4sin2|(a'— a) 4= (a'— a)^. (24) 

The exact form of J is more complicated : 

j = (c.'-<x)iog4^-L:^. (25) 

a(l — OL ) 

Then the rule (11) gives 


P{doc I H) 


-da 


1 


d(x 


( 20 ) 


TT 4{<x{\ — at))' 

This is an interesting form, because wc have already had hints that 
both the usual rule doc and Haldane’s rule 


P(doc\H)oc~^^~~ 

Qc(l — a) 

are rather unsatisfactory, and that something intermediate would be 
better. 

For a set of chances (r — l,...,m, ^ i) we find 
h = 2-2 2 VW«,+Acv)} == ^ 2 ^ 

( m— 1 X 2 

Then . 

(28) 

II 

( 29 ) 

AV-r) 

The rule so found is an appreciable modification of the rule for 
multiple sampling given in 3.23, and is the natural extension of (26). 

If f/fg are two sets of exhaustive and exclusive alternatives, (f>^ being 
irrelevant to 0^, with chances (r = 1 to m, ~ 1 to n) the chance 
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of is If we vary both and and consider and J for the 
changes of w e get 

= 2-2 22vKft«;^,) 

= 2-2(1 (30) 

Ps 

= 2 (^r— “r)log — + 2 

P« 

= (31) 

suffixes a, j8 indicating the values if jS^ are varied separately. Hence 
for probabilities expressible as products of chances log(l-~J/ 2 ) and J 
have an exact additive property. The estimation rule tlien gives 

\ H) — P{doL^,.,d(x^_^ | | //), 

which is satisfactory. 

Now consider a set of quantitative law^s (f>j. with chances olj.. If is 


true, the chance of a variable x being in a range dx is (x^^)dx, 
P(<f>rdx I oc^. a„.. H) = ocj^ix, (33) 

For variations of both the and the 

h ~ 2 V{^r(^r+‘^^r)} J \/{/r(/r + ^/r)} 

2— 2 VW“r + AQ(^)}(2--4^) 

4,a+ Z VW^r+Aa(y)}/2,. (34) 

and, to the second order, 

h “ ^2.a+ 2 ^rh,r' 


is the discrepancy between/^ wuth parameters (x„ and with para- 
meters If we form | |<7iA'| for variations of all and all 

the rule will then give the same factor depending on the as for 
estimation of when <f>^ is taken as certain. But for every oc^g a factor 
will enter into and wdll persist on integration with regard 

to the (Xy,g, Hence the use of the rule for all oLj. and all oc^g simultaneously 
w ould lead to a change of the prior probability of (x^ for every parameter 
contained in /^. This would not be inconsistent, but as for scale para- 
meters it is not the usual practical case, is ordinarily determined 
only by the conditions of sampling and has nothing to do with the 
complexity of the/^. To express this, we need a modification analogous 
to that used for location parameters; the chance a^, like a location 
parameter, must be put in a privileged position, and we have to con- 
sider what type of invariance can hold for it. 
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The general form (11) gives invariance for the most general non- 
singular transformations of the parametei's. In this problem it would 
permit the use of a set of parameters that might be any independent 
functions of both the <x.j, and the In sampling for discrete alterna- 
tives it is not obvious that there is any need to consider transformations 
of the chances at all. 

If we take 

yj doL^ W nr 

pdi n I ») a n I f n 

where jlf/yA-llr based on comparison of /^ with we shall still 

have invariance for all transformations of the among themselves and 
of the cxj.g among themselves, and this is adequate. If we do not require 
to consider transformations of the w^e do not need the factor ( JJ 
If some of the are location and scale parameters, we can use the 
modification (19). (36) can then be regarded as the appropriate exten- 
sion of (32), which represents the case where independent of r. 

For the Poisson law 

^rn 

P(m \rH) . (37) 

m! 

we find 

leading to P(dr \Ii) oc drj\'r. (39) 

This conflicts with the rule drjr used in 3.3, which was quite satis- 
factory. The Poisson parameter, however, is in rather a special position 
It is usually the product of a scale factor with an arbitrary sample size, 
which is not chosen until we already have some information about the 
probable range of values of the scale parameter. It does, however, 
point a warning for all designed experiments. The whole point of general 
rules for the prior probability is to give a starting-point, which we take 
to represent previous ignorance. They will not be correct if previous 
knowledge is being used, whether it is explicitly stated or not. In the 
case of the Poisson law the sample size is chosen so that r will be a moder- 
ate number, usually 1 to 10; we should not take it so that the chance of 
the event happening at all is very small. The drjr rule, in fact, may 
express complete ignorance of the scale parameter; but dr/Vr may 
express just enough information to suggest that the experiment is 
worth making. Even if we used (39), the posterior probability density 
after one observation would be integrable over all r. 


4 — 2 — 2 expf — I ( vr ' — \r )^] , ) 
J = {r'-r)\o^(r'lr). / 
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For normal correlation we get 

*>//•> I I fty / III !<} 

j ^ (770r “H-T-zT “ — Zpp UrjO T O ^ 

- 2(1-^, + -■ 

/o ~ 2 — 4(aa'TT')’^“(l — — p'^Y^^X 


/ 2 I fo ! -y c) till 

jG^-f-T '‘jT‘‘ — 2pp a T jGT 


, m 


X — p^)-{-G“T'“-\~G'‘-r^ — 2 pp'gg'tt']~^^-. (41 ) 

If we put 

a' = r' ^ re^*', p =- tanh p' “ tanh^*' (42) 

and change the parameters to u-^v, v~~r, we get, to the second order 
in y, r, 'C — i. 

J (H-tanh20(^'~-02„ 

— *4 tanh — ^){u+v)-^4r{u-\-t^y‘^-\r^{u — vy^cos\\%, (43) 

\l9ik\\ 04cosh2C, (44) 


P(daMp\H)cc^-^y^P 

GT (l — p)‘~ 


(45) 


The modifications of the analysis of 3.8, when this rule is adopted, 
are straightforward. The div^ergence at p ±1 is a new feature, and 
persists if there is one observation, when r is :tl. If tliere are two 
observations and r the posterior probability density for p has a 

convergent integral, so that the rule gives intelligible answers when the 
data have anything useful to say. 

In problems concerned with correlations the results will depend 
somewhat on the choice of parameters in defining J . From (43) we can 
write J for small variations as 


J (r-0M-^cosh2C(^.~'4^+{2(a+r)-tanh^(r-~^ (46) 


Now G and r can be regarded as parameters defined irrespectively 
of p\ for whatever p may be, the probability distributions of x and y 
separately are normal with standard errors a, r. Thus we may analyse 
the estimation of a correlation into three parts; what is the probability 
distribution of x’? what is that of y*i and given those of x and y sepa- 
rately, does the variation of depend on that of .r, and conversely? 
In this analysis we are restricted to a particular order of testing and 
in giving the prior probability of ^ w^e should evaluate J with g and r 
fixed. In this case (40) becomes 


J ^ i^+P P)ip-~pf 


(47) 


P{dp i gtH) oc 




and 


(48) 
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From the interpretation of a correlation coefficient in terms of a 
chance (2.5) we should have expected 


This is integrable as it stands and would be free from objection in any 
case where the model considered in 2.3 is known to be representative 
of the physics of the problem. 

The different rules for p correspond to rather different requirements. 
(45) contemplates transformations of p, a, t together, (48) transforma- 
tions only of p, keeping a, t fixed. (49) does not contemplate trans- 
formations at all, but appeals to a model. But the rule for this model 
itself is derived by considering transformations of a simple chance, and 
the need for this is not obvious. We really cannot say that any of these 
rules is better than the uniform distribution adopted in 3.8. 

These rules do not cover the sampling of a finite population. The 
possible numbers of one type are then all integeis and differentiation 
is impossible. This difficulty does not appear insuperable. Suppose 
that the population is of number n and contains r members with the 
property. Treat this as a sample of n derived from a chance a. Then 


P{doL 1 nH) - 
P(r I n, olU) 
P{rdcx ! nil) = 
P{r\nH) - 


d(x 


TT^{QL(\~(x)y 
n\ 

r\ (n~r)\ 

71 ! 


nr! (n—r)l 

(r-|)!(n-r--^)! 
nr! {7i~r)l 


(x^-y‘2(^l-ocyi-r~y^dci, 


(50) 


This is finite both for r = 0 and r ~ n. 

To sum up the results found so far: 

1. A widely applicable rule is available for assessing the prior proba- 
bility in estimation problems and will satisfy the requirement of con- 
sistency whenever it can be applied, in the sense that it is applicable 
under any non-singular transformation of the parameters, and will lead 
to equivalent results. At least this proves the possibility of a consistent 
theory of induction, covering a large part of the subject. 

2. There are many cases where the rule, though consistent, leads to 
results that appear to differ too far from current practice, but it is still 
possible to use modified forms of the rule which actually have a wider 
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applicability. These cases are associated with conditions where there 
is reason to take the prior probabilities of some of the paranreters as 
independent of one another. 

3. The rule is not applicable to laws that are not differentiable with 
regard to all parameters in them; but in this case a modification of the 
rule is often satisfactory. 

4. In some cases where the parameters themselves can take only 
discrete values, an extension of the rule is possible. 

Further investigation is desirable; there may be some other method 
that would preserve or even extend the generality of the one just 
discussed, while dealing with some of the awkward cases more directly. 
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APPROXIMATE METHODS AND SIMJ^LIFICATIONS 


‘Troll, to thysi'lf bo truo -(*ii<iugh.’ 


Ibsen, l^ccr (hjni. 


4.0. Maximum likelihood. If h law containing parameters a, y,... 
and a set of observations 6 lead to the likelihood function L(o;, /3, 
and if the prior probability is 


P{dix(lpdy,,. I //) oc /({\, j8, y,...) docdfidy..., (1) 

then P(di\d^dy... \ 0JJ)cc f((\,p,y,.,.)L(c(,p,y....) d(\dpdy.,. . (2) 

There will in general be a set of values of «, y,..., say u, />, r,... that make 
L a maximum. These may be called the ‘maximum likelihood solution’. 
Then if we put ^ and so on, we can usually expand log/ and 

log L ill powers of /S', y',... . Now the maximum posterior yirobability 
density is given by I r-L 1 c f 


Jj f ’a ^ / tx 


0 


(3) 


with similar equations. The prior probability function / is inde{)endent 
of n, the number of observations; log Jj in general increases like n. 
Hence if /S', y',...) satisfy (3), they will be of order Mn. 

Also, if w e neglect terms of order above the second in log Jj and log/, 
the second derivatives of log L/ v/ill contain terms ol' order n from log Z>, 
while those from log/ do not increase. Hence for (v', /S', y',... small, the 
quadratic terms will be 


wdiere </»2 is a positive quadratic form independent of 7i. Hence the 
posterior probability is concentrated in ranges of order and this 
indicates the uncertainty of any possible estimates of a, y,... . But 
the differences between the values that make the likelihood and the 
posterior density maxima are only of order I/71. Hence if the number of 
observations is large, the error committed by taking the maximum 
likelihood solution as the estimate is less than the uncertainty inevitable 
in any case. Further, the terms in log// that come from L are of 
order n times those from /, and hence if we simply take the posterior 
density proportional to L we shall get the right uncertainties within 
factors of order Ijn. Thus the errors introduced by treating the prior 
probability as uniform will be of no practical importance if the number 
of obseiwations is large. 

The method of maximum likelihood has been vigorously advocated 
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by Fisher; the above argument shows that in the great bulk of cases 
its results are indistinguishable from those given by the principle of 
inverse probability, which supplies a justification of it. An accurate 
statement of the prior probability is lujt necessary in a pun', problem of 
estimation when the number of observations is large. What the result 
amounts to is that unless we previously know so much about the 
parameters that the observations can tell us little more, we may as 
well use the prior y^robability distribution that expresses ignorance of 
their values; and in cases where this distribution is not yet known there 
is no harm in taking a uniform distribution for any parameter that 
cannot be infinite. The difTerenee made by any ordinary change of 
tlie prior probability is comparable with the effect of one extra obser- 
vation. 

Even where the uncertainty is of order 1/7^ instead of 1//^’ - this may 
still be true. Thus for the rectangular distribution we had L oc a-'b 
wdiile Lf oc The differences between the ranges for a giv^en 

probability that the quantity lies within them, obtained by using L 
instead of Lf, will be of order Ihi of the ranges themselves. 

4.01. Relation of maximum likelihood to invariance theory. 
Another important consequence of (1) and (3) is as follows. In 4.0(2) 
MO have, taking the case of three unknowns, 

P(e 1 a^ylJ) oc L, 

where L dej)ends on the observations and on p, y. a, b, c are the values 
of a, /8, y that make L a maximum, the observations being kept the 
same. Then for given a, /3, y can find by integration a probability 
that a, b, c lie in given intervals da, dh, dc. This does not assume that 
a, 6, c are sufficient statistics. Then when 7\ is large L is nearly propor- 
tional to exp{— IT 

and all parameters given by maximum likelihood tend to become 
sufficient statistics. Further, the constant factor is {nj2TTy>-^ WOtk ! 
and it is of trivial importance whether gif. is evaluated for the actual 
values ai or for a,- == Hence if we use for the prior proba- 
bility density, the probability distribution of is nearly the same 

when n is large, whether it is taken on data or this is irrespective 
of the actual value of 

Mr. r. H. Diananda has suggested, on this account, that we could 
state an invariance rule for the prior probability in estimation problems 
as followcs. Take, for n large, 

P(oii <ai< 0Li-\-d(Xi i cxiH) — fioii) n da,, 
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where i covers all parameters in the law; then if we take 

P(da,\H)ccf(a,)lldo^i> 

we have a rule equivalent to the | where the latter is applic- 

able. It also works for the rectangular distribution. A similar rule was 
given independently by Mr. Wilfred Perks, who, however, considered 
only one parameter, f 

Again, in the argument of 3.9 we considered only the values of tlie 
invariants for one observation, except that we showed that for sets of 
observations derived independently from the laws J and log(l — l/g) 
have an additive property. This argument is no longer applicable if the 
observations are not derived independently; this happens in ju'oblems 
w'here the law predicts something about the order of occurrence as w ell 
as about their actual values. But it now' appears that we can con- 
sistently extend the rule to cover such cases. If tw o laws give 


P{e\oc,H) - P{e\a\H) ^ L{e,oc[). 


we can take 


\og{\-\k) - -lim- y log[l-ULHO,c.',)~L'He,a,}n 

n~*<cn ^ 


summations being over the possible values of 0. Both reduce correctly 
when the observations are derived independently. 


4.1. An approximation to maximum likelihood. In all the problems 
considered in the last chapter sets of sufficient statistics exist. This is 
far from being a general rule. It fails indeed for such a simple form as 
the Cauchy law 

P(dx I (X^(J,H) = <7 dxj\7T{G‘^-\-{x — C\)^}]. 

If we have n observations the likelihood is not capable of being 
expressed in terms of the unknowns cr, a and any two functions of the 
observed values of the :r’s. For most of the Pearson laws there are no 
sufficient statistics. The method of maximum likelihood is applicable 
to such cases, but is liable to be very laborious, since \ogL must be 
worked out numerically for at least three trial values of each parameter 
so that its second derivatives can be found. The result has been, to a 
very large extent, that where sufficient statistics do not exist for the 
actual law, it is replaced by one for which they do exist, and information 
is sacrificed for the sake of ease of manipulation. There is a definite need, 
t J. Inst, Actuaries, 1947, 1-28. 



APPROXIMATE METHODS AND SIMPLIFICATIONS 


171 


§ 4.1 


therefore, for a convenient approximate method that will not lose much 
of the accuracy given by maximum likelihood but will be reasonably 
expeditious. 

In practice, with almost every method, observations are grouped by 
ranges of the argument before treatment. Thus effectively the data 
are not the individual observations but the numbers in assigned groups. 
Suppose then that the number in a group is n^, and the total niimber N. 
According to the law to be found the expectation in the group is and 

- ( 1 ) 
mJN is the chance, according to the law, that an observation will fall 
in the rth group, and is a calculable function of the parameters in the 
law. Then the joint chance of observations in the first group, /I 2 
the second, and so on, is 




Nl 


The are the only unknown quantities in this expression, and only 
the last factor involves their variations. Now put 

(3) 

where < n^, and where 

la, = 0. (4) 

Then , ^ 

logL == constant-}- ^ w,. log/ 1 + - — j 


constant-}- \ 

constant— > — ^ 
constant—^ ^ 


-V.) 


(f>) 

since the first order terms cancel by (4). Hence, apart from an irrelevant 
constant, we have 


x'- differs from Pearson’s only in having in the denominator 
instead of The diff erence will be of order (m,.— which is of 
the order of the cubic terms neglected in both approximations. But 
this form has the advantage that the are known, while the m,. are 
not. We can write the observed frequencies as equations of condition 

( 7 ) 
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and then solve for the parameters in by the method of least squares, 
with known weights. Pearson's form is equivalent to this accuracy — it 
is itself an approximation to — !21ogL, apart from a constant — but 
would require successive approximation in actual use on account of the 
apparent need to revise the at each approximation. It does not 
appear that minimum y- has actually been much used in practice, 
possibly for this reason. There are some references in the literature to 
the fitting of frequencies by ‘least squares’, but the weights to be used 
are not stated and it is not clear that minimum is meant. The errors 
due to treating all values of 7 /,. as having the same accuracy would be 
serious. The present form w'as given by Dr. J. Neyrnant and redis- 
covered by myself, J Neyrnan’s y)aper having apj)arently attracted little 
attention in this country. The great difficulty in calculating logL 
completely is that it usually recjuiros the retention of a large number 
of figures; in actual cases logn, L may be —200 to —GOO, and to find the 
standard errors to two figures requires that the second decimal should 
be correct. But in tliis method most of log is absorbed into the 
irrelevant additive constant, and we ha' e only to calculate the changes 
of the 77},,, given lor a set of given small clianges of the parameters. 

The method fails if any of the n,. are zero, and is questionable if any 
of them are 1 . For unit groups there appears to be no harm in writing 

- 1±1 (fi) 

because if a parameter depends on a single unit groii]) it will be 
uncertain by its full amount in any case; while if it depends on p unit 
groups the equations derived by using (8) for each can be summarized by 

P±^lh (9) 

which is right. But special attention is needed for empty groups. 

Referring to (2) we see that if n,. 0, {inJNY'' 1 for all values of in,,. 

If M is the sum of the values oim,, over the empty groups, we can still 
make the substitution (3), but we shall now have 

2 A'X (10) 

log L constant — ^ V — 1/, (11) 

2 ^ n,. 

where the summations are now over the occupied groups. Hence if 
there are empty groups we can take 

^ n,. 


t Bull. Inst. Intern, de Btatistlque, Warsaw, i)p. 44-SC (1929). 
J Proc. Camb. Phil. Soc. 34, 1938, 156-7. 


(12) 
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the summation being over the occupied groups, and M being the total 
expectation according to the law in the empty groups. The term ~M in 
log L corresponds to the probability for a zero result according to the 
Poisson law. This form does not lend itself to immediate solution by least 
squares. In practice, with laws that give a straggling tail of scattered 
observations with some empty groups, it is enough to group them so 
that there are no empty groups, for a terminal group being calculated 
for a range extending to infinity. Then (7) can always be used.f 

4.2. Least square equations : successive approximation. It often 
happens that a large number of the coefficients in the normal equations 
are small or zero. In the extreme case, where all coefficients not in the 
leading diagonal vanish, the equations are said to be orthogonal. In 
the other extreme, where ilie determinant of the coefficients vanishes, 
the solution is indeterminate, at least one unknown being capable of 
being assigned arbitrarily. In all intermediate cases the determinant is 
less than the product of the diagonal elements; if it is much less, the 
solution may be called badly determined. The solution can, in theory, 
always be completed on t he lines of 3.5, but it often happens that there 
are, effectively, so many unknowns that it is desirable to do the work 
piecemeal. Two met hods of successive approximation are often suitable. 

Consider the Ibrm 

2 ir .rf -f 2/q 2 + h2 ^1 + ... — 2d^x^ — 2d^x^ — ( 1 ) 

and the normal equations 

^1’ (2) 

We can proceed by the following method, due to von Seidel. In (2) 
neglect all terms in and take, therefore, Now if all 

the :r\s are 0, 2 If — e. If we take aq ™ and all the others 0, 

2]V + (4) 

^11 ^11 

so that this substitution alw ays reduces W , Now make this substitution 
in (3) and neglect x^,x ^,... . Then we have the approximation 

^>^ 22^2 ~ ^2 ^ 12 ^ (^) 
and W is reduced by a further amount 



t For numerical illuntrations see Ann. Eugen. 11, 1941, 108-14. 
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So we may proceed, substituting in each equation the approximations 
already found. On reaching the end we begin again at the first equation, 
using the first approximations for 0*2 to .r„. Since W is diminished each 
time the process must converge, and often does so very rapidly. An 
analogous method has been given recently by R. V. Southwell and 
A. N. Black under the name of the progressive relaxation of constraints, 
from an analogy with problems of elasticity. f 

The following method is sometimes quicker but does not necessarily 
converge. Begin by transferring all terms of the normal equations to 
the right side, except the diagonal terms, thus: 

^ 11-^1 ~ — (^) 
^22^2 “ ^2 ^12^1 •••? (^) 

The first approximations are ~ ~ 

Substitute on the right to obtain a second approximation, and ])roceed. 
Failure of the method will be indicated by failure of the approximat ions 
to tend to a limit. In both methods it is a saving of trouble to make 
a preliminary table of all the ratios bi 2 /hn^ ^^i 2 /^^ 22 ’ • be able to 

give at once the correction to any unknown due to a change in any 
other. 

Evidently the rate of convergence in both cases will depend on the 
latter set of ratios. As an example consider a set of equations 

= \-~kx2~kx2, ' 

X2 kx-^ kx^i ’ 

0*3 = ~kxi~kx2. , 

The second method gives ( 1 , 0, 0) as the first approximation, ( 1 , — I*, -~k) 
as the second, as the third, and so on. The 

second approximation always decreases W, the third decreases it if 
— 0-39 < k < 0*64 but otherwise increases it. 

SeideEs method, applied to the same set of equations, gives in turn 

0 :^— 1 , X 2 = —k, Xq ~ —k-\-k^j 
aq - 1 + 2 P-^F, 3*2 = -k+k--k^+k\ 

The correct solution, to order k^^ is 

— 1 -f . 2 P, Xg — 3:3 = -~k~{-k^--3k^, ( 10 ) 

The chief usefulness of these methods is in the estimation of many 

t Proc. Roy. Soc. A, 164, 1938, 447-67; Relaxation Methods in Engineering Science, 
1940; Relaxation Methods in Theoretical Physics, 1946. 
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unknowns when some of them occur in only a small fraction of the 
equations of condition. The method of Southwell and Black has been 
applied, for instance, by the Ordnance Survey to problems where the 
work is laid out in many stages.! Each point gives rise to equations of 
condition connecting its position with those of the points observed 
from it and those it is observed from. Any displacement of its adopted 
position appears in no equation of condition for a point two stages away, 
or more, and most of the coefficients in the normal equations are there- 
fore zero. Hence the points can be adjusted in turn, beginning with 
those observed from the base-line. A modification of the second method 
was used by Bullen and me in the construction of the times of the P 
wave in seismology. J Here for each earthquake used there were three 
special parameters, namely, the latitude and longitude of the epicentre 
and the time of occurrence. The other parameters to be found were a 
set of corrections to the trial table at such intervals that interpolation 
would be possible. What was done was to use the trial tables to deter- 
mine the elements of each earthquake as if the tables were right. The 
residuals were then classified by distance to give corrections to the 
tables. The process was then repeated with the corrected tables as a 
standard. No change was needed after the third approximation. One 
advantage of these methods is that they are iterative and therefore 
self-checking; another is that they break up the work into parts and 
avoid the need to form and solve what would in this case have been 
normal equations for about 150 unknowns. The difference from the 
simple statements of the rules given above is that two or three un- 
knowns are adjusted at once instead of only one. 

An estimate of uncertainty can be obtained as follows. Remembering 
that the standard error of is and that is the value 

found for on putting 1 on the right of the normal equation for x^ and 0 
in all the others, we need only make this substitution, solve by iteration 
for each parameter in turn, and the standard errors follow at once. 

4.21. Combination of estimates with different estimated un- 
certainties. We have seen that when a set of observations is derived 
from the normal law% but the standard error is estimated from the 
residuals, its uncertainty makes the posterior probability of the true 
value follow the t rule instead of the normal law. The effect is fully 
taken into account in the standard tables for the t rule. But it often 
happens that several series of observations yield independent estimates 
of the same true value, the standard errors of one observation being 

t The Observatory f 62, 1939, 43. J Bur. Centr. Seism. » Trav. Sci.^ Ease. 11, 1936. 
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different in the different series, (’an we still summarize the information 
in any useful compact form '! The exact soluf-ion is straightforward; it is 


P{dx I eH) oc 


n( 


j (iT 

V 

* r 


f -V.(zv i-1) 


dx, 


( 1 ) 


where Jv, and are the mean, number of degrees of freedom, and 
standard error of the mean of the rth set. This can be calculated exactly 
for any set of estimates, but it is unlikely that the calculation would 
often be undertaken. Clearl}^ it is in general not reducible to a t rule. 

It would be useful if we could reduce (1) approximate!}^ to a I rule. 
We are mostly concerned with errors not more than a few times the 
standard error of our estimate. Consequently it is better to try to fit 
a t rule for small errors than for large ones. We can proceed by equating 
first, second, and fourth derivatives of the logarithms at the value of x 
that makes the density in (i) a maximum. It is obviously useless to 
equate third derivatives, because the / rule is alwa} s symmetrical and 
(1) need not be exactly so. We try therefore to choose x, r, v so that 


has zero first, second, and fourth derivatives at a: “ x. The conditions 
are , , . . 

-^ 2 - - ( 3 ) 

u^{x) ' ' 


where 


>'+ 1 _ V *'<•+ ^ f “ 

1 1 

(4) 


u,{x}l ’ 

V+ 1 Vr-\- 1 1 1 

8 8 1 

(5) 


«?(.«=) ' u}(x)r 

uAx)- l + 


(6) 


These can be solved by successive approximation without much diffi- 
culty. It may be noticed that for a single t rule the expectation of 
llUr{x)mvJ(vr-{-\) and that of the right side of (4) is ^ (j^r+l)/(>'r+3)c?. 
Hence in a first approximation we can weight the x^. in accordance with 
their unmodified standard errors, but will be systematically less than 
2 The approximation therefore corrects the underestimate of the 
second moment made by using the normal law instead of the t law for 
the separate series. Tlie solution allows series even with = 1 to be 
taken into account (cf. 3.4(13)). v can be called the effective number 
of degrees of freedom. 
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In some cases (1) may have more than one maximum. Attempts to 
combine the estimates are then undesirable. 

4.3. The use of expectations. When a law of chance is such that 
sufficient statistics do not exist, it is often possible to proceed by con- 
sidering some function or functions of the observations. Given the 
parameters in the law, tlie expectations of these functions may be 
calculable in terms of the parameters. But the observations themselves 
yield the actual values of the functions for tiiat set of observations. If 
the number of functions is also the number of parameters in the law, 
estimates of the parameters can be got by equating the theoretical and 
observed values. If the functions chosen are sucli that their expecta- 
tions are actually equal to the parameters they are called unbiased 
statistics by E. S. Pearson and J. Noynian. 

Tliere are apparently an infinite number of unbiased statistics 
associated with any law. For we might choose any function of the 
observations, w ork out its expectation in terms of the law', and trans- 
form the law so as to introduce that expectation as a parameter in 
place of one of the original ones. A choice must therefore be made. 

If a, y arc parameters in a law, we can choose functions of a set of 
n possible observations g(x^,...,XfJ, h{x^,,.,,x^^) and work 

out their expectations F, G, //, so that these w ill be functions of a, p, y 
and w ill yield three equations for them wdien applied to an actual set of 
observations. Actually, however, the observed values will differ some- 
what from the expectations corresponding to the correct values of the 
parameters. The estimates of a, p, y obtained will therefore be a, 6, c, 
which wdll differ a little from a, y. The choice is then made so that 
all of E(a — ay, E(c~y)- will be as small as possible. 

It should be noticed that an expectation on a law' is not necessarily 
found best by evaluation of the corresponding function of the observa- 
tions. Suppose, for instance, that we have a set of observations derived 
from the normal law' about 0 and that for some reason we want the 
expectation of x^. This could be estimated as ^ x^jn from the actual 
observations. Its theoretical value is 3a*. But 



E 2 E(l x*)E{Y X*)^^a^ 

3595.58 ^ 



178 APPROXIMATE METHODS AND SIMPLIFICATIONS Chap. IV 


S' meaning the sum over all values except the one taken to be x in S 
(all pairs occurring twice in the double summation); and this is 

_ IH ^^8 

n n n ' 

On the other hand, we find 



whence = — + o( i). 

n \n'‘l 

Thus three times the square of the mean square deviation is systematic- 
ally nearer the fourth moment of the law than the mean of the fourth 
powers of the deviations is. We should be entitled to call ^ an 
unbiased statistic for the fourth moment of the law; but it is not the 
statistic that, given the parameters in the law, would be systematically 
nearest to the true value. In this case ^ x^/n is a sufficient statistic, 
and we have an instance of the rule that we sliall get the best estimates 
of any function of the parameters in the law by using the sufficient 
statistics, where these exist. 

It may be asked why, seeing that the calculations are done on the 
hypothesis that a is known, we should be interested in the probable 
consequences of taking either or x^ to derive an estimate of a, seeing 
that both estimates will be in error to some extent. In this case the 
interest is not great. The practical problem is usually to estimate a 
from the observations, taking the observations as known and a as 
initially unknown, and the set of observations is unique. Then we know 
from the principle of inverse probability that the whole information 
about a is summed up in x^ and we need consider no other function 
of the observations; if we have x^ no other function will tell us anything 
more about or, if the normal law is true; if we have not x^, but have 
some other function of the scatter of the observations, there must be 
some loss of accuracy in estimating a, since is uniquely determined 
by the observations but will not be uniquely determined by this other 
function. Nevertheless occasions do arise where it is convenient to use, 
to provide an estimate, some function of the observations that is not 
a sufficient statistic. If sufficient statistics do not exist, the posterior 
probability distribution for a parameter may be unobtainable without 
a numerical integration with regard to the others, and this is often too 
formidable an undertaking. Then it is worth while to consider some 
set of statistics that can be conveniently found from the observations. 
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This involves some sacrifice of information and of accuracy, but we 
shall still want to know what precision can be claimed for the estimates 
obtained. This will involve finding the probability distribution for the 
statistics used, given the parameters in the law; and then the principle 
of inverse probability will still give the probability distribution of the 
parameters in the law, given these statistics. By considerations similar 
to those of 4,0 the effect of moderate variations in the prior probability 
is unimportant- We shall have lost some accuracy, but we shall still 
know how much we have kept. 

Fisher has introduced the convenient term ‘efficiency’, defined as 
follows. Let a^(oc) be the expectation of the square of the error of an 
estimate, obtained by the method of maximum likelihood or inverse 
probability, and let or'^(a) be the corresponding expectation found by 
some other method. Then the efficiency of the second estimate is 
defined to mean the limit of or^((x)la''^{(x) w^hen the number of observa- 
tions becomes large. In most cases both numerator and denominator 
are of order 1 jn, and the ratio has a finite limit. For the normal law the 
efficiency of the mean fourth power is It may be said that such losses 
of efficiency are tolerable; an efficiency of f means that the standard 
error of the estimate is 1*1 5 times as large as the most accurate method 
would give, and it is not often that this loss of accuracy wdll affect any 
actual decision. Efficiencies below however, may lead to serious loss. 
If we consider what actually will happen, suppose that a is the true 
value of a parameter, a the estimate obtained by the most efficient 
methods, and a' that obtained by a less efficient one. Then 

E(a — (x)^ = a^(a), E{a' — a)- = cr'^(a). 

But these quantities can differ only because a' is not equal to a; and 
if both a and a' are unbiased, so that 

E{u — a) ~ E{(l^ — (x) — 0, 
we have E{a'~aY‘ — a'^a)~cr^(x). 

If a' has an efficiency of 50 per cent., so that a'(a) = V2cr(<x), a' will 
habitually differ from a by more than the standard error of the latter. 
This is very liable to be serious. No general rule can be given; we have 
in particular cases to balance accuracy against the time that would be 
needed for an accurate calculation, but as a rough guide it may be said 
that efficiencies over 90 per eent. are practically always acceptable, 
those between 70 and 90 per cent, usually acceptable, but those under 
50 per cent, should be avoided. 

The reason for using the expectation of the square of the error as 
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the criterion is that, given a large number of observations, the proba- 
bility of a set of statistics given the parameters, and that of the 
parameters given the statistics, is usually distributed approximately on 
a normal correlation surface; for one parameter and one statistic this 
reduces to the normal law. The standard error appearing in this will 
be the expectation that we have considered. 

One important case where these considerations arise is that of 
observations derived from an unknown law of error. Suppose that the 


law is 




( 1 ) 


and that the origin is taken so that E{x) 0. Let E(xr) /xg. We 
know that the chance of the mean of 7i observations is nearly normally 
distributed about 0 with standard error ^ determinate 

function of a. But in the inverse problem we have to find from 
the observations, and this may be attempted as follows. Consider 
E{^ taken over n observations. The probability distributions 

of all the observations separately, given a//, are independent, and 

^ (x—x)- ~ V :r“— 2 V x.x ^nx- — V x^-~nx^, (2) 


E{'^(x-xri=^ (3) 

X' (x — x)^ 

Hence ^ — will be an unbiased estimate of Uo. Tt will not, however, 

n~~l 


be the accurate value of /Xg, and we proceed to consider its expectation 
of error. We have 


= E\{^ (x-xyf—2{n—l)fi^ V [x-x)--\-(n—\fi4] 

= (x—xfY—{n-iy^i4 

= E[(2x^—nx^f]-(n-l)Y2 

— E\(^x!^)^—2nx^'^x^-\-n\v*] — {n—\)'^^i\. (4) 

Now E(2, xY = ^ 2! a:? x|, (5) 

S' denoting summation over all x's except x^; the 2 is taken into 
account by the fact that each pair will appear twice. Hence 

E(^ = nfj.i+n(n- (6) 

also . 

E(nx’‘ ^x^) — -E ^ 2' 2 ^ 2 )® 


= Ie(2 0^+2 T 0=1) 

fO 


-"= Mi+0+(n— 


( 7 ) 
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E(n^x‘ 


r4\ 


nr ^ 




M4 , 3(«— I) 2 

j ^ 

n n 


m 


(0 having been replaced by 3 to allow for the double summation). 
Hence| 


•®[2 (^— p-i - {" -1)11 YY 


Thus the accuracy of the estimate of the second moment of the law 
will depend on the fourth moment, that of the fourth on the eighth, 
and so on. Apparently, therefore, we arrive at no result unless we have 
the complete set of moments; but only n independent ones can be found 
from the observations, and for law^s of Types IV and Vll the higher 
moments of the law do not exist. However, this is not so serious as it 
seems. We are usually interested primarily in the mean and its uncer- 
tainty, the latter being of order But the uncertainty of /u., ^dso 
of order if /x^ exists; and therefore will affect the uncertainty of 
the me^an by something of order Quite a rough estimate of will 
therefore be enough. We can get this by considering 

E{^ — ^ ^ (10) 

Here E{Y x^x) i E 2 4(x, + I' ^o) = M4, ( 1 1 ) 

and we find 




(iiven the law, the errors of ;r and ^ (x — x)'^ are not necessarily 
independent. We have 

E[nx{Y (a:— x)2-(w-1);u 2}] = x)(y 

= E{J_x^) — ~E{^xf {»- 1 ) m 3 - ( 13 ) 
n 


EQ (x-xf} («- l)(l -^J/ 43 . (14) 

There will therefore be a correlation between the errors of location and 
scaling if the law is unsymmetrical. With such a law, if positive, 
there will be a strong concentration of chance at small negative values 
of X and a widely spread distribution over positive values. Thus a 
negative error of the mean will tend to be associated with a small 
scatter of the observations and a positive one with a large scatter. 

The higher moments in such a case furnish an example of what 


t This can also be derived easily from Fisher, Froc. Land. Math. Soc. 30, 1930, 200. 
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Fisher calls ancillary statistics, which are not used to estimate the para- 
meters but to throw additional light on their precision. The number 
of observations is always an ancillary statistic, x and ^ (x—x)^l(n—\) 
are unbiased statistics for the parameter of location and its standard 
error, but they sacrifice some information contained in the observations 
if the law is not normal. According as fx^ is more or less than S/xf, the 
estimate of will be less or more accurate than a similar estimate 
from the same number of observations given the normal law. In the 
former case the posterior probability for the location parameter will 
resemble a t distribution with less than n—l degrees of freedom, in the 
latter one with more. If for reasons of convenience, then, we take as 

L\ ^ as for the normal law, attention to /xg 

n(n—l) ) 

and fjL^ will recover some of the information concerning the distribution 
of the chance of large errors. 

The correlation between x and ^ (x—x)^ is 


_ E\nxQ^ (x—x)^— (n— 

and if we write 



= of, (2 (a:-x)*-(«-lW = («-l)/x', = of, (16) 

we shall have 


P(dxdfii I gH) 


257^1 


exp 


x2 2pxfiz . M? 


2(l-p=*)\af a, a, 


dxdiJL2 (17) 


with considerable accuracy, and this may be used in place of the likeli- 
hood in assessing the posterior probabilities when the location and scale 
parameters are to be found from the observations. 

If fjL^ is infinite, as for a Type VII law with index 2, the expression (9) 
is infinite, and it appears that the estimate of /xg will have an infinite 
uncertainty. This does not prove, however, that the estimate is useless. 
It means only that the chance of error in /Xg is so far from being normally 
distributed that it has an infinite second moment. The law for it will 


resemble the Cauchy distribution (index 1); though this has an infinite 
second moment it is possible to find on it a deviation with the same 
chance of being exceeded as for any given deviation on the normal law; 
•it does not represent infinite uncertainty. But what will be true is that 
the chance of large errors in /Xg as estimated will fall off less rapidly 
than it will for finite as n increases. 
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The method of expectations sometimes fails completely. Karl Pear- 
son’s procedure in fitting his laws was to find the mean of the observed 
values, and the mean second, third, and fourth moments about the 
mean. These would be equated to Ex^ E{x~ Ex)^, E{x~ Ex)^, and 
E(x—ExY. This process gives four equations for the parameters in the 
law, which can then be solved numerically. These moments are not in 
general sufficient statistics, since the likelihood cannot be expressed in 
terms of them except in a few special cases. The resulting inaccuracy 
may be very great. For the Type VII law 


P(dx 1 0 L,m,a,H) oc 


dx 


{l + (x~oc)^l2mcT^Y 


when rn f, the expectation of the fourth moment is infinite. The 
actual fourth moment of any set of observations is finite, and therefore 
any set of observations derived from such a law would be interpreted 
as implying m ^ f . For some actual series of observational errors m is 
as small as this or nearly so. Pearson does not appear to have allowed 
for finite n; he identified ^ {x—xY with ^ neglecting the error of x. 
This is usually trivial in practice. But Pearson’s delight in heavy 
arithmetic often enabled him to give results to six figures when the 
third was in error for this reason and the second was uncertain with any 
method of treatment. The method of minimum should give greater 
accuracy with little trouble; other approximate methods, approaching 
the accuracy of the method of maximum likelihood at its best, are 
available for Types II and VII, and for I and IV as long as the asym- 
metry is not too great t; for Types III and V with known termini, 
sufficient statistics exist. If the terminus is known to be at 0, the 
arithmetic and geometric means are sufficient for Type III, the geo- 
metric and harmonic means for Type V. For the rectangular law the 
extreme observations are sufficient statistics in any case. 

The property of the extreme observations for the rectangular law 
can be somewhat generalized. For suppose that the lower terminus is at 


X — a, and that 


P(x < Xj^ I olH) — A(x^—qlY 


( 18 ) 


for x^~oL small. Then the chance that n observations will aU be greater 
than x^ is {1— the differential of which will be the chance 
that the extreme observation will lie in a range dx^. Taking the prior 
probability of a uniform, we shall have 

P{doL \ XiH)oz {\'--A{Xi-—aY}^’^^{x^--oLY'~^ doc 

oc (a?!— a)'’“^exp{— (ri— l)A(x^—aY} doc (19) 


t Phil, Trana, A, 237, 1938, 231-71. 
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for large n. For r = \, the rectangular law, this makes the expectation 
of a, givxn of order l/n; for r < 1, corresponding to U-shaped 
and J -shaped distributions, the expectation falls off more rapidly than 
l/n; even for r 2, it still only falls off like 7?“’-. Thus even for laws 
that cut the axis at a finite angle the extreme obser\ ation may contain 
an amount of information about the terminus comparable with that 
in the remainder; for other laws between this and the rectangular law, 
and for all U-shaped and J -shaped distributions, the extreme observa- 
tion by itself may be used to provide an estimate of the terminus. This 
remark, due originally to Fisher, shows the undesira})ility of grouping 
the extreme observations in such cases. It may easily happen that the 
grouping interval is more than the uncertainty derivable from the 
extreme observation alone, and then grouping may multiply the un- 
certainty attainable several times. 

Sometimes a law would possess sufficient statistics if certain minor 
complications WTre absent. It is then often sufficiently accurate to 
find expectations of the contributions to these statistics made by the 
minor complications, and subtract them from the values given by the 
observations. The method of maximum likelihood can then be used. 
An examjde of a common type is given in 4.6. 

4.31. Orthogonal parameters. It is sometimes convenient to 
choose the parameters in a law so that the product terms in <^2 (‘^) 

will have small coefficients. If the maximum likelihood estimates of the 
parameters in a law' g{x,a^) are a^, and if 

logL =- 2^ogf/{x„<Xi) 

r 

= 2 log a,.) + y log g . ( 1 ) 

r Z Z-/ COLi CQLj. 


the derivatives being evaluated at av — Now the expectation of the 
coefficient of 04 is 


00 

inj 


d I 8q , 

q ^ (Jx 

doLi g doi^ 


In 


f / i 

J \ g 8(Xfdi 




^°‘k 

SoctdocJ 


( 2 ) 


Since j g dx — 1 for all the second part of the integral is zero; hence 
1 


where is the same function as in 3.9. There is therefore a direct 
relation betw^een the expectation of the quadratic terms in logL and 
the invariant forms and J used in 3.9. 
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Now if doL^ d(Xj. is regarded as the square of an element of distance 
in m dimensions, at any point it will be possible to choose in an infinity 
of ways a set of m mutually orthogonal directions. We can then choose 
orthogonal coordinates so that if 

(fa-doL^dx,. - (4) 

all hji vanish except for j - L If the huv g{x,a^) is then expressed in 
terms of the quantities instead of the quadratic terms in £'(log L) 
will reduce to a sum of squares, and for an actual set of observations 
the square terms in logL will increase like n, while the product terms 
wall be of order Thus the equations to determine the will be 
nearly orthogonal, and practical solution will be much simplified. The 
product terms can be neglected for large ?i, since their neglect only 
introduces errors of order 7i~^. 

For instance, take a Type VII law^ in the form 


(m-1)! 


(.r— 

~2M^] 


where M is a function of ///. Evidently 


(5) 
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Z/r r .— dx 
()Aca'‘ 


and 


/ 




are zero. 


The condition that 


r 

V TxXoay dx shall vanish is found 

J ^dmda^ 


to be 


1 //If _ 7n + l _ _3 2 

M dm 7n{ni — }) 7)i — h 7ii 


For 7j to tend to the normal form with standard error a w hen in, 
Mjrn must tend to 1 ; wt must therefore have 


( 6 ) 

-> 00 


so that 


M — (i < in, < oo), 

m\ L 7n^{x — 

(27Ty>"(m—\yi^{m—\)\a\ 2(m — |)Mj 


( 7 ) 

( 8 ) 


With the law in this form we can form the maximum likehhood equa- 
tions for A, a, and m, neglecting non-diagonal terms, and approximation 
is rapid, any error being squared at the next step. 

For Type II laws the corresponding form is 


f, \ 

^ {2n(m+^)yHm~iy.a\ 2(m-f|)V/ 


(1 < m < 00). (9) 


For m ^ 1, dyjdx does not tend to 0 at the termini. It is then best to 
take the termini explicitly as parameters. 
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Specimen curves for A ~ 0, cr = 1 are given in the diagram, Fig. 2. 
The maximum likelihood equations for a Type VII law in this form are 

hna L = 

d 

da 


logL 
logL = 


= 0 , 


m 

2. Y+(x-\)^2Ma^ 
n m (x— A)® 


= 0 , 


( 10 ) 

(11) 


-2 log/. 

CjJ, 


nm^ 


-Z”*’S‘+w)+z 

where /x — 1/m. 


-- log m ! — log(m— i) ! — ^r 7 — , 
dm dm ® " 2(m— |) 

m2(m+ l)(a;-~A)2 


2(72(7n-*)4{l + {x~X)^l2Ma^} 


= 0, (12) 



For Type II they are 

r ^ 'V x—X _ 
~dy^ “■ Wa^ Z l-(x~-Xf/¥Ma^ ’ 

d j ^ m (a:— A)2 

.— log _ 2, I-(a;-A) 72 Jfa 2 "" 


Zlogi 

a/x ^ 

+ 2 m*log|l 




Is'"®*”- 


“ log(m-l)!. 
dm ^ 2(m+l) 

m*(TO— l)(x— A)* 


+ 


(^-A)» ) ^ 

Z 2{TO+l)V{l-(x-A)*/2ilfff*} 


= 0 , 


(13) 

(14) 


(16) 
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where fi —l/m. Tt is convenient to define /x as -^Ijm for Type VII 
and as — 1/m for Type II, since this provides for continuous passage 
through the normal law by increasing /x through 0. Actual fitting would 
be done as follows. First treat m as infinite and find first approxima- 
tions to A and a as for the normal law. Substitute in (12) or (15), for a 
number of trial values of m. Interpolation gives a value of and the 
divided differences give a value of ^^log Ljdjx^, which is lj8%^). Return 
to ( 1 0) and (11 ), or (13) and (14), and derive estimates of A and cr. If the 
changes are considerable, solve afresh the equation for m. 

An approximate allowance for the effect of the uncertainty of a on 
the posterior probability distribution of A can be found as follows. For 
the normal law ( ^2 

^2 


(-logZ,)| 

/ a=s 


2n 
'^2 * 


The numerical solution here gives a value for ^^((j); we can define 


71 ^ S-I28^{a) ■= 




and, since two parameters besides A have been estimated, we can take 
the effective number of degrees of freedom as n'—2. 

A table of rflogm !/c?m is given by E. Pairman at intervals of 0*02 up 
to m 20. t For 7)i > 10 it is given in the British Association Tables. 


4.4. If the law of error is unknown and the observations are too few to 
determine it, we can use the median observation as a statistic for the 
median of the law. We can then proceed as follows. Let a be the median 
of the law; we want to find a range such that the probability, given the 
observations, that a lies within it has a definite value. Let a be a possible 
value of oi such that I observations exceed a snidn—l fall short of it. Then 


P{l\a,njl) = «Ci(4)^ 




3t:M\ 

n j 


nearly ; and if the ]3rior probability of a is taken uniform, 


P(d(x 1 1,71, H) cc 


/ 2 


n r 


(1) 


( 2 ) 


Thus the posterior probability density of a is a maximum at the median, 
and if we take I — limits corresponding to the standard 

error, the corresponding values of a will give a valid uncertainty, what- 
ever the law and the scale parameter. The limits will not in general 
correspond to actual observations but can be filled in by interpolation. 

The question of departure from the normal law is commonly 


t Tracts for Computers, No. 1. 



188 APPROXIMATE METHODS AND SIMPLI FICATIO NS Chap. IV 


considered in relation to the ‘rejection of observations’. Criteria for the 
latter have been given by Peirce and Chauvenet. They ap])ear, how- 
ever, to be wrong in principle. If observations are legitimately rejected, 
the normal law does not hold, and tlu^se observations could be used to 
estimate a departure from it. There is no reason to sup}x>se that the 
retained observations are themselves derived lioin the normal law, and, 
in fact, there is reason to suppose that they are not; and then the mean 
and standard error found from the observations retained may easily be 
invalid estimates. Another consideration is that if we make a definite 
rule that observations within certain arbitrary limits are to be retained 
at full weight and all beyond them rejected, then the decision about 
a single outlying observation may easily affect the mean by its apparent 
standard error, which is highly undesirable. Again it is often advocated 
that the uncertainty of the true value, as estimated from the mean, 
should be got from the average residual without regard to sign instead 
of the mean square residual, on the ground that the former is less 
affected by a few abnormally large residuals than the latter is. But if 
the mean of the observations is taken as the estimate of the mean of 
the law, its uncertainty is correctly estimated from go, if the latter 
exists, and if it does not exist the uncertainty will not be proportional 
to For all laws such that go exists the mean square residual gives 
an unbiased estimate of gg. The ratio of the expectation of the average 
residual without regard to sign to Vgo, however, depends on the form 
of the law of error. If the average rt\siduHl is found and then adapted 
to give an estimate of Ago by applying the factor found for the normal 
law, this factor will be too small for laws of Type VII, which are pre- 
cisely those where the use of this method is recommended. The cases 
where this treatment is recommended are just those where it is most 
likely to lead to an underestimate of uncertainty. If the mean is taken 
as the estimate, there is no alternative to the mean square residual to 
provide an estimate of uncertainty when the law is in doubt. 

On the other hand, it is only for the normal law that the mean is 
actually the best estimate, and for other laws we are entitled to con- 
sider other estimates that may be more efficient. One interesting case 
is the law 

, 3 , 

Here we find easily that the likelihood is a maximum if m is taken 
equal to the median observation, and if a is the average residual without 
regard to sign. This law is therefore known as the median law. Given 


P(dx\m,a,H) = Uxp|-i?- 
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any of the three properties the other two can be deduced. It is only 
subject to this law that the average residual leads to the best estimate 
of uncertainty, and then the best estimate of the location parameter 
is provided by the median observation and not by the mean. The 
interest of the law is reduced somewhat by the fact that there do not 
appear to be any cases where it is true. It has the property, however, 
that it lies higher on the tails and in the centre, and lower c the flanks, 
than the normal law with the same second moment, and these pro- 
perties are shared by the laws of Type VII. Fisher shows that for the 
Cauchy law the standard error of the median of n observations is Trj^^Juy 
while that of the maximum likelihood solution is Thus the 

efficiency of the median as an estimate is 8/V^ 0*81, which is quite 

high, in spite of the fact that the expectation of the average residual 
without regard to sign is infinite. For the normal law it is 2/Tr = 0*64, 
and it varies little in the intermediate range of Type VII. In the corre- 
sponding range the efficiency of the mean varies from 1 to 0. There is, 
therefore, much to be said for the use of the median as an estimate 
when the form of the law is unknown; it loses some accuracy in com- 
parison with the best methods, but the increase of the uncertainty is 
often unimportant, and varies little with the form of the law, and the 
uncertainty actually obtained is found easily by the rule (2). An 
extension to the fitting of equations of condition for several unknowns, 
however, would be rather complicated in practice. The maximum hke- 
lihood for the median law comes at a set of values such that, for each 
unknown, the coefficient of that unknown and the residual have the 
same sign in half the equations of condition and opposite signs in the 
other half. To satisfy these relations would apparently involve more 
arithmetic than the method of least squares. The simplicity of the use 
of the median for one location parameter does not persist for several 
parameters, and the practical convenience of the method of least 
squares is a strong argument for its retention. 

4.41. The nature of the effect of the law of error on the appropriate 
treatment is seen by considering a law 

P[dx\ocH) = f{x-oL)dx, (1) 

The maximum likelihood solution is given by 

0 = — log(/(a;i— ai)/(a: 2 -a).../(a;„-ai)} 


( 2 ) 
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If the arithmetic mean is the maximum likelihood solution for all pos- 
sible observed values, this is equivalent to 

0 ™ a), (3) 

whence f(x) = (4) 

the result obtained by Gauss. But if we put 

= u' (5) 

(x-oc)f(x~ac) ’ ^ ’ 

(2) is equivalent to 2 w(x—a) = 0. (6) 

Hence a is a weighted mean of the observed values. If f'(x)/f(x) does 
not increase as fast as the residual, the appropriate treatment will give 
reduced weight to the large residuals. If it increases faster, they should 
receive more weight than the smaller ones. The former consideration 
applies to a Type VII law, for which, for large x—a, 

f{x—a.)l{x—<x)f{x—oc) 

behaves like —(x~-(x)~- instead of being constant. The latter apj)lies 
to the rectangular law , for which w is zero except at the ends of the 
range, where it is infinite. 

These considerations suggest an appropriate treatment in cases w^here 
the distribution is apparently nearly normal in the centre, but falls 
off less rapidly at the extremes. This kind of distribution is shown 
especially by seismological observations. If two observers read ordinary 
records and agree about which phases to read, they will usually agree 
within 1 or 2 seconds. But the arrival of a new phase is generally 
superposed on a background which is already disturbed, and the ob- 
server has to decide which new onsets are distinct phases and which 
are merely parts of the background. The bulk of the observers actually 
usually agree, but there are scattered readings up to 10 or 20 seconds 
aw^ay from the main concentration. The following are specimens. The 
residuals are in seconds. The first series refer to P at good Pacific 
stations, the second to intermediate ones, the third to S at short 
distances in deep-focus earthquakes. 

Residual _ 10 ~9 -8 -<7 -6 -5 -4 -3 -2 - 1 0 1 2 3 4 5 6789 10 

Number (1) 0 1 1 1 1 1 4 8 13 14 13 8 10 2 4 1 1 2 2 0 I 

Number (2) 0 1 2 0 1 2 2 2 7 8 10 10 4 3 3 2 4 1 2 0 2 

Number (3) ? ? 5 4 7 10 16 23 31 51 59 44 39 22 15 8 8 7 8 ? ? 

The central groups alone may suggest a standard error of about 2 seconds, 
but the second moment of the whole of the observations might at the 
best suggest one of 4 or 5 seconds. At the worst it would become 
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meaningless because there may be no definite gap between two distinct 
phases, and we have no rule so far for separating them. In such a case 
we may suppose that tlie law has the form 

P(dx \ (xjiji) ~ ^ exp{ mg{x— /3) , (7) 

Vir 

where mg is always small and g varies little within ranges of order \jh. 
Within this range we must regard g as an unknown function. Then 


]ogL = 2log|^^exp{— Q!)2}+msr(a:-^)j, 

( 8 ) 

1 dL {2(1-— m)/?.^/V7r}(a:-— a:)exp{— a)2} 

L doL ^ {(1 — w)/t/V7r}exp{ — h%x—- cxY]-\-mg{x—^y 

( 9 ) 

1 dL \;;;p {(l--w)/V77}{l— -2A2(a::_(^)2|0xp{— a)2] 

L dh 2 ^ {(] — r/?)/i/v7rjexp{— A^(cr~a)2} + mgF(a:—/S) ’ 

(10) 

we write 


= 1 + --^ ^g{x-P)exi>{h‘ix-a)-}, 

1 — m ft 

(11) 

IS “2 »»(»-«). 

(12) 


(13) 


Thus, with the appropriate weights, the equations for a and h reduce 
to the usual ones. To find these weights requires an estimation of g, 
which need only be rough. We note that the density at large residuals 
is mg, and at small ones (1 — wi)A/V7r+mg; thus the coefficient of the 
exponential in (11) is the ratio of the density at large values to the 
excess at the mode, which is estimated immediately from the fre- 
quencies. If we denote this coefficient by jjl, we have 


l-f-jLLexp{A2(:r— a)“}. 


(14) 


and apart from fx, g is irrelevant to a and h. Also, in d-logLjdor, the 
term in dwjdoL is small on account of a factor ^(x—oLf when x—a is small, 
and of a factor )a“^exp{— ^hen x—ocis large; in any case we 
can neglect it and take 


oc = 


, 




(15) 


where a is given by 2 ^ “ 2 


(16) 


The method has been applied extensively in seismology with satis- 
factory results. A change in h or cx necessitates a change of the weights. 
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and it is usually necessary to proceed by successive approximation, but 
more often than not the second approximation almost repeats the first. 
As a starting-point we can find h roughly from the distributions of the 
frequencies near the centre, compute from it the expected frequencies 
according to the normal law% and use the excess on the flanks to esti- 
mate fx. Alternatively, if there is a range of approximately constant 
frequencies on each side, we can subtract their mean from all frequen- 
cies, including those in the central group, replace negative values by 0, 
and compute a from the remainders. This has been called the method of 
uniform reductio7i. The chief use has been in finding corrections to trial 
tables. The residuals for all ranges together give a good determination 
of the weights, w'hich are then applied to the separate ranges to give 
the required corrections. With tliis method the weight is a continuous 
function of the residual, and the difficulty about a hard and fast limit 
for rejection does not arise. 

4.42. In the usual statement of the problem of least squares tlie 

whole of the uncertainty is su})posed concentrated in one of the variables 

observed, the others being taken as not subject to error. This is a 

common state of affairs, but not a universal one. It may happen that 

we have a set of pairs ix,y), which may be taken as estimates of two 

variables (^, tj) on different occasions, with a linear relation betw^een 

them, and that the uncertainties of each determination of x and y are 

known and independent. The problem is to find the relation between 

f and 77. Write > , n /, n 

‘ af +p. (1) 


Then a typical observation must bo read as 




exJ - 

sXr ( -X" 2/2 

and log 7/ = constant — ^ | 


dx,dy,d^, 

( 2 ) 

( 3 ) 


the unknowns being the various a, and p. Integrating wdtli regard 
to all the we get, with a uniform prior probability for a and jS, 


P{dad^ \eH)<KU (/2+a%2)-V2exp[- 2 (4) 

Hence we can write 

C^r+/3 - (5) 

as a set of equations of condition to determine a and jS. Since the 
standard error involves a. the solution must be by successive approxima- 
tion, but if the variation of and y, is much more than that of and 
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a first approximation using ecpial weights will give a good estimate 
of a and the second approximation will need little change. The result 
is equivalent to using Xj. as the correct value of but using (1) and 
with an approximate a, to estimate the uncertainty of o] at “ x^. 

4.43. Grouping. »Suppose that we have observations x^ of a c^uantity, 
for n different values of an argument /, and that we regard these as 
representing a linear function of t, sa}^ the standard error of each 

observation is a. Then a typical equation of condition will be 


( 1 ) 

and the normal equations for a and jS will be 

Z ^- = 2 *r. (2) 

+ ( 3 ) 

whence the standard error of B is — r! a. If t is the mean 

of the the standard error of a+jS/ is oj\n, and these uncertainties 
are independent. This is the most accurate procedure. 

On the other hand, we may proceed by taking the means of ranges 
of observations near the beginning and the end; the difference will then 
yield a determination of /3. If there are m in each of these ranges and 
the means are have 


whence 





( 5 ) 


Let us compare the uncertainties on the hypothesis that the observa- 
tions are uniformly spaced from t ~ —1 to -f 1. Then ^ t)e 

nearly and the least squares solution has standard error ayJiSjn). 
Also i^—ii ~ 2{l ~m/n) and the solution by grouping has standard 
error oj{2mfl'^{\~-mln). The latter is a minimum if m = and 
then is equal to cr( 27/871)^/2. The efficiency of the solution by group- 
ing, as far as ^ is concerned, is therefore g, which for most purposes 
would be quite satisfactory.! The expectation of the square of the 
difference between the two estimates would correspond to a standard 
error | of that of the better estimate. If we took in ” |7^, we should 
get a standard error of and the efficiency would be |. 

The best estimate of cx+jS? is the mean observation, and it is of 
no importance whether we average the observations all together or 
average the means of the three ranges. Hence we shall sacrifice 


t The result is due to Sir Arthur Eddington, but ho did not publish it. 
36ft5.1i8 O 
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hardly any accurac}^ if we divide the observations into ranges each 
containing a third of the observations, determine by comparison of 
the first and third, and from the mean of all three with equal 

weight. 

Again, suppose that t ranges from 0 to 27r, and that we want to 
determine a+jScos^ from the observations of x. The normal equations 

noc-\-P 2 = 2 (^) 

QL 2 cos 2 COS% = 2 K' (’^) 


If the arguments are equally spaced we shall have o\ol) ==^ 

= 2a^jn. 

But we may compare means by ranges about 0 and tt. The sum 
of the observations between 0 and pn and between (2-~p)7T and 27t 
will give, nearly, 


pn 

I cos tdt = nXi±a^(np) 

-pir 


(S) 


and the corresponding equation for the opposite range follows. Hence 
/3 can be estimated from 


D 

2-sinp7r = Xi~X2±<JyJ{2pjn) 

7T 


( 9 ) 


and will be found most accurately if p^'i^cosec prr is a minimum. This 
leads to p-n ~ 66° 47'. The convenient value prr ~ 60° gives 

( 10 ) 


and the efficiency is = 0-91. If we take ^ thus comparing 
whole semicircles, we get an efficiency of — 0*81. The use of 
opposite ranges of 120°, while giving high efficiency, also has the 
merit that any Fourier term whose argument is a multiple of two or 
three times that of the term sought will contribute nothing to the 
estimate. If we used ranges of 180°, a term in 3^ would contribute to 
the estimate of but this term contributes nothing to the mean in a 
120° range. 

Thus drastic grouping, if done in the best way, loses little in the 
accuracy of the estimates. The corresponding analysis for frequencies 
instead of measures leads to the same results, f There may, however, 
be serious loss when the chance considered falls off rapidly towards the 
tails. I found this in discussing errors of observation; the sacrifice of 
t Proc. Ray. Roc. A, 164, 1938, 311-14. 
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the information about the distribution of the errors in ranges where 
the expectations according to the normal law were small led to the 
standard errors being increased several times. 

The method is particularly useful in carrying out harmonic analysis. 
When the data are measures, if we use opposite ranges of 120°, the 
coefficient of a sine or cosine is given by 




7rc7V2 

3Vn 


= l-814(xi-f2)±l*481a/V7i. (11) 

Where the problem is to estimate a Fourier term in a chance, if and 
^2 are the numbers of observations in opposite ranges of 120°, we get 

p = ( 12 ) 

n \n 


The similarity of the coefficients corresponds to the result in the mini- 
mum approximation that we can enter an observed number in an 
equation of condition as 

4.44, Effects of grouping : Sheppard’s corrections. In some 
cases it is desirable to make allowance for less drastic grouping than 
in 4.43. Suppose, as in 3.41, that the true value is x and the standard 
error a, and that we take a convenient arbitrary point of reference Xq, 
Then all observations between will be entered as and 

our data are the numbers of observations so centred. As before, we 

P{dxda \H)<x: dxdoja, ( 1 ) 

but the chance of an observation being given as x^-\-rh is now 

are4-(r4- J)^i 

Two cases arise according as h is large or small compared with a. In 
the former case the chance is negligible except for the range that in- 
cludes X, Hence if we find nearly the whole of the observations in a 
single range we shall infer that a is small compared with h. The likeli- 
hood is nearly constant for values of x in this range, and we shall be 
left with a nearly uniform distribution of the posterior probability of 
X within the interval that includes the observations, no matter how 
many observations we have. This is an unsatisfactory result; the 
remedy is to use a smaller interval of grouping. 
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If h is small with regard to a, and if we put 

$—Xf,—rh ■-= T}, (3) 

I* expj^— ^{(a;o+r/i-a;)2+27j(xo+rA— x)+7j2}J dr) 

\h 

ih 

= expj^— ^(Xo+rA— xfj J _^(x„+r/),— x)4- 

+ dr, 


= exp|— ^(Xo+rA-x)®j*|l+^J(x„+rA— x)2-cT2}j (4) 

to order h^; and we shall have for the joint probability of the observa- 
tions given X and a, 

P(0\x,a,H) 

cx a-''expj^— ^{(x-x)*+»2} + ~J(x-x)2+«2-a2}j, (5) 


where x and are a mean and a mean square residual found from the 
recorded values. To this accuracy they are still sufHcient statistics. 
Hence 





1 M 


24(7*J 


Pidxda 1 OH) 

oc <T-»-iexpj^— ~(.f— x)2|l — - 

Differentiating (5) or (6) w’e see that the maximum for x is at x, and 
that for <7 is at ^2 ^ 0{n-^}. (7) 

The coefficient of (x—x)^ in (6) is therefore, to this order, 


— (l 


\ 


n 

2?^ 


(8) 


Without the allowance for finite h the corresponding values would be 
and nj'ls^. Hence (1) the uncertainty of a: can be taken from the mean 
square residual as it stands, and needs no correction; (2) to estimate 
we should reduce by 12. 

The latter correction is due to W. F. Sheppard. f He proceeded by 
considering the expectation of the contribution to given a, due to 


t Proc. Land. Math. Soc. 29, 1898, 368, 
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the finite h, and obtained the correction in this sense for any law of 
error. He showed also that the contribution to the third moment is 
zero, and to the fourth which should therefore be subtracted 

from the mean fourth moment of the observations before finding that 
of the law. It is in this form that the corrections have been most used. 
But the above argument brings out the point, also made by Fisher, that 
the uncertainty of the true value, given the observations, is determined 
by the uncorrected second moment and not by the corrected one. It is 
only when, as in computing a correlation from grouped data, we are 
directly interested in o-^, that there is any point in applying the correc- 
tion. There will be a slight departure from the rule of 3.41 in the 
posterior probability distribution of x, but this is negligible. 

4.45. There is a similar complication when the standard error con- 
sists of two parts, one of which may be supposed known and equal to 
a', while the other is to be found. There are two plausible assessments 
of the prior probability. We may take a to be the complete standard 
error, but restricted now to be greater than a'; then the rule would be 

P{da \ II) cc dojo, (1) 

for a > g'. On the other hand, we might take this rule to apply to only 
the unknown portion (a-— then 

P(da \H)azd log((T2- oc y-. ■ (-) 

< 7 “ — a *• 

But the latter leads to an absurd result. For the likelihood is still 
proportional to r ^ 

ff-"exp — — x)-+5^} (3) 

J,G^ 

and (2) will lead to a pole in the posterior probability at a — a'. Thus 
the inference using this assessment of the prior probability would be 
that G ~ g\ even though the maximum likelihood will be at a larger 
value of a; (1) on the other hand leads to the usual rule except for a 
negligible effect of truncation. 

The situation seems to be that in a case where there is a known 
contribution to the standard error it is not legitimate to treat the rest 
of the standard error as unknown, because the known part is relevant 
to the unknown part. The above allowance for grouping is a case in 
point, since we see that it is only when h is small compared with a that 
n observations are better than one; if the interval was found too large it 
would in practice be taken smaller in order that this condition should 
be satisfied. The case that attracted iny attention to the problem was 
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that of observations of gravity, where repetition of observations at the 
same place shows that the accuracy of observation is of the order of 3 
milligals (1 milligal — 0-001 cm. /sec. 2), but there are differences between 
neighbouring places of the order of 20 to 50 milligals. In combining 
the data to obtain a representative formula the latter must be treated 
as random variation, to which the inaccuracy of observation contributes 
only a small known part. The use of (2) would then say that we shall 
never dispose of the possibility that the whole of the variation is due 
to the observational error ; whereas it is already disj)osed of by the com- 
parison of observations in different places with the differences between 
observations repeated at the same place. This is a case of intraclass 
correlation (see later, 5.6); we must break up the whole variation into 
a part between stations and a part between observations at the same 
station, and when the existence of the former is established the standard 
error is found from the scatter of the station ?neaiis, the differences 
between observations at the same station having little more to say. 
Thus the proper procedure is to use (1) or else to treat the standard 
error as a whole as unknown, it does not matter which. 

4.5. Smoothing of observed data. Jt often liapjjens that we have 
a series of observed data for different values of the argument and with 
known standard errors, and that we wdsh to remove the errors as far 
as possible before interpolation. In many cases we already know the 
form of the function to be found, and we liave only to determine the 
most probable values of the parameters in this function. The best 
method is then the method of least squares. But there are cases where 
no definite form of the function is suggested. Elven in these the presence 
of errors in the data is expected. The tendency of random error is 
always to increase the irregularities, and part of any irregularity can 
therefore be attributed to random error, and we are entitled to try to 
reduce it. Such a process is called smoothing. Now' it often happens in 
such cases that most of the third, or even the second or first differences, 
at the actual tabular intervals, are no larger than the known uncertainty 
of the individual values will explain, but that the values at wider in- 
tervals show these differences to be systematic. Thus if we have values 
at unit intervals of the argument over a range of 40, and we take 
differences at intervals 10, any systematic second difference will be 100 
times as large as for unit intervals, the random error remaining the 
same. The situation will be, then, that the values at unit intervals give 
no useful determination of the second derivative of the function, but 
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this information can be provided by using wider intervals. On the other 
hand we want our solution to be as accurate as possible, and isolated 
values will not achieve this; thus the observed values from argument 15 
to 25 will all have something to say about the true value at 20, and we 
need to arrange our work so as to determine this as closely as we can. 

In such a case we may find that the values over a range of 10 are 
enough to determine a linear function by least squares, but that the 
coefficient of a square term is comparable with its standard error. If 
we reject the information about the curvature provided by a range of 
10, we lose little; and in any case comparison w ith adjacent ranges will 
give a much better determination. This suggests that in a range of 10 
we may simply fit a linear function. But if we do this there will be dis- 
continuities wherever the ranges abut, and we do not w ant to introduce 
new spurious discontinuities. We notice, however, that a linear func- 
tion is uniquely determined by two values. If then we use the linear 
solution to find values for two points in each range we can interpolate 
through all ranges and retain all the information about the curvature 
that can be got by comparison of widely separated values; while the 
result for these two values will be considerably more accurate than for 
the original ones. Such values may be called summary values. 

Now' the two values of the independent variable may be chosen 
arbitrarily, in an infinite number of ways consistent with the same 
linear equation. The question is, w hich of these is the best ? We have 
two considerations to guide us. The computed values will still have 
errors, of two types: (1) Even if the function sought was genuinely linear, 
any pair of values found from the observed ones would have errors. 
If we take the values of the argument too close together, these errors 
will tend to be equal; if they are too far apart they wdll tend to have 
opposite signs on account of the error of the estimated gradient. There 
wull be a set of pairs of values such that the errors are independent. 
But any interpolated value is a linear function of the basic ones. If 
we choose one of these pairs, the uncertainty of any interpolated value 
can be got by the usual rule for compounding uncertainties, provided 
that these are independent. If they are not, allowance must be made 
for the correlation, and this makes the estimation of uncertainty much 
more difiicult. (2) We are neglecting the curvature in any one range, 
not asserting it to be zero. At some points in the range the difference 
between the linear solution and the quadratic solution, both by least 
squares, will be positive, at others negative. If we choose summary 
values at places where the two solutions agree, they are independent 
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of the curvature and therefore of its uncertainty; and this will not hold 
of any others. Neglect of the curvature will therefore do least harm if 
we use these values. We have therefore, apparently, three conditions to 
be satisfied by the values chosen for the argument: they must be such 
that the uncertainties of the estimated values of the function at them 
are independent, and such that neither is affected by the curvature. 
There are only two quantities to satisfy these conditions, but it turns 
out that they can always be found. 

Let X be the independent variable, y the dependent one. Suppose 
that the summary values are to be at and 3 ^ 2 , where y takes the 
values 2/1 and y^- Then the general quadratic expression that takes 
these values is 


y = 


y^(x-x^)-y^(x-xi) 


A(x-~x^){x~X2), 


( 1 ) 


in which ^ 2 , and A can be found by least squares. The weight of 
the equation of condition for a particular a; being Wy the normal equation 
for //i is 


2 w{x-^~X2fyj— 2 ^ 2 w(x-~x^)(x—x.j)^A 

(»^i ^2)*^ ^2 

^ J,w(x-x^)y ^ 

Xi—Xg 


The conditions that the uncertainties of y^, y^y and A shall be inde- 
pendent are therefore 


2 w{x—X3)(x—X3) = 0 , 

( 3 ) 

2 w{x—Xi)(x—X3)^ = 0 , 

( 4 ) 

2 w(x—Xif{x—X3) = 0 . 

( 5 ) 


But if we subtract (5) from (4) and cancel a factor x^—X2 from all 
terms we obtain (3). Hence we have only two independent equations 
to determine x^ and X2 and the problem has a solution. 

Put now 


^w = n, '£wz = nx, x—x- i, = — 71(13. ( 6 ) 

Then (3) becomes 

0 = 2 = n{(i3+i, ^3) (7) 

since = 0. Also either of (4) or (5) with this gives 


( 8 ) 
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Hence and the roots of 

= 0, (9) 

H'2 

and this is the solution required. 

The sum of the weights of and ^2 easily seen to be n. For 

2 2 W(x—x„f --- 2 ^l)^+ 2 

= 2w/Ll2— 2 (^i + ^2) 2 + + 

— 2n/j.2+w{(^i+^2)^ — 

4w/r2+w/i|//r|, (10) 

- (^,4-^.,)^- 4^1 ^2 == 4|a,+/ai/^i, (II) 

and the sum of the weights is the ratio of these two expressions, as we 
see from the first term in (2). This gives a useful check on the arithmetic. 

i]i pract ice it is not necessary to use the exact values of and x^. 
Approximations to them will suffice to make the correlation between 
the errors negligible, and the curvature, in any case small in the type 
of problem considered, will make a negligible contribution. The most 
convenient method of solution will usually be to solve by fitting a 
linear function as usual and to find and 2/2 their uncertainties 
by the usual method. If desired we can use y- to test the fit at other 
values, and if there is a clear departure from the linear form we may 
either estimate a curvature term or use shorter intervals. The latter 
course is the more convenient, since the curvature if genuine can be 
found more accurately later by comparing different ranges. 

In practice it is convenient to begin by referring all values of x to 
an arbitrary zero near the middle of the range. Then the normal equa- 
tions to find a linear form 

y ^ a-\-bx (12) 

a ^ wx~{~b 2 (1^) 

and the second, after eliminating a, gives 

6{2 ” 2 u:xy—x 2 wy. (15) 

The coefficient of 6 is 

J w(^+xf—nx^ ^ 

so that /X 2 IS found by simple division in the ordinary course of a least 
squares solution. If we write 

2 = nX^, 


(17) 
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we have nX^ ^ 2 -\-nx^ , (18) 

and therefore ~ X^—^fi^x—x^, (19) 

The solution is easy and, even if the function is capable of being re- 
presented by a polynomial, nearly the whole of the original information 
is preserved in the summary values. These will not in general be equally 
spaced, but interpolation can then be done by divided differences. f 
The method has been extensively used in seismology, where the original 
intervals and weights were usually unequal. With this method this 
introduces no difficulty. One feature was found here that may have 
further application. The curvature terms are rather large, but the higher 
ones small. For both P and S waves the times of transmission were 
found to be fitted from about 20° to 90° by quadratics, within about 
1/150 of the whole range of variation, though inspection of the small 
residuals against them showed that these were systematic. Convenient 
quadratics were therefore subtracted from the observed times, and 
linear forms were fitted to the departures from these for the separate 
ranges. Summary values were found at distances rounded to the 
nearest multiple of 0-5°, and added to the quadratics at these distances, 
and finally the whole was interpolated to 1°. There was no previous 
reason why quadratics should give so good a fit, but the fact that they 
did made further smoothing easier. J 

The choice of ranges to summarize is mainly a matter of convenience. 
The only condition of importance is that they must not be long enough 
for a cubic term to become appreciable within them, since its values at 
and x.^ will not in general vanish. This can be tested afterwards by 
comparing the divided differences of the summary values with their 
uncertainties. If the third differences are found significant it may be 
worth while to use shorter ranges; if not, we may get greater accuracy 
by taking longer ones. 

A solution has been found for the problem of finding three summary 
values from a quadratic determined by least squares, such that their 
uncertainties are independent of one another and their values unaffected 
by a possible cubic term.§ It has not, however, been found so far to 
give enough improvement to compensate for the increased complication 
in the arithmetic. 

4.6. Correction of a correlation coefficient. In a common class of 

t Whittaker and Robinson, Cakultis of Obaervatifms, ch. ii; H. and B. S. Jeffreys, 
Methods of Mathematical Physks, 237-41. 

i M.N.P.A.S. Oeophys, SuppL 4, 1937, 172-9, 239-40. 

§ Proc. Camb. Phil. Soc. 33, 1937, 444-50. 
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problem the observations as actually recorded are affected by errors 
that affect the two variables independently, and whose general magni> 
tude is known from other sources. They may be errors of observation, 
and it is a legitimate question to ask what the correlation would be if 
the observations were made more accurate. The observations may have 
been grouped, and we may ask what the correlation would be if the 
original data were available. We represent these additional sources of 
error by standard errors and continue to use a and r for the ideal 

observations of which the available ones are somewhat imperfect modi- 
fications. But now the expectations of and xy will be 

rg, par, since the contributions of the additional error to x and y 
are independent. A normal correlation surface corresponding to these 
expectations will still represent the conditions of observation if the 
additional error is continuous. If it is due to grouping we can still use 
it as a convenient approximation. But for this surface the proper scale 
parameters and correlation coefficient will be 

o' (c 72 -(-cr 2 )V 2 , r' p' = paTjaV. (1) 

Now w^e have seen for one unknown that the best treatment of a known 
component of the standard error is to continue to use the da/u rule for 
the prior probability of the v^hole standard error, merely truncating it 
so as to exclude values less than the known component. Consequently 
the analysis for the estimation of the correlation coefficient stands with 
the substitution of accented letters as far as 3.8 (10). Thus 

Pidp\e.H)cc ( 2 ) 

If then Gq and Tq are small compared wdth a and r, it will be possible, 
within the range of probable values of the parameters, to take the prior 
probabilities of p and p' proportional; and then we can apply the (z, C') 
transformation to r and p' as before. The result may be written 




5r 


zn 


±- 


1 


( 3 ) 


from which the probability distribution of p' follows at once. To derive 
that of p we must multiply all values of p by the estimate of ar jar, 
which w ill be 

^ />.2 _2\l/o/^2 _2\l/o ‘ ( 4 ) 




The procedure is thus simply to multipl^^ the correlation and its 
uncertainty, found as for the standard case, by the product of the 
ratios of the uncorrected and corrected standard errors in the two 
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variables. Where the additional variation is due to grouping, this is the 
product of the ratios without and with Sheppard’s corrections. 

This device for correcting a correlation coefficient has been derived 
otherwise from consideration of expectations; but there is a complica- 
tion when the correlation is high, since it is sometimes found that the 
‘corrected’ correlation exceeds l . This means that the random variation 
has given an r somewhat greater than p', which is already high, and if 
the usual correction is applied we are led to an impossible result. The 
solution is in fact simple, for the only change needed is to remember 
that the prior probability of p is truncated at -f; 1 . We have therefore 
only to truncate the posterior probability at p i 1 also. If pr > 1 
the probability density will be greatest at p — I . 

Such treatment is valid for one estimation, but when many have to 
be combined there is a complication analogous to that for negative 
parallaxes in astronomy (cf. p. 142). The data must always be combined 
before truncation. To truncate first and then take a mean would lead 
to systematic underestimates of correlation. 


4.7. Rank correlation. This method, introduced by Spearman and 
modified by Pearson, is extensively used in problems where a set of 
individuals are compared in respect of tavo properties, which either are 
not measurable or whose measures do not follow the normal law even 
roughly. The chief applications are in psychology, where there are few 
definite standards of measurement, but it is possible to arrange indivi- 
duals in orders with respect to two or more abilities. Then the orders 
can be compared without further reference to whether the abilities have 
received any quantitative measure at all, or if they have, whether this 
measure follows a normal law of chance. It is clear that if one ability 
is a monotonic function of the other, no matter how the measures may 
be made, the orders will either be the same or exactly opposite, so that 
the amount of correspondence between the orders will indicate the 
relation, if any, between the abilities. Spearman’s proposal, then, was 
to assign numbers 1 to ri to the observed individuals in respect of each 
ability, and then to consider the differences between their placings. If 
X and y are the placings of the same individual, tlie coefficient i? was 
definedtby ^ ^ 3 2 1^- 


-y\ 




1 


( 1 ) 


This coefficient has a peculiarity. If the orders are the same, we have 


t Brit. Journ. Psych. 2, 1906, 89-108. 
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2 \^—y\ — 0, and R 
members, ^ 

1 

2 

3 

4 


and 


™ 1. But if they are opposite we have, for four 


y 

4 

3 

2 

1 


R - 


3X8 

15 


- 0 * 6 . 


\^-~y\ 

3 

1 

1 

3 

8 


Thus complete reversal of the order does not simply reverse the sign 
of R. This formula has been largely superseded by another procedure 
also mentioned by Spearman, namely that we should simply work out 
the correlation coefficient between the placings as they stand. The 
mean being in each case, this will be 

which can also be written 

,3, 

n:^ — 7l 


This expression is known as the rank correlation coefficient. It is +1 
if the orders are the same and — 1 if they are opposite. 

The formula needs some modification where some individuals in 
either series are placed equal. A formula for the correction is given by 
‘ Student ’t but it is possibly as easy to work out r directly, giving the 
tied members the mean number that they would have if the tie were 
sejiarated. 

The rank correlation, while certainly useful in practice, is difficult to 
interpret. It is an estimate, but wffiat is it an estimate of? That is, it 
is calculated from the observations, but a function of the observations 
has no relevance beyond the observations unless it is an estimate of a 
parameter in some law. Now what can this law' be? For r ~ I and 
r ™ — 1 the answer is easy; the law is that each ability is a monotonic 
function of the other. If the abilities are independent, again, the 
expectation of r is 0, and if r is found 0 in an investigation it will natur- 
ally be interpreted as an indication of independence. But for inter- 
mediate values of r the interpretation is not clear. The form (2) itself 
is the one derived for normal correlation; but the normal correlation 


I Biometrika, 13 , 1921, 263-82. 
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surface has a maximum in the centre and an infinite range of possible 
values in all directions. In a given experiment any combination of 
these might occur. But x and y have a finite range of possible values, 
each of which they can take once and only once. The validity of the 
form (2) in relation to x and y therefore needs further examination, 
r may be an estimate of some parameter in a law, but it is not clear 
what this law can be, and whether r will be the best estimate for the 
parameter. 

To illustrate the point, suppose that a pair of large samples from 
different classes have been compared. A pair of smaller samples is taken 
from them at random. What is the probability distribution of r for 
the comparison of these small samples ? Except for some extreme cases, 
nobody knows; but we should want to know whether it depends only 
on the value of r for the comparison of the large classes, or whether it 
depends also on finer features of the relative distribution. In the latter 
case, if we had only the small samples, r found from them will not be 
a sufficient statistic for r in the large samples. 

Pearsonf has investigated the relation of r to normal correlation. If 
we consider the two laws 


P(dxdy I oTpOTg,//) 
P{dxdy\a^,o^,PyH) 


27ro'i a2 \ 2<^ 2a|/ 


1 

exT) 

* 1 

2pxy 

2Trcria^(l—p^) 

1 2(1 -pi*)' 

(trf CTiCTj aljj 


dxdy. 


(4) 

(fi) 


both give the same total chance of z or of y separately being in a given 
range. Consequently we can introduce two functions (called by Pearson 
the grades) 


X = 


J 


oo 



dx. 



and eliminate x and y in favour of X and F, Then the right of (4) is 
simply dXdY for X and Y between 0 and 1. Then (6) expressed in 
terms of X and Y gives a distribution within a square, and showing 
correlation between X and Y, Further, such a transformation would 
be possible for any law of chance; we simply need to take as new 
variables the chances that x and y separately are less than given values. 
The result will not be a normal correlation surface in either case, and 
there appears to be no reason to suppose that it would always be of the 


t Drapers' Co, Research Me^ns.^ Biometric Series, 4, 1907, 1-39. 
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same functional form. Nevertheless, one property of normal correlation 
will persist. The exponent in (5) can be written 


1 ((^ pyV 

2(1— ctJ 


+ (l-p=* 



( 7 ) 


and we can take x' ~= x—po^yja^ and y as new variables. These will 
have independent chances, and then if p tends to 1 the standard error 
of x' will tend to 0 and that of y to ag. Thus in the limiting case the 
normal correlation surface reduces to a concentration along a line and 
y is strictly a monotonic function of x. Analogous relations hold if p 
tends to —1. But then X and Y will be equal, since x and y are pro- 
portional. 

An analogous transformation applied to any other law will make X 
and Y equal if x and y are monotonic functions of each other, not 
necessarily linear, and r will be -f-1 or —1. Now it seems to me the 
chief merit of the method of ranks that it eliminates departure from 
linearity, and with it a large part of the uncertainty arising from the 
fact that we do not know any form of the law connecting x and y. For 
any law we could define X and F, and then a new x and y in terms of 
them by (6). The result, expressed in terms of these, need not be a 
normal correlation surface, but the chief difference will be the one that 
is removed by reference to orders instead of measures. 

Accordingly it appears that if an estimate of the correlation, based 
entirely on orders, can be made for normal correlation, it may be 
expected to have validity for other law^s; the same type of validity as 
the median of a series of observations has in estimating the median of 
the law% that is, not necessarily the best that can ever be done, but the 
best that can be done until we know more about the form of the law 
itself. But whereas for normal correlation it wdll estimate departure 
from linearity, for the more general law it wdll estimate how far one 
variable departs from being a monotonic function of the other. 

Pearson investigates the expectations of Spearman’s two coefficients 
for large samples of given size derived from a normal correlation surface, 
and gets ^ 

E{r) ~ -sin-^lp 

IT 


so that p — 2sin(i7rr) (8) 

is an estimate of p involving only orders. In terms of R he gets 

p = 2cosj7r(l — R ) — 1 . (9) 

The latter has the larger uncertainty. Little further attention has 
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therefore been paid to R, The expectation of the square of the random 
variation in r leads to the result that, if p is given, the standard error 
of an estimate of p from r would be 

1 .0472^^ { 1 + 0-042p2+ 0-008p«+ 0-002p«). (10) 

Vn 

The corresponding formula for a correlation found directly from the 
measures is (1— p‘^)/Vn, so that even for normal correlation r gives a 
very efficient estimate. Pearson comments on the fact that in some 
cases where the distribution is far from normal the value of p found 
from r is noticeably higher than that found from the usual formula, and 
seems to think that the fault lies with r. But if x was any monotonic 
function of y other than a linear one, the usual formula would give p 
less than 1, whereas the derivation from r would be 1. Thus if y — 
for ~ 1 < x < 1, we have 

R(x^)=^h 

The ranks method puts x and x^ in the same order and leads to p 1 ; 
but that is not a defect of the method, because it does not measure 
departure from linearity but from monotonicity, and in its proper sense 
it gives the right answer. The formula based on ^ xy measures depar> 
ture from linearity, and there is no inconsistency. Further, there is no 
reason to suppose that with great departures from normality this 
formula gives an estimate of anything particular. 

Pearson is very critical of Sj^earman in parts of this paper, but I think 
that he provides a very satisfactory justification of his coefficient. 
Spearman has replied, f but does not mention the last point, which I 
think is the chief merit of his method. The rank correlation leads to 
nearly as good an estimate as the product moment in the case where the 
latter is definitely the best estimate. It is also right in cases of complete 
association where is a monotonic but not a linear function of x. In 
such cases the normal law and normal correlation do not hold, and the 
product moment would suggest imperfect association between x and y. 
It is also right in testing absence of association. For general use where 
the law is unknown and may be far from normal it seems in this respect 
to be definitely better than xyj 8 -^S 2 ^, Its defect is that we still have not 
succeeded in stating just what it measures in general. The normal 
correlation surface is a complete statement of the joint chance of two 
t Brit, Joum, Psych. 3. 1910, 271-95. See also Yule J. R. Stat. Boc. 70, 1907, 656. 
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variables, and p is a parameter in this law. The extension to non normal 
correlation would still require such a law, containing one new parameter, 
leading to an expression for the joint chance of n individuals being 
arranged in any two orders with respect to two abilities, and stated 
entirely in terms of those orders. Such a law' has not been found ; I 
have searched for possible forms, but all have been either intrinsically 
unsatisfactory in some respect or led to mathematical difficulties that 
I, at any rate, hav^e not succeeded in overcoming. Till this is done there 
will be some doubt as to just wliat w'e mean quantitatively, in regard 
to two quantities both subject to a certain amount of random variation, 
by the amount of departure from monotonicity. Should the law' involve 
exp{--a I X~Y 1 } or ex}){ — a(X — y)^}, for instance, we should be led to 
different functions of the observed positions to express the best value of 
a ; and to decide between them w'ould apparently need extensive study of 
observations similar to those used to test whether the normal law' of errors 
holds for measures. It cannot be decided a priori, and until we have some 
way of finding it by experiment some indefiniteness is inevitable. 

Pearson’s formula for the standard error of the correlation coefficient, 
as found for the normal correlation surface by the method of ranks, does 
not give the actual form of the probability distribution, which is far from 
normal unless the number of observations is very large. But his esti- 
mates of uncertainty for the correlation coefficient found by the most 
efficient method in this case, and for that found from the rank coefficient, 
have been found by comparable methods, and two functions w'ith the 
same maximum, the same termini at 4: 1, and the same second moment 
about the maximum, are unlikely to differ greatly. It appears therefore 
that we can adapt the formulae 3.8 (25) and (26) by simply multiplying 
the standard error of ^ by 

1 •0472( 1 + 0*042p2+ o-008/o4+ 0-002/) 
for the estimated p. 

An alternative method is given by Fisher and Yates. One disadvan- 
tage of the correlation betw^een ranks as they stand is that if we have, 
say, 10 pairs, in the same order, the effect of interchanging members 
1 and 2 in one set is the same as that of interchanging members 5 and 6. 
That is, the correlations of the series 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10 
with 2, 1, 3, 4, 5, 6, 7, 8, 9, 10 

and with 1, 2, 3, 4, 6, 5, 7, 8, 9, 10 

are the same. But if the series are the results of applying ranking to a 

3595.58 


p 
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normal correlation surface this is wrong, for the difference between 
members 1 and 2 would ordinarily be much larger than that between 
members 5 and 6. Fisher and Yatesf deal with this by using the ranks, 
as far as possible, to reconstruct the measures that would be obtained 
in a normal correlation. If as before we use A" to denote the chance of 
an observation less than x, where x is derived from the normal law with 
C7 — 1, the chance of p~l observations being less than x, n~p greater 
than x+dx, and one between x and x+dx, is 


n\ 

(?>— 1)! {n—p)\ 


XP-^l-X^-PdX, 


and this is the chance that the pth observation will lie in a range dx. 
The expectation of x for the pth observation in order of rank is therefore 

1 


n\ 


(p-~l)\(n-p) 


i J X’^-^l-Xy'-^x dX, 


and if this is substituted for the rank we have a variable that can be 
used to find the correlation coefficient directly without transformation. 
This avoids the above difficulty. It makes the expectation of the sum 
of the squares of the differences between the actual measures and the 
corresponding x^ a minimum. Fisher and Yates give a table of the suit- 
able values of x^ for n up to 30. The uncertainty given by this method 
must be larger than that for normal correlation when the data are the 
actual measures, and smaller than for the correlation derived from 
Spearman’s coefficient, and the difference is not large. Fisher and 
Yates tabulate Fisher tells me privately that the allowance 

would be got by multiplying the uncertainty by (n/^ but the 

proof has not been published. 

The difference between Pearson’s method and Fisher’s recalls a 
similar problem for one variable (cf. 3.61). Re*8caling may obscure an 
essential feature of the distribution, and presumably will also do so for 
distributions for two variables. I think that what is needed is rather 
some method of analysis, like the use of the median in 4.4, such that 
the results will be as insensitive as possible to the actual form of the law; 
completely insensitive they cannot be. 

A further way of estimating rank correlation is given by Kendall. J 

4.71. Grades and Contingency. The method of ranks can be ex- 
tended to a contingency table classified by rows and columns. Pearson’s 


t Statistical Tables^ 1938, pp. 13, 60-1. 

f The Advanced Theory of Statistics, ch. 16, especially pp. 391-4, 403-8. 
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analysis actually leads to (8) and (10) by a consideration of the 
correlation between grades, which are the quantities I have denoted by 
X and Y and are called and by him. If the quantities correlated 
are magnitudes and we have a series of measures, then for the normal 
correlation surface X and Y will be read from a table of the error func- 
tion and known for each observation with the same order of accuracy as 
the measures. Then the rank correlation will be the correlation between 
X and y. If we have the orders of individuals with regard to two pro- 
perties, these provide the estimated X and T, from which we can cal- 
culate the rank correlation and proceed to p, in possibly an extended 
sense if the correlation is not normal. When data have been classified 
the same will hold approximately, on account of the small effect of even 
rather drastic grouping on the estimates. The following table of the 
relation of colours and spectral types of stars provides an example. f 
The spectral types are denoted by x, the colours by y, as follows. J 


X 

1 Helium starH 

2 Hydrogen stars 

3 OL Carinae typo 

4 Solar stars 

5 Arotiunas type 

6 Aldebarau type 

7 Betelgeuso type 


y 

1 White 

2 White with faint tinge of colour 

3 Very pale yellow 

4 Palo yellow 

5 Full yellow 

6 Ruddy 


^ . y 

1 

2 

3 

4 

5 

6 

Total 

Mean rank X 
100 X 

1 

125 

146 

8 

3 

0 

0 

282 

-6-9 

2 

168 

195 

14 

0 

0 

0 

377 

-2*6 

3 

3 

97 

23 

8 

6 

0 

137 

0 

4 

0 

41 

77 

33 

29 

0 

180 

41-6 

5 

0 1 

16 

86 

77 

63 

0 

241 

4-2*8 


0 

0 

4 

22 

43 

6 

76 

44*4 

7 

0 

3 

2 

39 

19 

5 

68 

45*1 

Total 

296 

497 

214 

182 

160 

11 

1,360 


Mean rank Y 

-7-6 

-3'6 

0 

4 20 

43-7 

' 44-6 



100 X 





j 

1 




For convenience the zero of rank is taken in the middle of the third 
group for both X and F, and the ranks given are the means of the 
placings relative to this zero, and divided by 100. Then we find 
2 X = -1004, 2 ^ -3003, 

2X2= 17939, 2^^=26233, 

t W. S. Franks, M,N .R,A,S, 67, 1907, 639-42. Quoted by Brunt, Combination of 
Observations t p. 170. 

% What Franks calls a white star would be called bluish by many observers, who 
would call his second class white. 
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The mean ranks are therefore at X = — 0*7, Y — —2-2; to reduce to 
the means we must apply to 2 2 corrections 

— 1004x0*7, —3003x2*2, —1004x2*2. Also we must correct 
and 2 grouping. In the first row for x, for instance, grouping 

has made a contribution of 282(2*82)2 ^ x^, and so on. It does not 

affect the product systematically. Allowing for this we should reduce 
2 X2 and ^ y 2 by a further 826 and 1405. Thus the corrected values 
are 

2 X2 == 16410; 2 ^ 18192; 2 =^~ + ^^765. 

These give r ^ +0*798. 

To convert to an analogue of the correlation coefficient we must take 
p -- 2sin(0*5236x0*798) -- 0*812. 

Apptying the ::: transformation we get 

^ 1*133-0*003+0*037. 

This uncertainty is a little too low, since it has allowed for grouping, 
which should not be done in estimating uncertainties. This has altered 
both and by about 5 per cent., and we should increase the 
standard error of ^ by the same amount. Also we should multiply by 
4.7 (10) because we are working with ranks and not measures. This is 
1*09. Hence (ranges corresponding to the standard error) 

^ - 1*130+0*042 1*088 to 1*172, 

p == +0*796 to +0*825. 

Brunt, from the above data, using Pearson’s coefficient of mean 
square contingency, gets p +0*71. The difference is presumably 
due to the skewness of the distribution, the greatest concentration 
being in one corner of the table. I think that my larger value gives a 
better idea of the closeness of the correspondence. But I think that 
the use of this coefficient to estimate association is undesirable for other 
reasons. In a rectangular contingency table j^iay be computed 
against the hypothesis of proportionality of the chances in the rows, 
and Pearson defines the mean square contingency by 

= xW, 

where N is the whole number of observations. f He then considers the 
laws for correlations 0 and p, on the former of which proportionality 
would hold, and works out, against the chances given by it, the value 
of (f>^ supposing the number of observations very large and distributed 

t Drapers' Co. Res. Mema., Biometric Series, 1, 1904. 
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exactly in proportion to the expectations given by normal correlation p. 
The result for this limiting case is and hence 



is suggested as a possible means of estimating p. Unfortunately in 
practice we are not dealing with limiting cases but with a finite number 
of observations classified into groups, and even if the two variables were 
strictly independent the sampling errors would in general make about 
(7/1— l)(n~ 1), where in and n are the numbers of rows and columns. 
For an actual series of observations will always be positive, and r 
will be estimated by this method as about {(//v— l)(/i— if the 
variations are independent. This is not negligible. But also if there are 
any departures from proportionality of the chances whatever, irrespec- 
tive of whether they are in accordance with a normal correlation, they 
will contribute to ^ and therefore to the estimate of The excess 
chances might, for instance, be distributed alternately by rows and 
columns so as to produce a chessboard pattern; this is nothing like 
correlation, but the method would interpret it as such. Or there 
might be a failure of independence of the events, leading to a tendency 
for several together to come into the same compartment; an extension 
of the idea that we have had in the negative binomial distribution. 
This would not affect the distribution of the expectation, but it would 
increase On the other hand, grouping will reduce if the correlation 
is high. Accordingly I think that this function, or any other function 
of should be used as an estimate only when the only parameter con- 
sidered is one expressing intraclass correlation or non-independence of 
the events. It is not suited to estimate the normal correlation coefficient 
because too many other complications can contribute to it and produce a 
bias. In the above case, however, the departure from normality itself has 
led to a greater effect in the opposite direction, and in the circumstances 
it seems that this way of estimating association would be best abandoned. 

4.8. The estimation of an unknown and unrestricted integer. The 

following problem was suggested to me several years ago by Professor 
M. H. A. Newman. A man travelling in a foreign country has to change 
trains at a junction, and goes into the town, of the existence of which 
he has only just heard. He has no idea of its size. The first thing that 
he sees is a tramcar numbered 100. What can he infer about the number 
of tramcars in the town ? It may be assumed for the purpose that they 
are numbered consecutively from 1 upwards. 
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The novelty of the problem is that the quantity to be estimated is 
a positive integer, with no apparent upper limit to its possible values. 
A uniform prior probability is therefore out of the question. For a con- 
tinuous quantity with no upper limit the dvjv rule is the only satisfactory 
one, and it appears that, apart from possible complications at the lower 
limit, we may suppose here that if n is the unknown number 

P{n I H) oc ( 1 ) 


Then the probability, given n, that the first specimen will be number m 
in the series is 


and therefore 


P(m \ n,H) ~ \jn (m ^ n) 

P(n I m,H) oc n-^-\-0(n-^) (n > m). 


(2) 

(3) 


If m is fairly large the probability that n exceeds some definite value 
will be nearly 

00 i CO yY! 

2 = (4) 

n® + 1 ' m ^0 

nearly. With one observation there is a probability of about \ that n is 
not more than 2m. 

I have been asked this question several times and think that an 
approximate solution may be worth recording. The interesting thing 
is that the questioners usually express a feeling that there is something 
special about the value 2m, without being able to say precisely what it 
is. The adopted prior probability makes it possible to say how a single 
observation can lead to intelligible information about n, and it seems to 
be agreed that it would do so. I see no way, however, of fixing the terms 
of order 

The extension to the case where several members of the series are 
observed is simple, and is closely analogous to the problem of finding 
a rectangular distribution from a set of measures. 


4.9. Artificial randomization. This technique in experimental design 
has been greatly developed by Fisher, f and more recently by Yates, f 
chiefly in relation to agricultural experiments. The primary problem 
in the work is to compare the productivities of different varieties of a 
plant and the effects of different fertilizers and combinations of ferti- 
lizers. The difficulty is that even if the same variety is planted in a 
number of plots and all receive the same treatment, the yields differ. 
Such tests are called uniformity trials. This would not affect the work 

t The Design of Experiments, 1936. 

t J. R. SUU. Soc. Suppl. 2, 1936, 181-223; The Design and Analysis of Factorial 
Experiments, Imp. Bur. of Soil Science, 1937. 
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if the yields were random; if they were, the plot yields could be taken 
as equations of condition for the varietal and treatment differences and 
the solution completed by least squares, thus obtaining the best possible 
estimates and a valid uncertainty. Unfortunately they are not random. 
In uniformity trials it is habitually found that there is a significant 
gradient in the yield in one or other direction on the ground. Even when 
this is estimated and taken into account it is found that there is a marked 
positive correlation between neighbouring plots. Further, many fields 
have at some stage of their history been laid out for drainage into a 
series of parallel ridges and furrows, which may leave a record of them- 
selves in a harmonic variation of fertility. The result is that the analysis 
of the variation of the plot yields into varietal and treatment differences 
and random error does not represent the known facts; these ground 
effects must be taken into account in some way . The best way, if we want 
to get the maximum accuracy, would be to introduce them explicitly as 
unknowns, form normal equations for them also, and solve. Since the 
arrangement of the plots is at the experimenter’s disposal, his best plan 
is to make it so that the equations for the various unknowns will be 
orthogonal. One of the best ways of doing this is by means of the Latin 
square. If the plots are arranged in a 5 x 5 square to test five varieties, 
and each variety occurs just once in each row and each column, the 
estimates of the differences between the varieties will be the differences 
of the means of the plots containing them, irrespective of the row and 
column differences of fertility. But unfortunately the correlation be- 
tween neighbouring plots still prevents the outstanding variation from 
being completely random. If it was, all Latin squares would be equally 
useful. But suppose that we take Cartesian coordinates of position at 
the centre of each square, the axes being parallel to the sides. Then if 
variations of fertility are completely expressed by the row and column 
totals they are expressible in the form 

For with suitable choices of the a’s and 6’s it will be possible to fit all 
the row and column totals exactly. But this contains no product terms, 
such as xy. In certain conditions this might be serious; for if and 
produce a significant variation it would only be for one special orienta- 
tion of the sides that the xy term would be absent, and if the plots 
containing one variety all correspond to positive xy and all containing 
another to negative .ry, part of the difference between the means for 
.these sets of plots will be due to the xy term in the fertility and not to 
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the differences of the v arieties. This will happen with the most obvious 
design, namely 


A 

B 

C 

D 

E 

E 

A 

B 

c 

D 

D 

E 

A 

B 

C 


I) 

E 

A 

B 

B 


D 

E 

A 


Here varieties C and D have positive or zero xy every time, while A 
has negative or zero xy every time. If, then, the and terms should 
be eliminated, should we not estimate and eliminate xy too? On the 
face of it it will usually be more important than higher terms such as 
x^\ but the real question is, where are we to stop? If we should keep 
the whole of the terms up to the fourth power, we shall need to elimi- 
nate 6 extra terms, leaving only h to give an estimate of the random 
variation; if we should go to we should be left with no information 
at all to separate varieties from fertility. We must stop somewhere, 
and for practical reasons Fisher introduces at this stage another method 
of dealing with xy, which leaves it possible to use the plot means 
alone to estimate the varietal differences and at the same time to treat 
the outstanding variation as if it were random, though in fact it is not. 
Possibly it is often an unnecessary refinement to eliminate the higher 
terms completely, as he does, but the analyvsis doing so is easier than 
it would be to omit them and find the lower ones by least squares, and 
it does no harm provided sufficient information is left to provide a 
good estimate of the uncertainty. But there might be a serious danger 
from xy. In a single 5x5 square each variety occurs only 5 times, and 
some of this information, effectively 1-8 plots per variety, is sacrificed 
in eliminating the row and column fertility effects. But if we use the 
usual rules for estimating uncertainty they will suppose that when we 
have allowed for rows, columns, and varieties, the rest of the variation 
is random. If there is an xy term, this will be untrue, since the sign of 
this term in one plot will determine that in every other. With some 
arrangements of the varieties the contributions to the means of the 
plots with the same variety due to xy will be more, with others less, 
than would be expected if they were completely random contributions 
with the same mean square. Consequently it will not be valid to treat 
the outstanding variation as random in estimating the uncertainty of 
the differences between the varieties, xy could be introduced explicitly, 
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with an unknown coefficient to be found from the data, and then on 
eliminating it the results would be unaffected by it. But this would 
mean appreciable increase of labour of computation, and the possibility 
of still higher terms might then have to be considered. 

Again, it is usual to lay out two or three squares to reduce the un- 
certainty. If the same design was used for three squares there would be 
a I chance that every variety would have J f'or its plots with the 
same sign in every square. This is not a negligible chance; and though 
the differences of the ^ xy for the varieties in one square might be un- 
important, their contribution to the estimated total differences would 
be multiplied by 3 in three squares, while their contribution to the 
estimated standard error of these totals, assuming randomness, would 
only be multiplied by \'3. Thus if the design is simply copied, and an 
xy term is present, there is an appreciable chance that it may lead to 
differences that wnuld be wrongly interpreted as varietal. 

Fisher proceeds, instead of determining the xy term, to make it into 
a random error. This is done by arranging the rows and columns of 
every square at random. Thus if we start with the arrangement given 
above, we have in the first column the order A EDGE. By a process 
such as card shuffling we rearrange these letters in a new order, such 
as CADE B. The rows are then rearranged, keeping each row intact, 
so as to bring the letters in the first column into this order. The letters 
in the first row^ are now in the order CDEAB. Shuffling these we get 
ECBAD; and now rearranging the columns we get the final arrange- 
ment 


E 

. 

C 

B 

A 

D 

C 


E 

D 

B 

A 


C 

B 

E 

B 

E 1 

T) 

C 

A 

D \ 

1 

^ 1 

^ \ 

E 

fTT 


The varieties would be laid out in this order in an actual square; but 
for the second and third squares entirely separate rearrangements must 
be made. There is no such thing as an intrinsically random arrange- 
ment. The w hole point of the design is that if there is an xy term in 
the fertility, its contribution to any varietal total in one square shall 
give no information relevant to the total in another square. Card 
shuffling is fairly satisfactory for this purpose because one deal does give 
little or no information relevant to the next. But if the deal is simply 
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copied the terms in xy for one square will give information about their 
values in the others, and the shuffling fails in its object. An arrange- 
ment can only be random once. 

This procedure, highly successful in practice, shows well the condi- 
tions for the use of artificial randomization. In the first place, the 
square is not randomized completely. The rule that each variety shall 
occur just once in every row and in every column is absolute. If 25 
cards were lettered, 5 with A, 5 with B, and so on, and shuffled, the 
result would be that some letters would be completely absent from some 
columns and appear two or three times in others. The result would be 
a loss of accuracy in the estimation of the linear gradients, which could 
therefore not be allowed for with so much accuracy, and this would 
increase the final uncertainty of the varietal differences. Here is the 
first principle: we must not try to randomize a systematic effect that 
is known to be considerable in relation with what we are trying to find. 
The design must be such that such effects can be estimated and elimi- 
nated as accurately as possible, and this is done best if we make an error 
in an unknown of either set contribute equally to the estimates of all 
unknowns of the other sets. But this condition imposes a high degree 
of system on the design, and any attempt at randomness must be within 
the limits imposed by this system. In some discussions there seems to 
be a confusion between the design itself and the method of analysing 
the results. The latter is always to take the means of the plot yields 
with the same variety to give the estimates of the varietal differences. 
It is not asserted that this is the best method. If the xy term was allowed 
for explicitly the analysis would, in general, be more complicated, but 
elimination of the variation due to it would leave results of a higher 
accuracy, which would not, however, rest simply on the differences of 
the means. The method of analysis deliberat^ely sacrifices some accuracy 
in estimation for the sake of convenience in analysis. The question is 
whether this loss is enough to matter, and we are considering again the 
efficiency of an estimate. But this must be considered in relation to the 
purpose of the experiment in the first place. There will in general be 
varietal differences; we have to decide whether they are large enough 
to interest a farmer, who would not go to the expense of changing his 
methods unless there was a fairly substantial gain in prospect. There 
is, therefore, a minimum difference that is worth asserting. It is, how- 
ever, also important that differences asserted should have the right sign, 
and therefore the uncertainty stated by the method must be substan- 
tially less than the minimum difference that would interest the farmer. 
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So long as this condition is satisfied it is not important whether the 
probability that the difference has the wrong sign is 0*01 or 0*001. The 
design and the method of analysis are therefore, for this purpose, com- 
bined legitimately, provided that together they yield an uncertainty 
small enough for interesting effects not to be hidden by ground effects 
irrelevant to other fields and deliberately ignored. Previous experi- 
ments have usually indicated the order of magnitude of the uncertainty 
to be expected, with a given design, and it is mainly this that determines 
the size and number of the plots. This information, of course, is vague, 
and Fisher and Yates are right in treating it as previous ignorance 
when they have the data for the actual experiment, which are directly 
relevant. But it has served to suggest what effects are worth eliminating 
accurately and what can be randomized without the subsequent method 
of analysis, treating them as random, giving an uncertainty too large 
for the main objects of the experiment to be fulfilled. In different condi- 
tions, however, the effects that should be eliminated and those that may 
be randomized and henceforth treated as random will not necessarily 
be the same.f 

The same principles arise in a more elementary way in the treatment 
of rounding-off errors in computation. If an answer is wanted to one 
decimal, the second decimal is rounded off so that, for instance, 1*87 
is entered as 1*9 and 1*52 as 1*5. If the rejected figure is a 5 it is 
rounded to the nearest even number; thus 1*55 is entered as 1*6 and 
1*45 as 1*4. Thus these minor errors are made random by their associa- 
tion with observational error and by the fact that there is no reason 
to expect them to be correlated with the systematic effects sought. If 
rounding-off was always upwards or downwards it would produce a 
cumulative error in the means. 

Most physicists, of course, will envy workers in subjects where un- 
interesting systematic effects can be randomized, and workers dealing 
with phenomena as they occur in nature will envy those who can design 
their experiments so that the normal equations will be orthogonal. 

t See also ‘Student’, Biometrika, 29 , 1938, 363-79; E. S. Pearson and J. Neyman, 
ibid. 29 , 1938, 380-8; E. S. Pearson, ibid. 30, 1938, 169-79; F. Yates, ibid. 30, 1939, 
440-66; Jeffreys, ibid. 31, 1939, 1-8. 
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SIGNIFICANCE TESTS: ONE NEW PARAMETER 


‘Which way ought I to go to get from here ? ’ 

‘That depends a good deal on where you want to get to,’ said tlie (^at. 

‘I don’t much care where ' said Alice. 

‘Then it doesn’t matter which way you go,’ said the Cat. 

LKWis CAREOLL, Alice in Wonderland. 


5.0. General discussion. Thk general principles of significance tests 
have been stated at the beginning of Chapter III. We need only recall 
that our problem is to compare a specially suggested value of a new 
parameter, often 0, with the aggregate of other possible values. We 
do this by enunciating the hypotheses q, that the parameter has the 
suggested value, and q' , that it has some other value to be determined 
from the observations. We shall call q the null hypothesis, following 
Fisher, and q' the alternative hypothesis. To say that we have no 
information initially as to whether the new parameter is needed or not 
wemusttaka - P^,' \H) = I (1) 


But q' involves an adjustable parameter, ol say, and 

P(q'\H) = J,P(q',a\H) (2) 

over all possible values of a. We take a to be zero on q. Let the prior 
probability of doc, given q'H, be /(a) da, where 


J/(a)rf<x==l, (3) 

integration being over the whole range of possible values when the 
limits are not given explicitly. Then 

P{q' doL\H) ~ |/(a) doL. (4) 

We can now see in general terms that this analysis leads to a significance 
test for a. For if the maximum likelihood solution for a is the 
chance of finding a in a particular range, given q, is nearly 

and the chance, given q' and a particular value of a, is 




( 6 ) 
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Hence by the principle of inverse probability 


221 


P{q'doi\aH)a: -^-^/(a()exp| — rfa. (8) 

It is to be understood that in pairs of equations of this type the sign 
of proportionality indicates the same constant factor, which can be 
adjusted to make the total probability 1 . 

Consider two extreme cases. There will be a finite interval of a such 
that J f{<y) da through it is arbitrarily near unity. If a lies in this range 
and is so large that the exponent in (8) is small over most of this 
range, we have on integration, approximately, 

P(q' \aH) = P{q\aH)cc (9) 

y'(2Tr)s 

In other words, if the standard error of the maximum likelihood esti» 
mate is greater than the range of a permitted by q\ the observations 
do nothing to decide between q and q' . 

If, however, .s* is small, so that the exponent can take large values, 
and /(a) is continuous, the integral of (8) will be nearly /(a), and 


P{q\aH) ,1 / 

P(q'\nH) ■ 

We shall in general write 

K ^ 

P{q'\0H)- 


( 10 ) 

( 11 ) 


If the number of observations, ??, is large, .s is usually small like 
Then if a ~ 0 and n large, K will be large of order since f{a) is 
independent of n. Then the observations support q. that is, they say 
that the new parameter is probably not needed. But if k | is much larger 
than s the exponential will be small, and the observations will support 
the need for the new parameter. For given n, there will be a critical 
value of ajs such that K “ 1 and no decision is reached. 

The larger the number of observations the stronger the support for q 
will be if |a| < s. This is a satisfactory feature; the more thorough the 
investigation has been, the more ready we shall be Jbo suppose that if 
we have failed to find evidence for a it is because ol is really 0. But it 
carries with it the consequence that the critical value of ajs increases 
with n (though that of a of course diminishes); the increase is very slow, 
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since it depends on ^(logw), but it is appreciable. The test does not 
draw the line at a fixed value of ajs. 

The simplicity postulate therefore leads to significance tests. The 
difficulty pointed out before (p. 103) about the uniform assessment of 
the prior probability was that even if oc was 0, a would usually be 
different from 0, on account of random error, and to adopt a as the 
estimate would be to reject the hypothesis a ™ 0 even if it was true. 
We now see how to escape from this dilemma. Small values of \a\ up 
to some multiple of s will be taken to support the hypothesis a — 0, 
since they would be quite likely to arise on that hypothesis, but larger 
values support the need to introduce a. In suitable cases high proba- 
bilities may be obtained for either hypothesis. The possibility of getting 
actual support for the null hypothesis from the observations really 
comes from the fact that the value of a indicated by it is unique. 

indicates only a range of possible values, and if we select the one that 
happens to fit the observations best we must allow for the fact that it 
is a selected value. If \a\ is less than s, this is what we should expect on 
the hypothesis that a is 0, but if a was equally likely to be anywhere in 
a range of length m it requires that an event with a probability 2sjm 
shall have come off. If \a\ is much larger than 5, however, a would be 
a very unlikely value to occur if a was 0, but no more unlikely than any 
other if a was not 0. In each case we adopt the less remarkable 
coincidence. 

This approximate argument shows the general nature of the signifi- 
cance tests based on the simplicity postulate. The essential feature is 
that we express ignorance of whether the new parameter is needed by 
taking half the prior probability for it as concentrated in the value 
indicated by the null hypothesis, and distributing the other half over 
the range possible. 

The above argument contemplates a law q containing no adjustable 
parameter and a law q' containing precisely one. In practice we usually 
meet one or more of the following complications. 

1. q may itself contain adjustable parameters; contains one more 
but reduces to q if and only if the extra parameter is zero. We shall 
refer to the adjustable parameters present on q as old parameters, those 
present on q* but not on g as new parameters. 

2. g' may contain more than one new parameter. 

3. Two sets of observations may be considered. They are supposed 
derived from laws of the same form, but it is possible that one or more 
parameters in the laws have different values. Then q is the hypothesis 
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that the parameters have the same value in the two sets, q' that at 
least one of them has different values. 

4. It may be already established that some parameters have different 
values on the two laws, but the question may be whether some further 
parameter differs. For instance, the two sets of data may both be 
derived from normal laws, and the standard errors may already be 
known to differ; but the question of the agreement of the true values 
remains open. This state of affairs is particularly important when a 
physical constant has been estimated by totally different methods and 
we want to know whether the results are consistent. 

5. More than two sets of observations may have to be compared. 
Several sets may agree, but one or more may be found to differ from 
the consistent sets by amounts that would be taken as significant if 
they stood by themselves. But in such cases we are picking out the 
largest discrepancy, and a discrepancy of any amount might arise by 
accident if we had enough sets of data. Some allowance for selection 
is therefore necessary in such cases. 

5.01. Treatment of old parameters. Suppose that there is one 
old parameter a; the new parameter is jS, and is 0 on q. In q' we could 
replace ol by a', any function of a and jS; but to make it explicit that 
q* reduces to q when j8 — 0 we shall require that a — a when )3 = 0. 
Suppose that a' il chosen so that a' and ^ are orthogonal parameters 


in the sense of 4.31 ; take 

P(qd(x I //) — A(a)dot, P{q' dcx'dp \H) — a')dj3, ( 1 ) 

where j f(p,oc')d^ = 1. (2) 

For small changes of a and jS, 

J = (3) 

If n is large, we get maximum likelihood estimates a and b for a' and jS, 
and , 

P(dadb I qocH) oc ^exp[— (4) 


P(dadb [qW^H) a: ^ex'p[—in{g^^{oc'—a)^+gpp(p—b)% 
P{q I obH) oc J A(ot)exp[-H^„„(c.-a)^+?^j36*}]rfa 
cch(a) 


(5) 


( 6 ) 
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P{q' \abH)a: jj 

cch(a)f(b,a) (7) 


ny/iUccam)’ 


( 8 ) 


This is of the same form as 5.0 (10). To the accuracy of this approxima- 
tion h((x) is irrelevant. It makes little difference to K whether we have 
much or little previous information about the old parameter. /(/3, ex') 
is a prior probability density for ^ given ex'. 

If oc" also reduces to ex when p ^ - 0, but is not orthogonal to p for 
small values of we may take 

ex' ~~ a'-f-A^. (9) 

If instead of (1) we take 

P{q' dad^ I H) - h(oc")f(l3, oc") doc"d^ (10) 

we are led to 

P(q'\abH) oc JJ h{oi'')f{P, a")exp[-in{g^JcK' -ay-+y^p{^-bf}] doc'd^ 

= h(a+\b)f(b,a+Xb) . (II) 

provided now that h varies slowly. There will bo little change in K if 
b is small and we have little previous information about ex"; so that the 
condition that old parameters shall be taken orthogonal to the new 
ones makes little difference to the results. But if there is much previous 
information about oc" we may have to take account of the variation of 
h(a") in the range where the exponential is not small, and the disturbance 
of the result may be considerable. 

There is therefore no difficulty in principle in allowing for old para- 
meters. If previous considerations, such as a definite hypothesis or 
even a consistent model, suggest a particular way of specifying them 
on q\ we may use it. If not, we can take them orthogonal to the new 
one, because tnis automatically satisfies the condition that the para- 
meter ol' that replaces a on q' shall reduce to cx when P = 0; then the 
prior probability of a on ^ can be immediately adapted to give a suitable 
one for oc' on q'. In these cases the result will be nearly independent 
of previous information about the old parameters. 

In the first edition of this book I made it a rule that old parameters 
on q' should be defined in such a way that they would have maximum 
likelihood estimates independent of the new parameter. This was rather 
unsatisfactory because in estimation problems maximum likelihood 
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arises as a derivative principle, as an approximation to the principle of 
inverse probability. It seemed anomalous that it should appear, appa- 
rently as a postulate, in the principles of significance tests. We now see 
that it is unnecessary, but that the notion of orthogonality leads to a 
specially convenient statement of the method; and orthogonal para- 
meters satisfy the rule of the first edition to the accuracy required. 

5.02. Required properties of/{a). To arrive at quantitative results 
we need to specify the function /(a) of 5.0 or/(j3, cx) of 5.01. It might 
appear that on q' the new parameter is regarded as unknown and there- 
fore that we should use the estimation prior probability for it. But this 
leads to an immediate difficulty. Suppose that we are considering 
whether a location parameter oc is 0. The estimation prior probability 
for it is uniform, and subject to 5.0 (3) we should have to take /(a) — 0, 
and K would always be infinite. We must instead say that the mere fact 
that it has been suggested that a is zero corresponds to some presump- 
tion that it is fairly small. Then we can make a test with any form 
of f{(x) whose integral converges. But it must not converge too fast, or 
we shall find that the null hypothesis can nov^er be sufficiently decisively 
rejected. We shall deal with this explicitly later. At present we need 
only remark that the effect of a suggestion that a 0, if it has to be 
rejected, implies much less evidence against large values of than would 
be provided by a single observation that would give a maximum likeli- 
hood solution a U. In cases where a single observation would not 
give strong evidence against large values of a, it will be enough to use 
the estimation prior probability. 

The situation appears to be that when a suggestion arises that calls 
for a significance test there may be very little previous information or 
a great deal. In sampling problems the suggestion that the whole class 
is of one type may arise before any individual at all has been examined. 
In the establishment of Kepler’s laws several alternatives had to be 
discussed and found to disagree wildly wdth observation before the right 
solutions were found, and by the time when perturbations began to be 
investigated theoretically the extent of departures from Kepler’s laws 
was reasonably well known, and well beyond the standard error of one 
observation. In experimental physics it usually seems to be expected 
that there will be systematic error comparable with the standard error 
of one observation. In much modern astronomical work effects are 
deliberately sought when previous information has shown that they 
may be of the order of a tenth of the standard error of one observation, 
and consequently there is no hope of getting a decision one way or the 

86»5.58 o 
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other until some hundreds of observations have been taken. In any of 
these cases it would be perfectly possible to give a form of /(a) that 
would express the })revious information satisfactorily, and considera- 
tion of the general argument of 5.0 will show that it would lead to 
common-sense results, but they would differ in scale. As we are aiming 
chiefly at a theory that can be used in the early stages of a subject, we 
shall not at present consider the last type of case; we shall see that the 
first two are covered by taking /(a) to be of the form (7/(1 

5.03. Comparison of two sets of observations. Let two sets of 
observations, of numbers Wg, be derived from laws that agree in para- 
meters but possibly differ in a parameter Let the values 

of in the two be The standard error of ^ 1—^2 found in 

an estimation problem would be 



Then the first factor in 5.0(10) will be 



Now if 712 is very large compared with 71 ^ we are practically comparing 
the estimate of with an accurately determined value, and (2) should 
be 0{7i^i^), It is, provided /(O) is independent of and by symmetry 
of Tig. 

This principle is not satisfied by two of the tests given in the first 
edition of this book: comparison of two series of measures when the 
standard errors are equal (5.51) ; and comparison of two standard errors 
(5.53). In these the factor in question was 0(?ii+Ti2)'^‘^- The prior 
probability of the difference of the parameters on the alternative hypo- 
thesis in these can be seen on examination to depend on 71 J 7 I 2 . The 
method was based on somewhat artificial partitions of expectations. 

5.04. Selection of alternative hypotheses. So far we have con- 
sidered the comparison of the null hypothesis with a simple alternative, 
which could be considered as likely as the null hypothesis. Sometimes, 
however, the use of or or some previous consideration, suggests 
that some one of a group of alternative hypotheses may be right with- 
out giving any clear indication of which. For instance, the chief periods 
in the tides and the motion of the moon were detected by first noticing 
that the observed quantity varied systematically and then examining 
the departures in detail. In such a case (we are supposing for a moment 
that we are in a pre -Newtonian position without a gravitational theory 
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to guide us) the presence of one period by itself would give little or no 
reason to expect another. We may say that the presence of various 
possible periods gives alternative hypotheses ^ 2 ’ whose disjunc- 
tion is q\ They are mutually irrelevant, and therefore not exclusive. 
Suppose then that the alternatives are w in number, all with probability 
k initial! V, and that 

P{q\H) P(q'\H) - I (1) 

Since we are taking the various alternatives as irrelevant the proba- 
bility that they are all false is (1 — A-)"'. But the proposition that they 
are all false is q\ hence 

(i-^r - h (2) 

= Ilog2, (3) 

w 


if rn is large. Thus, if we test the hypothesis q^ separately we shall have 


= 1 - == o-7m 

P(q^\H) 2k • 2 log 2 




nearly. If K is found by taking P(q\H) | //), we can correct 

for selection by multi])lying K by Ow?//. 

Where the data are frequencies or the values of a continuous quantity 
at a set of discrete values of the argument, a finite number of Fourier 
amplitudes suffice to express the whole of the data exactly, and the 
procedure would be to test these in order, ])referably beginning with 
the largest. An intermediate real period would contribute to more than 
one estimated amplitude, and the true period could then be estimated 
by comparison of adjacent amplitudes. f 

Where the dependent variable is a continuous function and we have 
a continuous record of it, neighbouring values are correlated in any 
circumstances. It would be wrong to treat neighbouring values as sub- 
ject to independent errors. The null hypothesis would be more like a 
statement that a finite number of values are assigned at random and 
that the intermediate ones are represented by the interpolation func- 
tion. The problem is a case of what is now' know n as serial correlation. 
A method that is often used is to divide the interval into several, do 
separate analyses for each, and estimate an uncertainty by comparison. 

In practice it is rather unusual for a set of parameters to arise in 
such a w^ay that each can be treated as irrelevant to the presence of 

t This method differs appreciably from the ‘periodogram' metViod of Schuster, which 
may miss some periods altogether and estimate amplitudos of others that he too close 
together to be independent. It is essentially due to H. H. Turner. For details see H. 
and B. S. Jeffreys, Methods of Mathematical Physks, pp. 4(K>, 421. 
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any other. Even in the above case each period means two new para- 
meters, representing the coefficients of a sine and cosine; the presence 
of a period also would usually suggest the presence of its higher har- 
monics. More usual cases are w here one new parameter gives inductive 
reason, but not demonstrative reason, for expecting another, and where 
some parameters are so closely associated that one could hardly occur 
without the others. 

The former case is common in the discussion of estimates of a physical 
constant from different sets of data, to see whether there are any 
systematic differences between them. The absence of such differences 
can be taken as the null hypothesis. But if one sot is subject to 
systematic error, that gives some reason to expect that others are too. 
The problem of estimating the numbers of normal and abnormal sets 
is essentially one of sampling, with half the prior probability concen- 
trated at one extreme; but we also want to say, as far as possible, which 
are the abnormal sets. The problem is therefore to draw' the line, and 
since K de])ends chiefly on is convenient to test the sets in turn 
in order of decreasing contributions to If at any stage w e are testing 
the jtflh largest contribution (/? > 1), p—l have already been found 
abnormal. Suppose that s have been found normal. Then at this stage 
both extreme possibilities have been excluded and the ratio of the prior 
pro])abilities that the jt;th largest contribution is normal or abnormal is 
by Laplace’s theory. In practice, if there are vi sets, s can be 
replaced by rn—p] for if the^th is the smallest abnormal contribution, 
s will be equal to p, so that the line will be drawn in the right place. 
Hence K as found in a simple test must be multiplied by (m~p-\-l)lp. 
We can then begin by testing the extreme departure, taking p I ^ 
s - - w™ 1, and therefore multiplying K by w. If the corrected K is less 
than 1 we can j^roceed to the second, multiplying this time by (nz — 1)/2, 
and so on. There is a complication, however, if the first passes the test 
and the second does not. For the multiplication by in supposes both 
extreme cases excluded already. In testing the first we have not yet 
excluded g, and if w^e find no other abnormal cases the question will 
arise whether we have not after all decided wrongly that the first was 
abnormal. This can be treated as follows. The factor m arises from 
Laplace’s theory, which makes the prior probabilities of q (no abnormal 
cases) and q' (at least one abnormal case) in the ratio 1 to m. At the 
outset, hoW’Over, we are taking these probabilities equal, and therefore 
w^e should multiply K by instead of m. We can start with rn ; but 
if the second departure tested does not give a corrected K less than 1 
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we should return to the first and apply a factor m- instead of m. It is 
best to ])roceed in this order, because to apply the factor nr at the first 
step might result in the acceptance of q at once and prevent any use 
from being made of the second largest contribution to y-, which might 
be nearly as large as the first. 

In comparison with the case where the suggested abnormalities are 
irrelevant, the correcting factors to K here are somewhat larger for 
testing the largest contributions to and smaller for the smaller ones. 

The need for such allowance's for selection of alternative hypotheses 
is serious. If a single hypothesis is set up for test, the critical value 
may be such tiiat there would be a probability of 0*05 that it would 
be exceeded by ac(‘ident even \\' q was true. We have to take such a 
risk if we are to have any vvay of detecting a new parameter when it 
is needed. But if we tested twenty new parameters according to the 
same rule the })robability that the estimate of one woidd exceed the 
critical value by accident would be 0 * 03 . In twenty trials we should 
therefore expect to find an estimate giving K < 1 even if the null 
hypothesis was correct, and the finding of 1 in 20 is no evidence against 
it. If we persist in looking for evidence against q we shall always find 
it unless we allow' for selection. The first quantitative rule for applying 
this principle was due, I think, to Sir G. T. Walker;! analogous recom- 
mendations are made by Fisher. J 


5.1, Test of whether a suggested value of a chance is correct. An 

answer in finite terms can be obtained in the case where the parameter 
in question is a chance, and we wish to know^ whether the data support 
or contradict a value suggested for it. Suppose that the suggested value 
is that the value on q\ which is so far unknown, is and that our 
data consist of a sample of x members of one type and y of the other. 
Then on q\ p' may have any value from 0 to 1. Thus 

P(q I H) = F(q' \ H) = i F(dp' \ q', H) dp', (1) 

whence F{q’ ,dp' \H) ^ \dp' . (2) 

Also, if 6 denotes the observational evidence, 


whence 


F(d\qH) = ^+yc^p^(i-py, 
F(e iq',p',H) == -+vc,p’Hi-p'r; 

F{q\eH)oc p^(l-p)y, 
F{q',dp' \ eH)ac p'^(l-p']ydp'. 


(3) 

(4) 

(5) 

( 6 ) 


t g. J. B. Met. Soc. 51 , 1925, 337-46. 
t Statistical Methods for Research Workers, 1936, pp. 65-6. 
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and by integration 

„ /’(«!»«) (r+yH)! ,,, 

Henco A -^,nX~.pY. 


(7) 

(«) 


If .(■ and y are large, an approximation by Stirling’s theorem gives 


K 


I'^-’exul - ] 

'27Tpl\-p)j "M 2{.r\-y)p(l--p)f' 


(9) 


Tlie I’ollowiug table indicates how K varies with .r and y when these 
are small and p i; that is, if we are testing whether a chance is even: 


K 

i 


K 


X y K 


•I -i ll 
1 ti 

^ 12 8 


None of these ratios is very decisive, and a few additional observations 
can make an appreciable change. The most decisive is for x 5, 
y = 0, and even for that the odds in favour of a bias are only those in 
favour of picking a wliite ball at random out of a box containing sixteen 
while ones and three black om^s — odds that would interest a gambler, 
but would be hardly worth more than a passing mention in a scientific 
paper. We cannot g(d decisive results one way or the other from a small 
sample. 

The result ic ~ 1 for x — 1, y — Q is interesting. The first member 
sampled is bound to be of one type or the other, whether the chance 
is i or not, and therefore we should expect it to give no information 
about the existence of bias. This is checked by the result = 1 for 
this case. Similarly, if x ^ we have 


and if y is increased to 1 

I i^\l 


xlxl 

i2x+2 )\ 
x\ (a:-f-l)! 


which is the same. Thus if at a certain stage the sample is half and 
half, the next member, which is bound to be of one type or the other, 
gives no new information. 

This holds only if p = If ^ = J, a; = 1, y = 0, we get A" = f ; 
but if = 0, 2/ = 1 we get A J. This is because, if the less likely 
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event on q comes off at the first trial, it is some evidence against q, 
and if the likely one comes ofif it is evidence for q. This is reasonable. 

For^ ^ K first becomes < 0*1 fora: ^ 7, y - 0, and first becomes 
> 1 0 for X ~ y ~ 80. To get this amount of support for an even chance 
requires as much evidence as would fix a ratio found by sampling within 
a standard error of (| . i/1 60)^/'^ ™ 0*04. It is therefore possible to obtain 
strong evidence against q with far fewer observations than would be 
needed to give equally strong evidence for it. This is a general result and 
corresponds to the fact that while the first factor in 5.1 (9) increases only 
like the second factor, for a given value of p', will decrease like 
exp[~a/i(p'-“p)^], where c\ is a moderate constant. We notice too that 
the expectations of .r and y on q are (x^-y)'p and (^+y)(l--p); that 

2 , {.V — - p)Y ^ 

{^+y)'P (^-\y){^—p) {x-\-y)p(^--v) 

and the ex})onential factor is exp(— jg ^ general result for 
problems where the standard error is fixed merely by the numbers of 
observations. 

A remarkable series of experiments was carried out by W. F. R. 
Weldon t to test the bias of dice. The question here was whether the 
chance of a 5 or a 6 was genuinely In 315672 throws, 106602 gave a 
5 or a 6. The ratio is 0*337699, suggesting an excess chance of 0 004366. 
We find 


/3ir)672\''= 

' 

1 3ir)«72x 0 0043662] 



l-l 


476exp[- 13*539J -- 6*27 x 10-^ 

so that the odds are about 1600 to 1 in favour of a small bias. Extreme 
care was taken that a possible bias in the conditions of throwing should 
be eliminated; the dice w^ere actually rolled, twelve at a time, down a 
slope of corrugated cardboard. The explanation appears to be that in 
the manufacture of the dice small pits are made in the faces to accommo- 
date the marking material, and this lightens the faces wdth 5 or 6 spots, 
displacing the centre of gravity towards the opposite sides and increas- 
ing the chance that these faces will settle upwards. 

The formula for testing an even chance is of great use in cases where 
observations are given in a definite order, and there is a question 
whether they are independent. If we have a set of residuals against an 
assigned formula, and they represent only random variation, each is 
independent of the preceding ones, and the chances of a persistence and 
t Quoted by Pearson, Phil, Mctg, 50, 1900. 
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a change of sign are equal. We can therefore count the persistences and 
changes, and compare the numbers with an even chance. If a number 
of functions have been determined from the data, each introduces one 
change of sign, so that the number of changes should be reduced by the 
number of parameters determined. Similarly, if we have a series of 
events of two types and they are independent, the same rule will hold. 
We may try it on the set of possible results of random sampling given 
in 2.13. For the series obtained by coin-tossing we have 7 persistences 
and 13 changes, giving nearly 

K — I 1 exp{~-()*9) ~ 1-5. 

This may be accepted as a random series. The second series also 
gives 7 persistences and 13 changes and the same value of K\ but if 
we compared each observation with one three places before it e should 
have IS persistences with no change at all. The next two each give 20 
persistences and K ^ 2 \: 10~^. The last gives 20 persistences and 5 
changes, and K nearly. Thus even with these rather short series 
the simple test by counting persistences and changes gives the right 
result immediately in four cases out of five, and in the other it would 
give it after attention to special types of non-random arrangement, 
possibly with allowance for selection. The test, however, does not 
necessarily make use of the whole of the information in the data. It is 
a convenient and rapid way of detecting large departures, but often 
fails for small ones that would be revealed by a method that goes more 
into detail. 

5.11. Simple contingency. Suppose that a large population is 
sampled with respect to two properties <jy and ifj. There are four alter- 
native combinations of properties. The probability of a member having 
any pair may be a chance, or the population may be large enough for it 
to be considered as one. Then the alternatives, the sampling numbers, 
and the chances may be shown as follows: 

I 4>4 /Pii T’lay 

V^4>-4’ w y'j’ \232i PiJ' 

The question is, are (f> and xfj associated ? that is, are the chances out of 
proportion ? If they are in proportion we have hypothesis q, that 

VxiPn == PnPzi- ( 1 ) 

Whether they are in proportion or not, we can consider the chance of 
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a member having the property let this be cv, and the chance of 0, /8. 

( 2 ) 

we have on 7 =: V (3) 

\P 2 \ V22I \«P «P/ 

( )n q\ since v and /i an* already defined and their amounts have nothing 
to do with whether (f> and tfj are associated, the chances can differ only 
in such a way that the row and column totals are unaltered; hence there 
is a nuni})er y siicli that tlie set of ehan(‘es is 

Ly^+Y cyp’-y\ 

U'^-y «'i8'-l-y/’ ^ ’ 

and this is general, since any set of chances, subject to their sum being 
1, can be represented by a suitable choice of a, /?, y. Since « and ^ are 
chances, zero and unit valuers excluded, we have 

P(qd\d 3 I //) - P{g' dadp | //) - ^doid^. (5) 


p2i) 


Pn P22~~Pl2Pzi 

. I i8' 


Since y is linearly related to the separate chances it is natural to take 
its prior probability as uniforml^^ distributed. But nt and P impose 
limits on the ])ossible values of y. With a mere rearrangement of the 
table we can make cy < ex', r ajS' < cx'^. Since 

v'/J — cx/3' ~ P — a, (8) 

this makes cx the smallest oi' a, a', Then the possible values of y 
lie between and since no chance can be negative; and 

P(dy \q'yOL,p,II) dyja, (9) 

Hence P(q' doed^dy \ H) ^ ^doed^dyja, (10) 

In ranges where cx is not the smallest of ot, a', it must be replaced 
in the denominator by the smallest. 

Now the chances of getting the observed results in their actual order 
are in each case pfiPizPii P22‘ Hence 

P(qdcxd^ I eH) oc dadp, (11) 

P{q' doed^dy I 0//) cc (aj8-j-y)‘^(aiS' — y)^{(x'P — yY\oL' -\-yy doLd^dyjoL. (12) 
Integrating the former we get 

P(n I ftm rr ^*+2/)! i^’+y'V- (^+x')\ (y+?/)I 

{(»+i^+yT?+i)!p — ■ 


( 13 ) 
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We have ^ 

S(cc,P,Y) 

and the integral of (12) is nearly 

1 a l-a 

Piq'\eH)<xjj j 
0 0 0 
1 


/ 


x\y\ 


v*+y . 




(X+J/+1)! {x'+y'-\-l) 

0 

x\ y\ x’l y'\ 

(*+.V+ 1 )(a^+y +a:'+y'+ 2) ! ’ 


-(1— «)*'+*''+! rfa 


(14) 


(16) 


K 


(x-{-y+l)\ (x'-\-y')\ (x+x')\ (y+y'V. 


{x-[-y+x' -^y' + 2). 


x\y\x'\y'\{x+y+x'+y'+\)\ 

An approximation has been made in allowing a to range from 0 to 1, 
since a < jS < |; but if x-\-y is the smallest total, « is about 


x+y±^(x ^-y) 
x'-\-y'-\-x-\-y ’ 


and the contribution from the extra range is exponentially small unless 
oL and P are nearly equal. The exact procedure would be to replace oc 
by p, ci\ or P' in ranges where a is not the smallest; thus we have very 
slightly underestimated P(q' | dH) and overestimated K. 

If x' and y' are very large compared with x and y, the chance of «/r, 
given is very accurately given by x'^x'-^-y). Replacing this by 
p we have 


K - 


(x+y+l)! x'^y'v _ (x+y+I)! 
x\y\ x\y\ 


(17) 


which is the same as 5.1 (8). This was to be expected. The present form 
is a little more accurate than a previous one,t in which I integrated 
without reference to the variation of replacing the latter after 

integration by its most probable value. The result was that the extra 
factor x-\-y-\- 1 was replaced by x-\-y. The difference is trivial, but will 
give an idea of the amount of error introduced by the procedure of 
integrating the factors with large indices and replacing those with small 
indices by their most probable values at the end of the work. 

If x, y, x\ y' are all large we can approximate by Stirling’s formula; 
then 

K = f (^+y+a^'+y')^(a^+y) ^ ] 

|27r(x+x')(x'+2/')(y+y')i 2 (x+|/)(x+x')(x'+y')(y+J/')J’ 

(18) 


t Proc. Roy. Soc. A. 162. 1937, 479-95. 
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where x-\-y is defined to be the smallest of the four row and column 
sums. The exponential factor is exp( ~|;!^2). For if we put 

N x+y+'x/-\-y\ 

the four expectations on q, given the row and column totals, are 

{x-\-y)(x-]-x') (x-\-y)(y+y') {x~\-x'){x' -\y') {x'A-y'){y+y') 

-jSf ’ jV ^ N' ' N 


and 


x~ 


{x+y){x+x') __ xy'~x'y 


N N ’ 

the other residuals being equal or equal and opposite to this. Hence 

^2 


Ixy'—x'yy 

[ N I 


X 


X 



N 

N 

Ua:+ 2 /)(a:+a;') (x+y){y-\-y') 

^ {x+x'){:x' ^y'y 

{x'+y'){y+y'). 


N(xy'--x'ty)^ 

(x+y)(x-rx)(y+y')(x' + y'y 


(19) 


5.12. Comparison of samples. In the last problem the only 
restriction on the sample is its total number N. If </> is a rare property, 
we may require a prohibitively large sample to make x and y large 
enough to give a decisive test one way or the other. But it may be 
possible to arrange the sampling so that x-\-y and x' ^ are both large 
enough to be useful, without violating the condition that, given either 
^ or ^ a member has the same chance of being included in the 
sample whether it has iff or ~ 0. Thus, if we want to know whether 
red hair is more frequent among Englishmen or Scotsmen, we might 
take a sample at random from the population of London, and classify 
the results in a 2x2 contingency table. But if such a sample is to 
contain enough Scotsmen to give much information it will contain more 
Englishmen than it is practicable to classify. We can, however, proceed 
in two other ways. We can sample at random till we have, say, 200 
Englishmen, and after that we can ignore further Englishmen and count 
Scotsmen only, until we have a suitable number of the latter. Or we 
can take a random sample of 200 Englishmen from London, and another 
of 200 Scotsmen from Perth, and compare the two samples. If <j> is the 
property ‘Scottish’ and ^ <!> ‘English’, these methods do not attempt 
to provide information about a, but replace it by two sample totals 
x-\-y and x' -\-y' determined for convenience. 
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On hypothesis q the chance of ^ is the same, given either <f>.H or 
Call this ;8. Then 

( 1 ) 

P [ i ^ q , pjl ) ^*^+^'(1 ( 2 ) 

and is t he expectation of i//s in a sample of ir-j-yH- l/ 

in all. To have a valid standard of coin})arisoii, if p and p' are the 
chances ip on q .(pH and on q' 've must define a ^ hy 


^ (x-f y-\ X-' \ -- (x ]->/)/> j (.r' \-y'}p\ (3) 


SO that the left side will still be the expectation of the number of ^’s 
in the two samples together. ^ has the property that it is orthogonal 
to p—p'. Then both p and 'p must be between 0 and J. Within the 
permitted range for p, p for a given ^ can have values from 
to {N^~x~-y)l(x'-{-y'). But the most probable value of Kp will be 
nearly x-\-x'. The former value will then be })ermissible if x < y\ and 
the latter if x' > y, and if these are satisfied there will be no further 
restriction. Then 

P{d^\q\H)=^d^, (4) 

P(dp\q',^,H) = dp, (5) 


Hence 


c)(p',p) N 

\PyP',q'JI} == p''(l—pyp'-^'(i - p'y . 

P(, I m cc j 

1 1 

P(q' I OH) JJ P^{^—p)'^p'^\^—p')^ d^dp 


( 6 ) 

(7) 

(8) 


N 


JJ 


p^{ 1 —pYp'^i 1 —p')^' dpdp' 


= ^'+y' ^'y' ^y[l /9\ 

N (a:+y+l)! (a;'+y'+l)!’ 
tr _ (a;+y+ 1)! (x'+y')! (a:+x')! {y+y')\ {a;'+y'+ l)iV 

x!y! ' x'!y'W+l)!(^'+V)~ “ ’ 


which differs from 5.11 (16) only by quantities of order l/(a:'+y'). 

5.13. If x' < y (more strictly, if (x'-j-y')p' < (x-i-y)(l — p)) the pos- 
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sible values of p impose a further restriction, since the largest possible 
value of p is now N^/(x~\-y). Then (4) and (6) still hold, but 


P(dp\p,g’,H) = ^dp, (1) 

and we are led to 

P(q’ \eH)oc^ J J ^jPil-pW-\l-pY dpdp' (2) 

and at the maximum of the integrand ji = {x-\-x')IN nearly. Hence 

J. ^ (x+x')(x-\-y)\(x+x')\ (^^ 

x\y\ x' !y'! (x+y-i- x'+y'jl 


nearly; and with errors of order l/(.'r-|-.T') this is the same as we get 
by interchanging x-j~x' with x-l-y in 5.11 (Ih) and 5.12(10) according 
to the altered sign of their difference. 

5.14. The actual agreement is rather closer, as we can see by study- 
ing the case where ^ is very small. In this case we may be led to the 
Poisson rule, and to the rule P(rf/S j H) oc instead of the usual uni- 
form one. But the discrepancy in the results, such as it is, consists of 
a replacement of 1 by x+x', and this, if genuine and not merely 

an error of aj)proximation, should persist when y and y' are very large. 
The range permitted to p will still be restricted to /3, but it is best to 
insert a function /(jS) to generalize the prior probability of j3. Then we 
shall have 

1 

p(q \eH)oz j c) 

0 





(2) 


If y and y' are large and p and p' small, these reduce to 


P{q \eH)oz j dp, (3) 

6 

1 

P(q' \6H)a: j j -^-/J^lp^^p'^' exp{-py-p'i/'} dpdp, (4) 

0 

and we have (y+y')^ = py+p'y\ (5) 

so that we can put 

yp = (y+y')Pv> y'p' = (y-\ry')?i}—n)> 


( 6 ) 
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where the permitted range of rj is from 0 to 1 . Then 

P{q' I eH) oc J| d^dr) 

on ■ • 

and the integrals involving p in (3) and (7) are identical whatever the 
form off{p). Hence p gives only p i irrelevant factor, and 


1 

K 




7 ^^(l — yjY dr) y 


( 8 ) 


0 

x\x'\ (y+yY^^' 




which is correct to 0 (?/■^ y'~^) and is valid subject to the conditions 
that the Poisson law may be substituted for the binomial. Also it is 
identical in form with 5.1 ( 8 ); thus the agreement of two small estimated 
chances xj{x-\-y) and x j{x'~\-y') can be tested by tlie same formula as the 
agreement of a chance xl{x-\- .r) with a predicted one ?//(//+?/'). Thus the 
difference noted in 5.12 is only an error of approximation. It follows 
that however the sample may be taken, the proportionality of the 
chances can be tested by 


x\y\ x'\y'\{x-Arx'+y-]ry’)\ 


N^{x+y) 

2Tr(x+x'){y-\-y'){x'+y'), 




(10) 

( 11 ) 


where x+y means the smallest of the four totals; and the error is 
always of order KI(x/-\-y'). 

Fisherf quotes from Lange the following data on the convictions of 
twin brothers or sisters (of like sex) of convicted criminals, according 
as the twins were monozygotic (identical) or dizygotic (no more alike 
physically than ordinary brothers or sisters). The contingency table, 
arranged to satisfy the necessary inequalities, is as follows: 


Monozygotic Dizygotic 

Convicted ... 10 2 

Not convicted ... 3 15 


Then 


13! 13117! 18! _ 1 
10! 2! TiToiSoT ~ 171’ 


while the less accurate exponential approximation gives ,^ 5 . Thus the 
t Statistical Methods for Besearch Workers ^ 1936, p, 99. 
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latter, even though Stirling’s formula and logarithmic approximation 
have been applied down to 2! and 3!, is still quite reasonably accurate. 
What we can infer is that, starting without information about whether 
there is any difference in criminality between similar and dissimilar 
twins of criminals, we can assert on the data that the odds on the 
existence of a difference are about 170 to 1, 

Yule and Kendallf quote the following official data on the results of 
inoculation of cattle with the Spahlinger anti -tuberculosis vaccine. The 
cattle were deliberately infected with tubercle germs, a set of them 
having first been inoculated. The table, rearranged, is: 



Died or seriously 

Not seriously 


affected 

affected 

Not inoculated 

8 

3 

Inoculated 

6 

13 

„ 12! 

14! 16! 19! 


A " 

“ 0*37, 


8!3! 

6113130! 



the exponential approximation 5.11(18) giving 0-31. The odds are 
about 3 to 1 that inoculation has a preventive effect. 

Tables of factorials are given in Comrie’s edition of Barlow’s tables; 
of their logarithms, up to — 100, in Mihie-Thomson and Comrie, 
Standard Four -figure Tables, Table VI. 

The following comparison was undertaken to see w hether there is 
any relation between grammatical gender and psychoanalytic symbol- 
ism. The list of symbols in Freud’s hitrodnciory Lectures was taken as 
a standard, and the corresponding words were taken from Latin, Ger- 
man, and Welsh dictionaries. All synonyms were included; I considered 
consulting experts in the languages for the usual words, and using the 
German words from the original edition of the book, but this, I thought, 
might introduce a bias, and I preferred in the first place to use the 
whole of the synonyms. The counts were as follows: 


LcUin 

(Jernmn 

Welsh 



M, F, 

N. 

M, 

F. 

N, 

M. F, 

Male 

. 

27 17 

4 

31 

14 

7 1 

45 30 

Female 

- 

10 37 

16 

16 

29 

16 

28 29 


In the first place we ignore neuters and reduce the matter to three 2x2 
tables. The respective values of ^re 15-07, 10-78, and 1-55. Using 
the approximate formula 6.11 (18) we get K — 1/296, 1/30, and 3-7 for 
Latin, German, and Welsh respectively. The phenomenon is so striking 


t IfUroductiofi to ttie Theory oj Statistics, 1938, p. 48. 
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in the two former tliat a relation between symbolism and gender in 
them must be considered established, though we see that it is far from 
being a complete association. It would be more striking still if we 
combined all three languages, but many words have been adopted 
from one to another or from common sources, keeping their genders, 
and the data would not be independent. The association is somewhat 
stronger in Latin than in (lerman; this is some evidence against the 
possibility that Freud was guided by the gender in German in his 
classification. 

The non -significant association in Welsh is comprehensible in relation 
to the other two languages when we inspect the neuters, for Welsh is 
a two-gender language like French and the primitive neuters have been 
made masculine. But w^e notice both in Latin and German a marked 
tendency for male symbols to avoid the neuter gender ; there is a decided 
preference to make them feminine rather than neuter. On the other 
hand, a female symbol is somewhat more likely to be neuter than 
masculine. But when the neuters are made masculine this effect partly 
counteracts the association between symbolism and masculine or 
feminine gender. Thus the failure to detect the association in Welsh 
is not due to the absence of association but to the fact that the greater 
parts of two genuine effects have been made to cancel by an etymo- 
logical rule. 

The German rule that diminutives are neuter may provide part of 
the explanation; the three genders may stand originally for father, 
mother, and child. But this cannot be pursued further here. The im- 
mediate result is that the gender of names of inanimate things is not 
wholly haphazard. 

5.15. Test for consistency of two Poisson parameters. It may 

happen that two experiments are such that the Poisson rule should 
hold, but that the conditions on q predict a ratio for the two para- 
meters; the question is whether the data support this ratio. Thus in 
either case the joint chance of the numbers of occurrences in the two 
series will be 

( 1 ) 


g-i 

x\ x'\ 


but on q we are given rjr' ~ a/(l— a), 
and we can introduce b such that 


(2) 


while on q' 


r = a6, r' ~ (1— a)6; 

r ~ a6, r' == (l~-a)6, 


(3) 

(4) 
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and it now appears that a must be between 0 and 1. Then 

P{q, dh\B)= f(b) db, P{q' dbdcc | H) = f(b)dbdcx, (5) 

P{d I q, b, H) oc a*(l — (6) 
P(e I q', b, a, //) oc a-'(i — (7) 
P{qdb\dH)ozf(b)a^\~af'b=^+^'e~»db, (8) 

P(q' dbdQi I SH) cc f(b)oL^ {I— dbda. (9) 


Integration with regard to b gives the same factor in both cases, and 


1 

~K 


j — a*(l— a)-^', 

0 


( 10 ) 


K ^ 


(a:+:g'+l)! 

xlx'l 




( 11 ) 


This is the same result as 5.14 (9), but does not depend on the sampling 
theory of the Poisson rule. It would have several applications where 
this rule arises. In the case of radioactivity, if n is the number of 
atoms in a specimen, and the chance that a given atom will break up 
in time di is A dt, the expectation of the number in time t is nXt. Here 
n would be fixed by the mass of the specimen and the atomic weights, 
and t by the experimental conditions, while A is to be found. The need 
for a significance test would arise if there was a question whether high 
pressure, temperature, or cosmic rays affected A. The experiments 
might not involve the same values of n and but the expectations, on 
hypothesis q, that there is no effect would be in the known ratio ntjn't'. 
The test would theTcfore be given by 

K (ntY(n't'Y 

xlx'l 

In the Aitken dust counter, a question might be whether two samples 
of air are equally dusty. If the same apparatus is used to test both, 
a — I; if not, aj{\—a) is the ratio of the volumes of the samples taken. 

Again, two specimens of rock might be compared to see if they are 
equally radioactive, a-particle counts being the data. The masses m, m' 
of the specimens and the times t, V of the experiments would not in 
general be the same; the expectations of the numbers of disintegrations 
on the hypothesis that U and Th constitute the same fractions of the 
specimens will be in the ratio , This question would seldom arise 

in practice, since it is highly exceptional for two rocks to have the 
same radioactivity, but it might arise if there was such a question for 
two specimens from the same dike. 
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5 . 2 . Test of whether the true value in the normal law is zero : 
standard error originally unknown. If a is the standard error and 
A the true value, A is 0 on q. We want a suitable form for its prior 
probability on q . From considerations of similarity it must depend on 
or, since there is nothing in the problem except a to give a scale for A. 
Then we should take 



P(q' do \H)ac—, 
a 

(1) 


P(q’dodX\H)ocf 

\a] a o 

(2) 

where 

— 00 

( 3 ) 

If there 

are n observations 



P{e\q,a,H) oc a-"exp| — 

( 4 ) 


P{e\q',a,X,H) oc a-«exp[--^^{{i-A)H«'nl- 

L J 

( 5 ) 

Then 

P(qda 1 dH) oc a~""^exp| — da. 

(6) 


^-n-20Xp 

We should expect that for n 1 no decision would be reached in the 
absence of previous information about a and A, since the departure of 
a single measure from zero could be interpreted equally well as a random 
error or as a departure of A from zero. We should also expect that for 
n ^ 2 , K would be 0 if «' = 0, z 7^= 0; for exact agreement of even two 
observations would be interpreted as an indication that cr — 0 and 
therefore X — x 0. 

If s' = 0, X ^ 0, take x positive, and put 

<7 == xjTy X = uv ~ xvfr. ( 8 ) 

Then ^ 

P{q \eH)cc j exp(— Inr*) ( 9 ) 

0 
00 

P(q’\6H)oc j ^ 

0 —00 


-j /(v)exp{— T)2}dv, 


~{(.c-A) 2 +s' 2 }J d<ydX. ( 7 ) 


P(q' dadX I OH) oc 


( 10 ) 
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(9) converges for all n ^ 1. If n = 1 and/(v) is any even function, 

00 00 

J /('0[oxp{-i(t>— T)*}+exp{-|(r+T)®}] dv 
0 0 


P(g'l^//)oc| J 


00 GO 


I J J f(v)exp{—l{v—r)^} dv 


V(2’t) 




Also from (9) 


2 X 

1 V(27r) 


P(g I cx: 


(H) 

( 12 ) 


and therefore A" ^ 1. Hence the condition that one observation shall 
give an indecisive result is satisfied if f(v) is any even function with 
integral 1. 

If n > 2, the condition that K ^ 0 for s' ~ 0, rr ^ 0 is equivalent 
to the condition that (10) shall diverge. For large and positive 



(13) 


where iV is a function of n. This integral is bounded for small v. For 
negative it is exponentially small but positive. Hence (10) diverges 
if and only if 

j dv (14) 

0 

diverges. The simplest function satisfying this condition forn > 1 and 
also satisfying (3) is 


f(v) = 


Corresponding to this and (2) 

P(dX\q'aH) = 


7r{l + v^y 


1 


dX 


7r(l-f-A^/a^) a 


(16) 

(16) 


In the first edition of this book I used as a parameter a quantity a\ 
which would in the present notation be (cr^+A^)^/®^ and would have the 
property that on any set of observations its maximum likelihood esti- 
mate would be the same whether A is assumed zero or not. Then the 
prior probability of A was taken uniform with respect to a'; hence 


P{da'dX\q'H)cc~'i^, = 

a 2a 


ordadX 


( 17 ) 
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This does not satisfy (14) for w — 2, as was first found in a detailed 
numerical investigation, which showed that, for n ~ 2, K could never 
be less than 0*47 however closely the observations agreed. f 

It may be remarked that many physicists totally reject the usual 
theory of errors on the ground that systematic errors are always present 
and are not reduced by taking the mean of a large number of observa- 
tions. They would maintain (1) that the mean of a large number of 
observ ations made in the same way is not necessarily better than one 
observ ation, and the only use of making more than one observation is 
to check gross mistakes; (2) that the weighted mean of several series 
of observations is worse than the value given by the best series. It has 
been rejected as inconsistent with the theory of probability, but this 
rejection is associated with the belief that the normal law is the only 
law of probability. The belief of the old-fashioned physicist can in fact 
be completely formalized. If the law of error for one observation is a 
Cauchy law about a constant, then the mean of any number of observa- 
tions follows exactly the same law, and his condition (1) is satisfied. 
If, irrespective of the random variation within each series, the location 
parameter for each set has a departure from the true value with a 
probability law giv^en by (16), then the mean of the location parameters 
has a probability distribution of the same form with a scale parameter 
equal to the mean of the separate a, and therefore not less than the 
smallest a. Thus condition (2) is also satisfied. 

On the other hand, detailed study of errors of observation usually 
shows that they are far from following the Cauchy law; the normal 
law is nearer, and averages fluctuate less than the Cauchy law would 
indicate. Also there are plenty of cases where estimates made by 
different methods have agreed as well as would be expected on the 
hypothesis that the normal law of error holds and that there are no 
systematic errors. The belief of the old-fashioned physicist must in 
fact be regarded as a serious hypothesis, or pair of hypotheses, capable 
of being sufficiently clearly stated to be tested and therefore deserving 
test, according to our rule of 1.1 (5). But actual test shows that they 
are not in general true. We do, however, often find discrepancies. We 
provide for these by taking prior probability \ for no real difference, 
and \ for a real difference, and distributing the latter over possible 
values of the difference in such a way that if it is not zero it can always 
be detected and asserted with confidence given sufficient observations. 
The dependence on the standard error indicated in (16) may be regarded 
t Proc. R(yy. Soc, A, 180, 1942, 256-68. 
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as an expression of the fact that special care in reducing the random 
error will usually be associated with special care in eliminating systematic 
errors. The astronomical case is a special one, since random errors have 
already been reduced as far as they can for most types of observation, 
and progress has long depended mainly on eliminating systematic errors. 
We therefore in our rule of procedure reject the Cauchy law for the 
random variation about the mean. We use it for systematic differences 
except that we allow a non-zero fraction, usually of the total prior 
probability to be concentrated at zero difference. 

The old-fashioned physicist’s view is therefore not nonsensical. It 
consists of two parts, both of which can be clearly stated, but the first 
part is wrong and the second exaggerated. When the second part is 
cleared of exaggeration it leads to a valuable working rule with the 
properties that we require. 

An asymptotic form is easily found for K, when n is large. In (7) the 
large values of the integrand, for given cr, are in a range of order 
A x±:0{al\’n). In such a range /(A/a) varies little from its value at 
X ~ X, Hence we can perform the integration with regard to A approxi- 
mately: 

P(q \eH)cc^ a-«-iexpj-£- (^2+s'2)j da, (18) 

0 

y>(,' I SH) oc J (19) 

0 

Again, the integrals are of the same form except for the factor in f/a, 
which varies slowly. The large values of the second integrand are near 
a ~ 8\ Substituting this value in the slowly varying factor and sup- 
pressing a factor that is the same for both integrals we have 


P(q I eH) oc (20) 

P(q' i cc i 4 -- (21) 

TTV \ 71 ll-yX^js “ 

The error of the approximations is of the order of l/n of the whole 
expression. In terms of 

t =^^J{n—l)xl8'y v^7i—l, (23) 
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The corresponding formula given in the first edition of this book was 

The new value is larger for t small and smaller for t large. We may say 
that the present test is a little more sensitive. 

If K is very small, so that it is practically certain that A is not zero, 
the posterior probability of <7 and A is nearly proportional to 

P{q'd\da\dH). 

Comparing (7) with 3.41(2) we see that the posterior probability is 
nearly the same as in the estimation problem, being obtained to this 
accuracy by changing v to 1. 

The behaviour of K is seen most easily by considering the case when 
V is large enough for the t factor to be replaced by exp(— When 
t = 2 this is 0'135: when ^ — 3 it is 0*011. In the former case A" = 1 
when V is about 30; in the latter A" ~ 1 when v is about 5,000. The 
variation of K with t is much more important than the variation with v\ 
in fact, for given A, t increases like (log which is a very slow increase. 
We may say that if i > 3, A will be less than 1, and the introduction of 
the new parameter will be supported, for any number of observations 
that ordinarily occurs. If ^ = 2, A will be greater than 1 if > 30, and 
again for small values of v\ in the case o^v ^ 2 and t ~ 2 the formula (8) 
makes K nearly 1 , though the accuracy of the approximation is not to be 
trusted when v is so small. Without elaborate calculation we can then 
say that values of t less than 2 will in most cases be regarded as confirm- 
ing the null hypothesis; values greater than 3 will usually be taken as 
an indication that the true value is not zero. 

The fact that when A is small the posterior probability of a and a is 
almost the same as in the estimation problem is an indication that we 
are working on the right lines. There would be no inconsistency in 
taking f(v) oc where k is some positive constant, but we have 

already seen that if we did so A would never be less than some positive 
function of n however closely the observations agreed among them- 
selves. Similarly the posterior probability of a and a, even if all the 
observations agreed exactly, would be the same as if there was an 
additional observation of positive weight at x — 0, In cases where the 
null hypothesis is rejected we should never be led to the conclusion that 
the standard error was near s however closely the observations might 
agree. The chief advantage of the form that we have chosen is that in 
any significance test it leads to the conclusion that if the null hypothesis 
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has a small posterior probability, the posterior probability of the 
parameters is nearly the same as in the estimation problem. Some 
difference remains, but it is only a trace. 

It is also possible to reduce l/K exactly to a single integral. (18) is 


exactly 


P{q\0H)cx: 


From (7) and (15), with 

A — orv: 


2V2n-l(^yt_l)! 






y^ex^\-u+nvxi 


2u 


n,v^) du 


TT {n(.r2+5'2)}i72 


r fe-V'="-ix 

'* J 1+t’* J 

x(‘+ 2 (i$^r^ 


du. (28) 


Integrate term by term; odd powers of v contribute nothing to the 
double integral; and we have 


P(q' I OH) oc 


2 V 2 «-i(^^_ 1)! r dv 

7r{n(x2-(-5'2)y/2W J I-fi;2 ^ 
— 00 

L , -v / 2n 

X 1+ > i^rrzrJ 


1 2 C e-^l^”'^'dv\ 


A TT J ^ 7n\\...(m—\) \2 (x^-\-8*^^ J 

0 

2 f rrfi 1 , 

0 

where ^f\[(x,yyX) denotes the confluent hypergeometric function 

^ Ota; ai(a;4-l)a;^ 

y ■^2!y(y+l)'^-- 

By a known identity! 

iFi{oc,y,x) = c*ijF’j(y— ot,y, — x); 
t H. and B. S. Jeffreys, Methods of Mathematical Physics ^ 1946, 676. 


oiX 

y ' 2!y(y+l) ' - ' 

(31) 

x) = c*ijF’j(y— ot,y, — x); 

(32) 
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hence an alternative form of IjK is 


1 

A" 


2 f ) f ) dv 


5.21. Test of whether a true value is zero : a taken as known. 

Since (16) is taken to hold for all a, we can use it when a is already 
known; then 

P(q\eH)cx: exp|-|^j, 


(34) 


— 00 

= /I-] - 1 - , 

\ \7Tnf 1 -|-.f“/o-^ 


dX 


+ AVct2 


(35) 


(36) 


The method used in the first edition failed to cover this case, but there 
are many applications where the standard error is so well known from 
collateral evidence that it can be taken as known. 


5.3. Generalization by invariance theory. We have seen that for 
the normal law a satisfactory form of the prior probability is 


P{dX I q'aH) = 


_ d^ 

7Ta{l-{-X^/or^) 


( 1 ) 


Now both I 2 and J of 3.9 (14), (15), when ^ — 0, are functions of A/a; in 
fact 

( 2 ) 




2\ -<^tan-J{-8Iog(l-^7g)}‘fe == (3) 

TTayl+X^jG^) TT 7T 


where the square roots are taken to have the same sign as A/a. The 
relation to J is much simpler than the relation to /g. 

We could therefore make it a general rule in significance tests to 
express the new parameter in terms of /g or J calculated for comparison 
of the null hypothesis with the alternative hypothesis, and use prior 
probabilities of either as given by (3). If the inverse tangents do not 
range from — to as in cases where the new parameter can take 
only one sign, correcting factors will be needed. We therefore have 
possible general rules for significance tests. These rules, however, 
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§ 6.3 


disagree with those that we have used in problems of sampling, and 
our first task must be to see whether they will give satisfactory solutions 
in those cases. 

For the comparison of two sets of chances 


/ 

we find 


j _ {ocP+y){{l~a){l^P)+y} 

^ ^ {a(i— ^)— ’ 


(4) 

(5) 


This would, by the rule just suggested, be suitable to give a prior 
probability distribution for y in a contingency problem. Suppose, on 
the other hand, that we take a sample of </>’s and ^<^’s, of given 
numbers from the class. The (;hances of 0 and given and 

'^(f> respectively, will be (y being 0 on q) 


(^+y/«, 1— /3~y/ac), 

y/(i— 1— ^+y/(i— 0^)}* 


( 6 ) 


Comparing these two pairs of chances we find 


y I (a:^ 4 -y){(i— a)(i— ^)+y} ^ Ji 

a(l — a) ^)— y}{(l — a)/8— y) a(l~a) 


If we took samples of ip's and — ' 
we should get similarly 


0’s and counted the 0’s and 

-/j 


0 ’ 8 , 

(8) 


To satisfy the condition that the significance test, for given sampling 
numbers, should be nearly independent of the conditions of sampling, 
the prior probability of y, given a and )8, should be the same in all 
cases. Hence we cannot simply use J universally. But we can define 
a J that would be equal, for given y, in the three cases, and with the 
proper properties of symmetry, by taking either 


or 


t/j, a(l a)«/2> ^(1 

W^y 


(9) 

( 10 ) 


The first set are plainly unsatisfactory. For J tends to infinity at the 
extreme possible values of y ; hence if the estimate of y is a small quan- 
tity c it will lead to 

where N is the sum of the sample numbers. This conflicts with the rule 
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of 6.03 that the outside factor should be of order where x+y 

is the smallest of the row and column totals. On the other hand, the 
second set are consistent with this rule. 

A minor objection is that two pairs of chances expressed in the form 
(6) do not suffice to determine a, and y, and there is some indeter- 
minacy as to what we shall take for ^ in (10). But so long as y is small 
it will make little difference what value between )S-f y/a and j8--y/(l — a) 
we choose. 

/g is much less satisfactory in tliis problem. There is no simple exact 
relation between the values of in the three comparisons made. Also 
/g takes finite values (not 2) for the extreme possible values of y if 
neither a nor ^ is 0 or 1. It appears therefore that cannot be made 
to satisfy the conditions by any linear transformation. In view of the 
greater complexity of the expression in in (3) than of that in */, it 
appears unnecessary to pay further attention to at present. 

An objection to «/, even in the modified form, is that if the suggested 
value of a chance is 1 comparison with any other value gives J infinite. 
Consequently the rule based on J in (3) would concentrate the whole 
of the prior probability of the chance in the value 1 on the alternative 
hypothesis, which thereby becomes identical with the null hypothesis. 
Of course a single exception to the rule would disprove the null hypothe- 
sis deductively in such a case, but nevertheless the situation is less 
satisfactory than in the analysis given in 5.1. It might even be said 
that the use of anything as complicated as J in so simple a problem as 
the testing of a suggested chance is enough to condemn it. 

It appears to be worth recording the asymptotic forms given by (10) 
in the problems of 5.1. We find without much difficulty 

K ~ {Ti(x-\-y)pp'y>-^exTp{ — \x^) for 5.1 (9), 

for 5.11(18), 5.12(10), 6.13(3). 

An evaluation of K has also been made for the problem of 5.11, using 
the estimation prior probabilities given by the invariance rules. It was 
again of the order of These attempts at using the invariance theory 
in sampling problems, therefore, confirm the suggestion of 3.9 (p. 163) 
that there is nothing to be gained by attempting to ensure general 
invariance for transformation of chances; uniform distribution within 
the permitted intervals is more satisfactory, as far as can be seen at 
present. We shall, however, use the rule based on J in the more 
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complicated cases where tliere is no obvious suggestion from more 
elementary ones. 

5.31. General approximate forms. We see from 3.9(3) that if 
a new parameter a is small, 

J = ( 1 ) 

and if a can take either sign, the range of possible values being such 
that J can tend to infinity for variations of a in either direction, 

( 2 ) 

7r(l + t/) 77 

for a small. If n observations yield an estimate a = a, where na^ can 
be neglected, 

log L \ng^J,oL-af. (3) 

Hence in 5.0 (4) we can put 

/(“) = s = (4) 

and then K ~ exp|— (5) 

If a can take values only on one side of 0, (2) must be doubled for a 
on that side, and if a also is on that side the value of K given by (5) 
will be approximately halved. If a is on the other side of 0, the approxi- 
mate form fails; we shall see that K may then be of order n instead of 
The approximate form will be adequate for practical purposes in the 
majority of problems. Closer approximations are needed when n is 
small: for instance, in problems concerned with the normal law the 
need to estimate the standard error also from the same set of observa- 
tions may make an appreciable difference. But if 7i is more than 50 or 
so (5) can be used as it stands without risk of serious mistakes. 

5.4, Other tests related to the normal law. 

5.41. Test of whether two true values are equal, standard 
errors supposed the same. This problem will arise when tw o sets of 
observations made by the same method are used to detect a new 
parameter by their difference. According to the rule that we are adopt- 
ing, any series of observations is suspected of being subject to distur- 
bance until there is reason to the contrary. When we are comparing 
two series, therefore, we are really considering four hypotheses, not tw^o 
as in the test for agreement of a location parameter with zero; for 
neither may be disturbed, or either or both may. We continue to 
denote the hypothesis that both location parameters are A by q, but q' 
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is broken up into three, which we shall denote by With an 

obvious notation we therefore take 


P{q dadX I H) oc dodXjay 
P(qi dadXd\ \H)oz- dadX 


n a^+(X,~Xr 


P(q^ dadXdX^\B) oc ^ 


P(qi 2 dadXdXy dX^ | H) oc 


7T a^-|-(^2 — 

1 (j dcrdXdX-y^ dX^ 

^ {a=^+(Ai-A)2}{a2+(A,'=AF} ’ 


( 1 ) 

(2) 

(3) 

(4) 


On Ao = A; on q^j On since A does not appear explicitly 

in the likelihood, we can integrate with regard to it immediately: 


P{qi 2 dodX^ dAg | H) oc 


2 dodX^ dX^ 

77 4cr^+ (Aj — Ag)^ 


Also 

P{e I <tAiA,//)x a-«.-.exp(- 

Put V = %4-«2~2; -= Wjsi®4 W 2 « 2 *- 

Then 


(•''>) 


2a^ 7 


( 6 ) 

(7) 


PiqdadX | dH) cc — ^ 0 (^ 1 — — — 

(8) 

with corresponding equations for q^, q^, and q^^' If easy to verify 
that the posterior probabilities of all four hypotheses are equal if 
= 1, ~ 0 OT if 712 1, as we should expect. If and Tig 

are large we find, approximately, 


P{q I OH) : P(q, i OH) : P(^g | 611) : P{q ^2 I m 

^ h ^1^2 V^7l I I 

\2ni+nJ I s* /I "^nj+TOj a* / 

• 1 • 1 . 1 


(9) 


The equality of the second and third of these numbers is of course exact. 
The last ranges from J to 2 as 1/^ increases from 0 to infinity. 

Thus the test never expresses any decision between q^ and q 2 , as we 
should expect, and never expresses one for against v g^g. It expresses 
a slight preference for g^g against or gg separately if I ^1— l/« > "^2. 
But there is so little to choose between the alternatives that we may 
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as well combine them. If \/s is small, as it usually will be, we 

can write 


PiqlOH) 




\2n.^+nJ \ 


1 + 


rii+n^ 5® 


-V2(^»l+W,-1) 


Expressing the standard errors of x^ and X 2 in the usual way, 


we can write (10) as 


_ Wl + W2„2. 

” 7 

7Z-1 7^2 


4, = «7«2. 


. ( 10 ) 

( 11 ) 

( 12 ) 


2/77 

5\2n,+nj \ +v/ 


(13) 


Decision between the three alternative hypotheses, in cases where this 
ratio is less than 1 , will require additional evidence such as a comparison 
with a third series of observations. 

Where there is strong reason to suppose that the first series gives an 
estimate of a quantity contained in a theory and is free from systematic 
error, the alternatives and arise, and the factor 2/5 in (13) 

is unnecessary. 

5.42. Test of whether two location parameters are the same, 
standard errors not supposed equal. The method is substantially 
as in the last section, and leads to the following equations: 


P(qd(j^da2 | SH) cc 


M. 




CTi ”1(72 


‘P( 2af 2o-| 2(af/7ii+ai/«.i)r ^ 

( 2 ) 


P(q 2 dcTi do 2 I OH) follows by symmetry, 
2 

Piqi^da^ da^ | OH) cc 


(Ji 


X 


^(raiWj) (oi+og){l + (Xi-~X2)^/(o^+Oif} 


( 3 ) 


The form of the term in (^i— fg)^ in (1) makes further approximations 
awkward for general values of — but we may appeal to the fact 
that Ji is usually small when the maximum likelihood estimate of a 
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new parameter is more than about 3 times its apparent standard error. 
If we have a good approximation when | is less than 

^ V /^1 “f" ^2 /^ 2 ) > 

it will be useful up to values that make K small, and as it will be 
smaller still for larger values we cannot be led into saying that K is 
small when it is not. The precise evaluation of K when it is very small 
is not important; it makes no difference to our further procedure if we 
estimate K as 10 ~^ when it is really since we shall adopt the 

alternative hypothesis in either case. With these remarks we note that 
if we can replace (orf/ni+al/ng)"^ by A^la\-\-A2lcil, where A^, ^2 
chosen so that the functions and their first derivatives are equal when 
oTj = oTg = 8^, the exponent in ( 1 ) will be sufficiently accurately 
represented over the whole range where the integrand is not small in 
comparison with its maximum. This condition is satisfied if we take 

A ^ ^i/”i A _ ( 4 ) 

> {slln,+sllr,,r ^ “ {slln,+al/n,r ^ ’ 


Replacing and by and 82 in factors raised to small powers and 
dropping common factors we find, with Vj ~ nj— 1 , 1^2 “ 


P{g\dH)oc^l(^n)- 


sKx^—X^YIn^ i/jl-ViKn.-l) 




X 


X 


{4!nr+slln,)^i ’ ^ ’ 


P(qi\eH)cc 
P{q^ I OH) oc 


^2)*’ 

s. 






P(qu I OH) oc 




(«j+«s,)24-(fi— fj)*' 


(6) 

( 7 ) 

( 8 ) 


There may here be considerable grounds for decision between the 
alternative hypotheses q2, ^12- We recall that q^ is the hypothesis 
that the first series is disturbed and not the second, and our approxima- 
tions contemplate that Ixj— ^2! small compared with and 

Then if 8j is much less than 82, Piq^ | dH) will be much more than 
P(q2 1 BH), and P(qi2 I BH) will be slightly less than the latter. That is, 
subject to the condition that either series of observations is initially 
regarded as equally likely to be disturbed, the result of many observa- 
tions will be to indicate that the series with the larger standard devia- 
tion is the less likely if the discrepancy is small compared with the 
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standard errors of one observation. If the approximations remain valid 
(which has not been investigated) the contrary will hold if the dis- 
crepancy between the means is greater than either standard error of 
one observation. 

5.43. Test of whether a standard error has a suggested value 
We take the true value to be 0. If the standard error is cj, and 


we have from 3.9(15) 


cr == GqcC, 

) J = 2sinh2C 

TT 7rCOsh24 


Then according to 5.3 (3) we should take 

P{q'da\H) 


1 cosh I 


7rV2cosh2r 

If there are n observations and the mean square deviation from 0 is s^y 


P{d I qH) oc a^^expi 


I 2c^o/’ 


P(d I q'H) oc expj — 


n/ / Iflr/v “^2 r cosh^ „ / ns'‘\ 

J SSihTr 'M ”&■) '■ ' 

— 00 

The factors with n in the index have a maximum when g ^ s. Put 

sjoQ = e\ { 

For large n the expression (8) is approximately 


7r7i\cosh 2z 
2 / cosh 2 


exp{|n( 1 — e ^)] . 


This is greatest when 2 == 0 and is then ^{\rm). 

If instead of using J we had used /g as in 5.3(3), we should have had 
instead of the second of (4) 

, 12 ) 


and the first two factors in (11) would be replaced by 

J-^(7m)cosh 22. 
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An exact form of IjK is 
00 

= — r M®)} du, (14) 

A J 'W' T~ ^ 

0 

where a — oju, s ™ b — e^. It is seen that this tends to infinity 

for n = 1 if 6 0 or 6 oo. (12) would give for n ^ I 

00 

0 

which tends to a finite limit as 6 -> 0. (14) is more satisfactory because 
it says that one deviation, if small enough, can give strong evidence 
against q; (15) does not. Either gives 1/A" large if b is large. 

It has been supposed that all values of a are admissible on q'; the 
conditions contemplate a theory that predicts a definite standard error 
aQ, but we may be ready to accept a standard error either more or less 
than the predicted value. But where there is a predicted standard error 
the type of disturbance chiefly to be considered is one that will make 
the actual one larger, and verification is desirable before the predicted 
value is accepted. Hence we consider also the case where ^ is restricted to 
be non-negative. The result is to change a^ 2 in (8) to 2V2 and make the 
lower limit 0. The approximations now fall into three types according as 
^ — z lies well within the range of integration, well outside it, or near 0. 

If z > 0 and nz^ is more than 4 or so, the large values of the integrand 
on both sides of the maximum lie within the range of integration and 
the integral is little altered; then the only important change is that K 
as given by (11) must be halved. 

If 2 — 0, only the values on one side of the maximum lie in the range 
of integration and the integral is halved; this cancels the extra factor 2 
and the result is unaltered. 

Uz < 0 and nz^ is large, the integrand decreases rapidly from ^ = 0. 
In fact 

a-"exp|-^2j == ffo"expJ-|~jexp{-w(l-e-2*)^} (16) 

and K \TTn(l-e^). (17) 

The factor n in the last expression instead of the usual needs 
comment. In the usual conditions of a significance test the maximum 
likelihood solution, here ^ = 2 , or a — 5, is a possible value on q'. But 
here we are considering a case where the maximum likelihood solution 
corresponds to a value of a that is impossible on q\ and is less probable 
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on any value of a compatible with q' than on q. Naturally, therefore, if 
such a value should occur it would imply unusually strong support for q. 
Actually, however, such values will be rare, and if they occur they will 
not as a rule be accepted as confirming q, as we shall see later (p. 281). 

In the above treatment the true value has been taken as known. If 
it is unknown (5) and (6) need modification. If we redefine s as the 
standard deviation and put n—1 ~ v, integration with regard to A will 
remove a factor I/o-q from (7) and Ija from (8). The result will be that 
n in (11) and (13) will be replaced by v. 

5.44. Test of agreement of two estimated standard errors. We 
shall consider the case where only one of them, Ui, is possibly disturbed. 

Put cr, ~ (1) 


P(q da \H) cc 


P(q- da^ rfa, I //) oc - dl ^ , 

7T cosh 24 0-2 


P{0 I qali) oc a~"'“"'exp 




P(6 \ q'ayO^H) oc CTj ”'<7^"’‘exp[ — 


P{q I eH) X 


‘>.r» 9.rr? 


P{q' I eil) az 


J a-— 

) 


J ^2 six V 2 cosh ^ da^ 




2(7| / 77 cosh 2^ CTj 


P{q' I dH) X 


00 CO 


y/2 cosh^ 

X ( 8 ) 

77 cosh 2^ 


V2 I* cosh ^ 

\ ) 


77 j cosh 2 ^ 


The factors with large indices have a maximum when ^ — 2 ;, and we get 
approximately 

J. _ < 7m,n^ |V^ co3h22 ^„. / n^+7i., 


\2(n^~\-n2)) coshs; \n^e^-\-n2j 

K is unaltered if and are interchanged and the sign of 2 : is reversed. 
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If, in addition, is fairly small, a further approximation gives 


2(% + M2) 




h + '^hl 


If either or both of the standard errors is regarded as possibly dis- 
turbed, K can be adjusted as in 5.41 by multiplication by a factor 
between i and Such conditions might arise when two methods of 
measurement have a great deal in common, but differ in other features, 
and it is uncertain which is the better. 


The more usual types of case w here we wish to compare tw^o standard 
deviations for consistency are, first, wdien it is suspected that some 
additional disturbance has increased the standard error in one set; 


secondly, w hen methods have been altered in the hope of reducing the 
standard error and we want to know' whether they have been successful. 
In the first case we expect ^ if not zero to be positive, in the latter 
negative. We take the former case; then the second of (2) must be 
multiplied by 2 and the range of ^ taken to be from 0 to oo. If s is 
positive and ^ ^ 

ni+n^ 


the net result is that K as given by (10) or (11) should be halved. If 
is negative K may be large of order 71^ or Wg. 

5.45. Test of both the standard error and the location para- 
meter. If the null hypothesis is that tw^o sets of data are derived from 
the same normal law, we may need to test consistency of both the 
standard errors and the location parameters. There are cases where we 
need to arrange the w ork, wdien several new parameters are considered, 
so that the results will be independent of the order in which they are 
tested. This, I think, is not one of them. The question of consistency 
of the location parameters is hardly significant until we have some idea 
of the scale parameters, and if there is serious doubt about whether 
these are identical it seems nearly obvious that it should be resolved 
first. 


5.46. The following example, supplied to me by Professor C. Teo- 
dorescu of Timisoara, illustrates the method of 5.42. There was a 
suggestion that locomotive and wagon tires might be stronger near the 
edges than in the centre, since they are subjected to more severe working 
there in the process of manufacture. A number of test pieces were cut, 
and a tensile test was made on each. The breaking tension, i?, in 
kilograms w'eight per mm. 2, and the percentage extension afterwards, 
A, were recorded. In the first place the whole of the data are treated 
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as two independent series, of 150 observations each. For the edge 
pieces the mean strength is found to be 89-59 kg./mm.^, in the 
corresponding unit, 7*274. For the centre pieces the mean is 


E^ — 88-17 kg. /mm. 2, s\ 

sl/n^ == 0-04849; sl/rin ^ 0-03746; 


5-619. 


-X 2 — -{-1-42; 


m i/)m in ^ 1 h , 0-04849 xl-422\ -149/2 

(?1 ^ ^^(“^^^/( 0 - 08595 )( 149x0-085952) ^ 


/j 0-03746 Xl-422\-i''9/2 

“*" 149x0-085952/ 


4-27(l-15727)-i«/2 T-Sx 10-®, 


P(q,\eH)<^ 


2-70 


7-27+2-02 


0-29, P{g 2 I OH) oc 


2*37 


5-62+2-00 


0-31, 


P{qi 2 I OH) cc 


5*07 

25-7+2-00 


0-18, 


P{q\0H) 7-8x10-^ _ 

For the extensions the means wpre — 12-60 per cent., A 2 = 12-33 
per cent., with .‘ff " 1*505, ^ 1-425; we find similarly 

P(q I OH) oc 9-0x0-1530 == 1-38, 

P(qi \0H) oc 0-78, Piq^lOH) oc 0*81, Piq^^l^H) oc 0-41, 


0-69 

' 2-00 

Thus there is strong evidence for a systematic difference in the strengths. 
The result for a difference in the extensions is indecisive. 

Since, however, the question asked directly is ‘Has the extra working 
at the edges had a systematic effect?’ it may be held that q^ and 
do not arise and that we need only consider q^. Then for the strengths 
we find I ^ ^ ^ 

P(q^\eH)'- 0-29 

and for the extensions 


P{q\0H ) ^ 1:^ _ , g 

Piq^ien) • 0-78 

This way of looking at the data, however, omits an important piece 
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of information, since the pairs of values for different specimens from 
the same tire were available. There is also a strong possibility of 
differences between tires; that is why testing was undertaken before 
comparison of centres and edges. This was so well established that it 
can be treated as a datum. But then differences between tires will have 
contributed to the various values of 5^, without affecting the differences 
of the means. Hence the above values of K will be too high considering 
this additional information. (If this effect was in doubt it could be 
tested by moans of the test for the departure of a correlation coefficient 
from zero.) A more accurate test can therefore be obtained by treating 
the differences between values for the same tire as our data, and testing 
whether they differ significantly from 0. For the differences in R we 
find ^ 3*790, for those in A, ~ 1*610, and we can use the simple 
formxda 5.2 (22). Then for R 


and for A 



3 X 10-13 


0*58. 


The evidence is now overwhelming for a difference in R and slightly 
in favour of a difference in A. This indicates how treatment of a 
systematic variation as random may obscure other systematic varia- 
tions by inflation of the standard error; but if comparisons for the 
same tire had not been available the first test would have been the 
only one possible. We notice that for R the variation of the differences 
between pieces from the same tire is less than the variation of either 
the centre or the edge pieces separately. For ^ it is a little greater; 
but if the variations were independent we should have expected the 
mean square variation to be about 1*495-|~ 1*416 — 2*91 instead of the 
observed 1*61. 

The explanation of the much less decisive result for A even with the 
more accurate treatment may be that while R will depend on the least 
strength of any part of the specimen, the actual process of fracture 
includes a great deal of continuous flow, and while the stronger material 
is under a greater stress in the test it may also be relatively less ductile, 
so that two systematic effects partly cancel. 

5.47. The discovery of argon. Rayleigh’s dataf in this investigation 
refer to the mass of nitrogen obtained from air or by chemical methods, 


t Proc. Poy. Soc, 53, 1893, 145; 55, 1894, 340-4. 
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within a given container at standard temperature and pressure. All are 
in grams. 

From air. 

By hot coppvr 
2-31035 
26 
24 
12 
27 

By chemical methods. 

Iron and N(^ 

2-30143 
29890 
29816 
30182 

The respective means and estimated standard errors, tlie last in units 
of the last decimal, and the standard deviations are as follows: 

From air. 

Method I. 2-3102513-7 «= 8-2 

2. 2-31004 4 - 6-7 --- 13-4 

3. 2-310214;5-5 8^ 9-5 

By chemical methods. 

Method 1. 2-30008d:91 s -- 182 

2. 2-299044 35 « 50 

3. 2-298694-20 8 =- 2H 

The variation of s is striking. This is to be expected when several 
of the series are so short. It is plain, however, that the variability Ibr 
chemical nitrogen is greater than for atmospheric nitrogen. The greatest 
discrepancy in the two sets is that between chemical methods 1 and 3, 
and can be tested by the test of 5.44; since a pair of means have been 
estimated we have to replace by Vj == 3, r/g by — 1. At these 
values the accuracy of the approximation 5.44 (10) is of course somewhat 
doubtful, but we may as well see what it leads to. Here 

= 182/28 6*5, 

and we find K = 1-9. As this is a selected value there seems to be no 
immediate need to suppose the standard error of one determination to 
have varied within either the set from air or the chemical set. We 
therefore combine the data and find the following values. 

Mean s v s^jn 

From air . . . 2-31017i0 000040 13-7 11 15-6 

By chemical methods . 2^29947 ±0-00048 137-9 7 2378-2 

b-01070 
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First compare the values of 5. Here ~ 10*0, 


• \2 18 / 10-0 \7X 100+11/ 


8x10- 


The existence of a difference between the accuracies of the determina- 
tions for atmospheric and chemical nitrogen is therefore strongly con- 
firmed. Finally, we apply 5.42 to test the difference of the means; 
taking the unit as 1 in the fifth decimal we get 


P(g|^//)oc 2•lxl0-“^ 
1*0x10-4, 

nq\m 

P{qi'^qi'iqn\eH) 


P{q^\eH)az 0-12 X 10-^ 
P(q^^\eH)a: Mxl0-^ 

== 0-92x10-®. 


The existence of a systematic difference betw^een the densities is there- 
fore established. In this case the systematic difference is about eight 
times the larger standard error of one observation. 

A very rough discussion can be done by the methods of contingency. 
The mean of all the data is 2*30978; all the 12 determinations for 
atmospheric nitrogen are more than this, all 8 for chemical nitrogen 
less. The use of a mean for comparison ensures that there will be one 
more and one less than the mean; hence we can allow for one parameter 
by deducting one from each total and testing the contingency table 

j for proportionality of the chances. This gives by 5.14 (10) 

_ 8! 7!11!11!_ 1 

~ tTo] 0! 11! 1^ “ 3978’ 


n 0 
,0 11 


which would be decisive enough for most purposes. Many problems of 
measurement can be reduced to contingency ones in similar ways, and 
the simple result is often enough. It has the advantage that it does not 
assume the normal law of error. It does, however, sacrifice a great 
deal of information if the law is true, corresponding to an increase of 
the standard error above what would be got by a more accurate investi- 
gation, and therefore usually (always in my experience so far) makes K 
too large. Thus if the rough method gives iC < 1 we can assert q\ 
but if it gives P' > 1 we cannot say that the observations support q 
without closer investigation. 

According to the results the ratio of the densities is l*00465di0*00021, 
effectively on 7 degrees of freedom since most of the uncertainty comes 
from the chemical series. The 0*5, 0*1, and 0*05 points for t are at 0*71, 
1*90, and 2*36. We can compare the result with what more detailed 
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determinations of the composition of air give. The percentages by 
volume of N 2 and A are 78*1 and 0*93, f giving the density ratio 


79x28+0*93x12 

79x28 


1-00505. 


Hence 


< = 12 ^ 1 . 9 . 
21 


which is close to the 10 per cent, point. 

The outstanding problem is to understand the great difference 
between the standard deviations in Rayleigh’s results. 


5.5. Comparison of a correlation coefficient with a suggested 
value. We have seen tliat even in the estimation problem diHerent 
ways of looking at the correlation problem suggest different ways of 
taking the prior probability distribution for the correlation coefficient. 
If we use the representation in terms of the model of 2.5 we should 
naturally take uniform distribution over the range permitted. If we use 
the rule in terms of J we have to consider whether the old j)arameters 
should be taken as a, r or not. Tliese parameters have the proj)erty 
that for any value of p they give the same probability distributions for x, 
y separately. On the other hand, they are not orthogonal to p. As for 
the testing of a simple chance the differences are not trivial, since the 
outside factor would vary greatly according to the .suggested value of p, 
and in different ways. The difficulty is possibly connected with the 
question of the validity of the model and of the normal correlation law 
itself. In many cases w here this is used it w^ould be reasonable to regard x 
and y as connected in the first place by an exact linear relation, neither 
of them separately satisfying anything like a normal law, but subject to 
small disturbances which might or might not be normal. The evaluation 
of r in such cases is simply a test of approximate linearity of the relation 
between x and y and has nothing to do with normal correlation. 

Tests relating to normal correlation based on J have been worked 
out, but suffer from a peculiarity analogous to one noticed for sampling; 
if the suggested value of p is 1 or — 1 , comparison of the null hypothesis 
with any other value of p makes J infinite, and the alternative hypo- 
thesis coalesces with the null hypothesis. Accordingly it seems safer 
to take a uniform distribution for the prior probability of p. We shall 
see that an additional restriction enters in the comparison of two 
correlations, similar to one that arises for comparison of samples, and 

t F. A. Paneth, Q. J. R. Met, Soc, 63, 1937, 433-8. Pancth states that tlie second figure 
for A is uncertain, but the uncertainty suggested would hardly affect the comparison. 
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that the outside factor is always of the order of the smaller of 
In the first place we suppose the distribution of chance centred on 
a: y = 0; the suggested value of p is p^. Then 

P{q dadr \H) oc dadrlar^ (1) 

P{q' dadrdp \TI) oc dadrdpl2arf (2) 

the 2 entering because the possible range of p is from —1 to +1. The 
likelihoods have the same form as in 3.8, and lead to 

P{q dadr | 6H) 

P{q' dadrdp | BH) 


oc 


+1t'' +>( 1 L 2{ 1 — p2) 

With the substitutions 3.8 (o) we are led to 




P{q\eil)cc ^ (1— P 5 )'/I’'(cosh^-Por)-" (5) 

— 00 
OO 1 

P(q'\6H)oi\ J J (l~p2)^/2«(cosh^-~pr)“” (6) 

- 00 —I 

As we only want one term in the result it is convenient to use the 


substitution 


cosh^— pr — (1— pr)r^ 


( 7 ) 


instead of the previous one. This leads, on integration with respect to 


u, to 


P(q j OH) oc 


hn 


(\-p,rr-'k’ 


P{q'\dH)c^^ J 

“1 


1 ^ (l-p^)V.n 


Now putting 

r = tanh 2 , p = tanh po — tanh 

we get cosh^“^/ 22 : 

P{q I eH) oc cosh'fe^oCosh«-‘/<>(^(,- 2 )’ 

r3('\aij\ 1 r COsh™-’/%(f^ 

— C30 


( 8 ) 

( 9 ) 

( 10 ) 

( 11 ) 


( 12 ) 
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for large n ; ^ has been replaced by 2 in the factor cosli'^^-^^. Hence 


K 


I2n~ ly/'J cosh ®^^2 

\ 7T / cosh'^‘^oCOsh"“'/-^(^o— z) 

I2n~- ly/^ -3) 

\“V"7 ' 


(13) 

(14) 


If the distribution of chance is centred on a pair of values to be deter- 
mined, instead of on (0,0), n — 1 must be substituted for n. 

As an example we may take the following seismological problem. 
The epicentres and times of occurrence of a number of earthqiiakes 
had been determined by Bullen and me by means of a standard table 
of the times of travel of the P wave to different distances. Two other 
phases, known as and SKS, were studied, and their mean residuals 
for the separate earthquakes w'ere found.! These varied by much more 
than would be expected from the standard errors found for them. Such 
variation might arise if the focal depths of the earthquakes were not 
all the same, since variation of focal depth would not affect the times 
of all phases equally ; or if any phase was multiple and there was a 
tendency for observers in some cases to identify the earlier, and in 
others the later, of two associated movements as the phase sought. In 
either case the result might be a correlation between the mean S and 
SKS residuals when P is taken as a standard. The individual values, 
rounded to a second, were as follow^s. 


s 

SKS 

-8 

-10 

-5 

-10 

-3 

+ 1 

4 - 3 

-6 

-3 

4-1 

4-3 

0 

4-2 

-3 

0 

+ 1 

0 

-4 

4 " 2 

0 


The means are —0*8 for S and 
we find 


N SKS 

- 1-6 - 4-8 

+ 4 -f] 

-1 0 

-f 4 0 

0 0 

-1 -1 

-7 -2 

-8 -10 

-3 -4 


2*0 for SKS, Allowing for these 


2 (x—x)^ = 313, 2 (y—yf = 376, 2 i^—^)iy—y) = -f229; 

s = 4-06, t = 4-45, r +0-667. 

There are 19 determinations and a pair of means have been eliminated. 

t Jeffreys, Bur. Cenir. Intern. Seisin. Assn.^ Trav. Sci. 14 , 1936, 58. 
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Hence n in (14) must be replaced by 18. If there was no association 
between the residuals we should have hypothesis q, with p = 0; and 
we find 

K = j— j (1-0-6672)7 5 = 0-040. 

Thus the observations provide 25 to 1 odds on association. Further work 
has to try to find data that will decide between possible explanations 
of this association (it has appeared that both the above suggestions 
contain part of the truth), but for many purposes the mere fact of 
association is enough to indicate possible lines of progress. The later 
work is an instance of the separation of a disjunction as described in 
1.61. Had K been found greater than 1 it would have indicated no 
association and both suggested explanations of the variations would 
have been ruled out. The tables used for comparison in obtaining the 
above data have been found to need substantial corrections, varying 
with distance and therefore from earthquake to earthquake, since the 
bulk of the stations observing S were at very different distances; 
allowance for these corrections would have made the correlation much 
closer. The corresponding correlations found in two later comparisons 
were -[-0*95 and +0*97. j* 

5.51. Comparison of correlations. Correlations may be found 
from two sets of data, and the question may then arise whether the 
values are consistent with the true correlations being the same in both 
populations. We take the case where two standard errors have to be 
found separately for each set. On hypothesis q the true correlation is p, 
to be found from the combined data; on q' it is p^ in the first set and pg 
in the second. Let the numbers of observations in the two sets be 
and where > Wg. In accordance with the rule that the parameter 
p must appear in the statement oiq', and having regard to the standard 
errors of the estimates of p^ and pg, we may define p on q' by 

{n^+n^)p -= ?^iPi+W2P2. (1) 

As p 2 ranges from —1 to +1, for given p, p^ ranges from 

Both are admissible values if 


^1 + ^2 % + 


t M,N.R,A,S. Qeophys. SuppL 4 , 1938, 300. 
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and the permitted range of pg is 2. But if 

/> > (3) 

rii + ^2 

Pi will be +1 for '^hPz ™ (^) 

and the permitted range for is from this value to I, a range of 
(r?.i+^^2)(^~ IpI)A^ 2* This will apply also if p is too small to satisfy 
(2). Denote the permitted range of pg by c. Then the prior proba- 
bilities are 

P(q d(j^ dr I da^ dr 2 dp j H) oc da^ dr^ da^ dr^ dpja^ r^ T2, ( 5 ) 

P(q' dcrj o?Tj da 2 dr 2 dpdp2 | //) oc da^ dr-^ r/cxg dr 2 dpdp2lcri Ti (73 T2 c. (6) 

The likelihoods are the products of those for the estimation problems, 
and we can eliminate r^, ag, Tg in terms of aj, /Sj, ag, ^2 before. 

Then 


P(q'dpdp2\dH)oz 


n ~n2\V2(//l+A?2) 

P(qdp I eH) oc — ^ dp, 

oc n^dp^dpi 

Tl — />i riY‘^-m—p2 r2)"«-'/“ (Wi+n2)c' 
and, using tlie p ™ tanh^ transformation, 


P(q I dH) oc 


P(g' I eiJ) oc 


sech ^ 

cosh'*»“^^'^(^— 2i)cosh^'2~^^‘^(4-— 2:2)’ 

r sech^^^^i sech®/2^^ n^d^^d^2 

J cosh«^-'/2(^^_2:i)cosh^'«-'^2(^2.>_2;2) (ni-f-Tig)^ 


. ( 11 ) 


Hence 

P(q\eH) 


( -1 


f (Wl— i)(»2-i)(2l-22)*) 

\Wl + W2— Ij 

1 n 4-n —1 ^ 

i 2(%+Wg— 1) j 


If _ fK-i)(ra2-i)V'"(Wi + n2)c . f(Wi-^)2i + (»J-2-i)Z2l 

T)) “•’“i i:+;5=i r 


27T(Wi+n2- 


X cosh^^Zjexpl — 


(% j^)(^2 ^2)“ 

2K+W2-1) 


• (14) 
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A little simplification is possible if we remember that a test will 
be needed only if and r/g are both rather large, and then the critical 
value will be for a rather small value of We can therefore 

introduce a mean value given by 


and, nearly, 


(wi+jig— i)z ^ K— i)zi+(«. 2 — i) 22 : 
p — tanh 2 


and 


K+m2)c 


2{n i+n^) 

«i 


(1-ipi) 




(15) 

(16) 

(17) 

(18) 


K 


27r(7ii+W2— h 


" cosh“ 2 : exp 


( ^1 j ) (^2 i)(^i ^2)^ 

2(n^+n^-l) 

(19) 

A further and permissible approximation will be got by identifying 
and rij— and | in the outside factors; we can take these as 

+ A)\ 

1 i) 


277 ^ ) (?l2 


!)) * 




(20) 

Til-f- 72-2/ 

-IpI) (\p\ 

> Wi-7l2\ 

ni+nj' 

(21) 


The tests given above for normal correlation can be adapted imme- 
diately to rank correlation. It would be necessary only to calculate 


1 •0472( 1 + 0-042^2+ 0-008p4-f 0-002p«) 

for the estimated p. Then in the outside factor of (14) we should divide 
by this expression, and in the exponent we should divide by its square, 
in accordance with the form of the approximation 5.0(10). The 
correction is small enough for the effect of error in it to be regarded 
as negligible. 


5.6. The intraclass correlation coefficient. Tlxis arises when we 
have a number of classes of k members each. If there is a component 
variation common to all members of a class, with standard error t, about 
some general value, and superposed on it is a variation with standard 
error a', the ratio of the two can be estimated from the ratio of the 
variation between the class means to the variation within the classes. 
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In the case k 2, the expectation of the squared difference between 
members of the same x)air is 2a that between members of different 
pairs 2a^, By analogy with the simple correlation coefficient 

we may introduce a correlation p, and if x and y are members of the 
same pair and E denotes expectations given the parameters, 

E{x-yf = E{x^)^E{y'^)-‘lE{xy) 

= 2(1 -pV* 

and also ~ 2a'^. 

Hence p ~ (I) 

The last relation provides a definition of p even if there are many 
members in each class. For if there were k in each group, a and r 
retain their meaning in terms of expectations, and it would still be a 
valid procedure to pick out two members at random from each group, 
and for these the same argument will hold. Thus we can always define 
p as meaning r^ja^, irrespective of the number of groups and of the 
number of observations per group. In terms of this definition p cannot 
be negative. 

Brunt, f following Kapteyn, analyses the meaning of the correlation 
coefficient in general by regarding w as the number of component 
disturbances common to x and y, while n are independent. The correla- 
tion p would then be equal to 7n/{m-{-n), and could be interpreted as 
a ratio capable of being estimated by sampling, with its prior proba- 
bility uniformly distributed from 0 to 1. This appears to be a valid 
analysis of the intraclass correlation. Thus in the correlation of height 
between brothers it may be supposed that there is an inherited part 
common to both, on which random variations due to segregation are 
superposed. Negative values are excluded on such an analysis; to 
include them we need the extended analysis given in 2.5. But there 
seem to be many cases where this kind of analysis is valid, and there 
is a close analogy between the ordinary and intraclass correlation 
coefficients. 

The conditions contemplated in the hypotheses of intraclass correla- 
tion arise in two types of case. One is illustrated by the comparison 
of brothers just mentioned, where members of different families may 
be expected to differ, on the whole, more widely than members of the 
same family. In agricultural tests on productivity different specimens 


t Comhmation of Ohsen)ationft, 1931, p. 171. 
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are expected to differ more if they belong to different varieties than to 
the same variety. In these cases the comparison is a method of positive 
discovery, though in practice the existence of intraclass correlation is 
usually so well established already by examination of similar cases that 
the problem is practically one of estimation. In physics the problem is, 
perhaps, more often one of detecting unforeseen disturbances. Groups 
of observations made in the same way may yield independent estimates 
of a parameter, with uncertainties determined from their internal 
consistency; but when the separate estimates are compared they may 
differ by more than would be expected if these uncertainties are 
genuine. Sometimes such discrepancies lead to new discoveries; more 
often they only serve as a warning that the apparent accuracies are not 
to be trusted. Doubts are often expressed about the legitimacy of 
combining large numbers of observations and asserting that the uncer- 
tainty of the mean is times that of one observation. This state- 
ment is conditional on the hypothesis that the errors follow a normal 
law and are all independent. If they are not independent, further 
examination is needed before we can say what the uncertainty of the 
mean is. The usual physical practice is to distinguish between ‘acci- 
dental’ errors, which are reduced according to the usual rule when many 
observations are combined, and ‘systematic’ errors, which appear in 
every observation and persist in the mean. Since some systematic errors 
are harmonic and other variations, which are not constant, but either 
are predictable or may become so, an extended definition is desirable. 
We shall say that a systematic error is a quantity associated with an 
observation, which, if its value was accurately known for one observation, 
would be calculable for all others. But even with this extended meaning 
of ‘systematic error’ there are many errors that are neither accidental 
nor systematic in the senses stated. Personal errors of observation are 
often among them. It is known that two observers of star transits, for 
instance, will usually differ in their estimates, one systematically record- 
ing the transit earlier or later than the other. Such a difference is called 
the personal equation. If it was constant it would come within the 
definition of systematic error, and is usually treated as such; it is 
determined by comparing with a standard observer or with an automatic 
recording machine, and afterwards subtracted from all readings made 
by the observer. Karl Pearson! carried out some elaborate experiments 
to test whether errors of observation could be treated in this way, as 
a combination of a random 6rror with a constant systematic error for 
t Phil. Trana. A. 198, 1902, 235-99, 
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each observer. The conditions of the experiments were designed so as 
to imitate those that occur in actual astronomical observations. One 
type consisted of the bisection of a line by eye, the accuracy being 
afterwards checked by measurement. The other w^as essentially observa- 
tion of the time of an event, the recorded time being compared with 
an automatic record of the event itself. The conditions resembled, 
respectively, those in the determination of the declination and the time 
of transit of a star w ith the transit circle. For each type of observation 
there were three observers, who each made about 500 observations. 
When the observations were taken in groups of 25 to 30 it was found 
that the means fluctuated, not by the amounts that would correspond 
to the means of 25 to 30 random errors with tlie general standard error 
indicated by the whole series, but by as much as the means of 2 to 15 
independent observations should. The analysis of tlie variation of the 
observations into a constant systematic error and a random error is 
therefore grossly insufficient. The non-random error was not constant 
but reversed its sign at irregular intervals. It would resemble the kind 
of curve that would be obtained if numbers —5 to -f5, repetitions being 
allowed, were assigned at random at equal intervals of an argument and 
a polynomial found by interpolation betw^een them. There is an element 
of randomness, but the mere continuity of the function implies a correla- 
tion between neighbouring interpolated values, 

I shall speak of internal correlation as including intraclass correlation 
and also correlations similar to those just described. 

Internal correlation habitually produces such large departures from 
the usual rule that the standard error of the mean is times that of 
one observation that the rule should never be definitely adopted until 
it has been checked. In a series of observations made by the same 
observer, and arranged in order of time, internal correlation is the 
normal thing, and at the present stage of knowledge hardly needs a 
significance test any longer. It practically reduces to a problem of 
estimation. The question of significance arises only when special 
measures have been taken to eliminate the correlation and we want to 
know whether they have been successful. Thus 'Student’ writes:! 
'After considerable experience, I have not encountered any determina- 
tion which is not influenced by the date on which it is made ; from this 
it follows that a number of determinations of the same thing made on 
the same day are likely to lie more closely together than if' the repeti- 
tions had been made on different days. It also follows that if the 
t Quoted by E. S. Pearson, Biometrika, 30, 1939, 228. 



272 SIGNIFICANCE TESTS: ONE NEW PARAMETER Chap. V 

probable error is calculated from a number of observations made close 
together in point of time, much of the secular error will be left out and 
for general use the probable error will be too small. Where, then, the 
materials are sufficiently stable, it is well to run a number of deter- 
minations on the same material through any series of routine determina- 
tions which have to be made, spreading them over the whole period.’ 
He is speaking of physical and chemical determinations. In astronomy 
an enormous reduction of uncertainty, by factors of 10 or 100, is 
achieved by combining large numbers of observations. But astronomers 
know by experience that they must be on the look-out for what they 
call systematic errors, though many of them would come under what 
I call internal correlation. They arrange the work so that star-positions 
are compared with other stars on the same plate, so that any tendency 
to read too high or to one side will cancel from the differences, even 
though it might be reversed on the next plate measured; the scale of 
the plate is determined separately for each plate by means of the com- 
parison stars; special care is taken to combine observations in such 
a way that possible errors with daily or annual periods will not con- 
tribute systematically to the quantity to be determined; as far as 
possible observers are not aware what sign a systematic effect sought 
would have on a particular plate; and so on. In seismology many of 
the great advances of the past have been made by ‘special studies’, in 
which one observer collects the whole of the records of an earthquake, 
reads them himself, and publishes the summaries. There is here a 
definite risk of some personal peculiarity of the observer appearing in 
every observation and leading to a spurious appearance of accuracy. 
Bullen and I dealt with this, in the first j)lace, by using the readings 
made at the stations themselves; thus any personal peculiarity would 
affect only one observation for each phase for each earthquake, and 
the resulting differences would contribute independently and could be 
treated as random. In the design of agricultural experiments Fisher 
and his followers are in the habit of eliminating some systematic ground 
effects as accurately as possible; the rest would not necessarily be 
random, but are deliberately made to contribute at random to the 
estimates of the effects actually sought, by randomizing the design as 
far as is possible consistently with the normal equations for the main 
effects being orthogonal. 

As a specimen of the kind of results obtainable with such precautions 
we may take the comparisons of the times of the P wave in European 
and North American earthquakes, for distances from 22*5'^ to 67*5®; 
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mean residuals are given against a trial table. Unit weight means a 
standard error of 1 sec. 


A 

Europe 

N. America 

Difference 



Mean 

Weight 

Mean 

Weight 

Weight 


22-5 

-^0*2 

4-7 

-f 1-0 

0-6 

+ 0-8 

0 5 

0-3 

23-6 

-0-8 

6-3 

-01 

0-6 

+ 0-3 

0-5 

0-0 

24-6 

-M 

3-1 

+ 1-0 

0-.5 

4-1-7 

0-4 

1-2 

26*6 

-0-7 

3-1 

-0-2 

0-9 

4-01 

0-7 

0-0 

26*5 

-hO-3 

2-7 

+ 0-1 

1-0 

- 0-6 

0-7 

0-3 

27 5 

-10 

0-8 

+ 0-3 

1-2 

4 0-9 

0-5 

0-4 

29*0 

-0-6 

4-5 

+ 0-3 

2-0 

+ 0-5 

1-4 

0-4 

31-6 

-0-2 

5-3 

4- 0-7 

2-6 

+ 0-5 

1-7 

0-4 

34-5 

-1-8 

3-1 

— 0-6 

2-8 

+ 0-8 

1-5 

1-0 

37-6 

-0'8 

1-8 

4-0-8 

2-1 

+ 1-2 

1-0 

1-4 

40*5 

4-0-9 

M 

— 0-5 

1-3 

-1-8 

0-6 

2-0 

43-5 

~0-7 

1-9 

-1-4 

0-8 

-1-1 

0-6 i 

0-7 

46-5 

-1-2 

3-0 

-1-5 

1-0 

-0-7 

0-8 i 

0-4 

49*5 

-1-8 

1-6 

-1-4 

0-8 

0-0 

0-5 i 

0-0 

52-5 

-10 

2-5 

-2-8 

1-0 

-2 2 

0-7 i 

3-4 

55*5 

-0-7 

1-9 

— 2-5 

1-1 

-2-2 

0-7 1 

3-4 

58-5 

-1-0 

1-2 

-1-4 

0-3 1 

-0-8 

0-3 

0-2 

62-5 

~l-2 

1-4 

-0-9 

2-5 1 

-0*1 

0-9 

0-1 

67-5 

-1-3 

1-2 

-0-8 

3-3 i 

+ 0-1 

0-9 

1 

0-1 








15-7 


A constant systematic difference is to be expected, corresponding to 
a slight difference in the way of estimating the origin times, arising 
from the fact that tlie distributions of weight outside this range are 
very different. The weighted mean of the difference is 4-ff*4s.di0*3s. 
This is added to the European mean and the result subtracted from 
the North American one. The results are given as ‘difference’, with the 
corresponding weights. Then 

“ 2 (weight) (difference)^ — 15*7 

on 19 entries, from which one parameter has been determined, so that 
the expectation of is 18 on the hypothesis of randomness. 

The distribution of signs at first sight suggests a systematic varia- 
tion, but we notice that up to 31-5° the whole weight of the 8 differences 
is 6*4, and the weighted mean -|-0*45d:0*40, which is not impressive. 
The last five give — O-OliO-SS. The magnitude of the differences is, 
in fact, unusually small in the early part of the table, as we see from 
the fact that the largest contribution to is 1*2. There is no contribu- 
tion larger than 3-4, but on 19 entries we should have been prepared 
to find one greater than 4*0 on the hypothesis of randomness. 

5.61. Systematic errors: further discussion. For simplicity we 

3696.66 


T 
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may take the very common case where the systematic error is an addi- 
tive constant. Now what can such a systematic error mean in terms 
of our theory? The true value, for our purposes, has been identified 
with the location parameter of the law of error, and the best estimate 
of this is definitely the mean. If, subject to it, the errors are independent, 
its uncertainty is correctly given by the usual formula, and we have 
seen how to correct it if they are not. Systematic error has a meaning 
only if we understand by the true value something different from the loca- 
tion parameter. It is therefore an additional parameter, and requires a 
significance test for its assertion. There is no epistemological difference 
between the Smith effect and Smith’s systematic error; the difference is 
that Smith is pleased to find the former, while he may be annoyed at 
the discovery of the latter. Now with a proper understanding of induc- 
tion there is no need for annoyance. It is fully recognized that laws 
are not final statements and that inductive inferences are not certain. 
The systematic error may be a source of considerable interest to his 
friend Smythe, an experimental psychologist. The important thing is 
to present the results so that they will be of the maximum use. This 
is done by asserting no more adjustable parameters than are supported 
by the data, and the best thing for Smith to do is to give his location 
parameter with its uncertainty as found from his observations. The 
number of observations should be given explicitly. It is not sufficient 
merely to give the standard error, because we can never guarantee 
absolutely that the results will never be used in a significance test, and 
the outside factor depends on the number of observations. Two esti- 
mates may both be + 1*50:£0*50, but if one is based on 10 observations 
with a standard error of 1-5 and the other on 90,001 with a standard 
error of 150, they will give respectively K = 0-34 and = 4-3 in a 
test of whether the parameter is zero. Now this difference does not 
correspond to statistical practice, but it does correspond to a feeling 
that physicists express in some such terms as ‘it is merely a statistical 
result and has no correspondence with physical reahty’. The former 
result would rest on about 8 observations with positive signs, and 2 
with negative, an obvious preponderance, which would give K = 0-49 
when tested against an even chance. The latter would rest on nearly 
equal numbers of observations with positive and negative signs. I think 
that the physicist’s feeling in this is entitled to respect, and that the 
difference in the values of K gives it a quantitative interpretation. 
The mean of a large number of rough observations may have the same 
value and the same standard error as that of a smaller number of 
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accurate observations, and provided that the independence of the errors 
is adequately checked it is equally useful in an estimation problem; 
but it provides much less ground for rejecting a suggestion that the 
new parameter under discussion is zero when there is such a suggestion. 
Ultimately the reason is that the estimate is a selection from a wider 
range of possible values consistent with the whole variation of the 
observations from 0 , and the difference in the values of K represents 
the allowance for this selection. 

Now systematic differences between experiments with different 
methods, and even between different experimenters apparently using 
the same method, do exist. Jt is perfectly possible that what Smith 
does measure is something different from what he sets out to measure, 
and the difference is his systematic error. The quantity to be estimated 
may indeed be different in kind from the one actually measured. A 
meteorologist wants to know the atmospheric pressure, but what he 
observes is the height of a column of mercury. The conversion requires 
the use of a hydrostatic law, which is not questioned, but it involves 
the local value of gravity and the temperature, which enters through the 
density of the mercury. Allowing for the differences between these 
and some standard values is the removal of a calculable, and therefore 
a systematic, error. An astronomer wants the direction of a star, as 
seen from the centre of the earth; but the observed direction is affected 
by refraction, and the latter is calculated and allowed for. The only 
increase of the uncertainty involved in applying such a correction 
represents the uncertainty of the correction itself, which is often 
negligible and can in any case be found. 

The problem that remains is, how should we deal with possible 
systematic errors that are not yet established and whose values are 
unknown ? A method often adopted is to state possible limits to the 
systematic error and combine this with the apparent uncertainty. If 
the estimate is and a systematic error may be between 

(usually greater than 5), the observer may reckon the latter as corre- 
sponding to a standard error of m/V 3 and quote his uncertainty as 
±(52-j-^m2)V2; or with a still more drastic treatment he may give it 
as ±(5+ m). Either treatment seems to be definitely undesirable. If 
the existence of the error is not yet established it remains possible that 
it is absent, and then the original estimate is right;. If it exists, the 
evidence for its existence will involve an estimate of its actual amount, 
and then it should be allowed for; and the uncertainty of the corrected 
estimate will be the resultant of s and the determined uncertainty of 
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the systematic correction. In either case s has a useful function to 
serve, and should be stated separately and not confused with m. The 
possible usefulness of m, where the existence of the error is not estab- 
lished and its actual amount therefore unknown, is that it suggests 
a possible range of values for a new parameter, which may be useful 
in comparison with other series of observations when material becomes 
available to test the presence of a systematic difference. But inspection 
of our general approximate formula shows that the statement of m will 
go into the outside factor, not into the standard error. If the standard 
error is inflated by rn the result will be to increase the uncertainty 
unjustifiably if the suggested difference is not revealed by the accurate 
test; and to fail to reveal a difference at all when the test should show 
it and lead to an estimate of its amount. In either case the inclusion 
of m in the uncertainty leads to the sacrifice of information contained 
in the observations that would be necessary to further progress (cf, 5.63). 
A separate statement of the possible range of the systematic error may 
be useful if there is any way of arriving at one, but it must be a separate 
statement and not used to increase the uncertainty provided by the 
consistency of the observations themselves, which has a value for the 
future in any case. In induction there is no harm in being occasionally 
wrong; it is inevitable that we shall be. But there is harm in stating 
results in such a form that they do not represent the evidence available 
at the time when they are stated, or make it impossible for future 
workers to make the best use of that evidence. 

5.62. Estimation of intraclass correlation. In most treatments 
of this problem, including the one in the first edition of this book, the 
classes compared have been supposed equal in number. In such cases 
K can be reduced to a single integral. This condition is satisfied in 
balanced designs, such as are often used in biological experiments. In 
other applications it is rarely satisfied. However carefully an astronomer 
designs his observing programme it will generally be interrupted by 
cloud. Even in the comparison of brothers there is no theoretical reason 
for taking the same number from every family; the reason is only to 
make the analysis fairly easy. But it is usual for the scatter within the 
groups to give an estimate of the random error sufficiently accurate to 
be taken as a definite determination of a. We suppose then that there 
is a general location parameter A; that there are m groups of observa- 
tions, the number in the rth group being kj., and that there is a location 
parameter A^ associated with the group whose probability distribution 
about A is normal with standard error r; and that within each group 
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§ 6.6 


the observed values are random with standard error a about A^. The 
uncertainty of ct is taken as negligible. We suppose the separate values 
A^—A, given r, to be independent. This is the fundamental distinction 
between intraclass correlation and systematic variation. The data are 
the group means Xj., According to the hypotheses 

T, - A±vV+a^/Av) (1) 

and the likelihood is 

Then we have to estimate A and t. We have 


d 


logL = 


2 Av(arr— A) 


A log L ^ - i y +1 y . 


(3) 

(4) 


Putting these zero we have the maximum likelihood equations for A 
and T^. To get the uncertainties we need also the second derivatives 


^2 1 Af 


Z (a'^+Kr^f 


(5) 

(6) 


The posterior probability distribution of A will not reduce to a simple 
t rule. If T was 0 it would be normal with standard error 
If a was 0 it would follow a t rule with m— 1 degrees of freedom. We 
are concerned with intermediate cases, and may expect that the 
distribution will resemble a t rule with more than m—l degrees of 
freedom. To estimate the number we form the corresponding deriva- 
tives for the normal law. Here we have 


logL = 

— wloga— ^{(x-A)2+s'2}, 

(7) 

log L = 
dX ® 


(8) 

-^logZr = 
da^ ^ 


(9) 

5plogi = 

n 

(10) 

log L = 


(11) 
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(8) and (9) vanish when A ~ :r, <j = 5 '; and then (10) becomes —njs'^ 
and (11) becomes ~~nj2s'^. Hence, to the second order in departures 
from the maximum likelihood solution, 


logL — constant — —A)’ — -^-(cr2-~-5'2)2. 

jiS 45 

But it is simply the uncertainty of a that produces the departure of the 
t rule from the normal. Consider then the value ~~A taken by (10) 
when and the value —B taken when 


We have 



Then the number of degrees of freedom is — 1; and the of the i rule 


is given by 


n 

n~l \n-~l)A' 


This can be immediately adapted to (5) and (6). We work out (6) for 
the maximum likelihood solution. (5) for this solution is —A) (5) with 
increased by its standard error indicated by (6) is — B. An approxi- 
mate t rule for A follows. 

The following data on the correction to the constant of nutation, 
derived from a combination of data by Sir H. Spencer Jones,‘|* provide 
an illustration. The separate equations of condition are from compari- 
sons of different pairs of stars. The unit is taken as 0*01"; the standard 
error for unit weight derived from internal comparisons is 7-7. The 
weights have been rounded to the nearest unit. 


K 



44 

-202 

325 

25 

+ 3-52 

200 

23 

+ 417 

293 

25 

+ 0-11 

8 

8 

-1-73 

47 

5 

+ 4-89 

90 

3 

+ 4-28 

39 

18 

-0-82 

41 



1043 


The weighted mean is +0-69 and gives = 1043/7*72 = 16*9 on 7 
degrees of freedom. This is beyond the 2 per cent, point, and is enough 
to arouse suspicion. The original series, before they were combined to 


t M,N,R.A.S, 98 , 1938, 440-7. 
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give the above estimates, had shown similar discrepancies, one of them 
being beyond the 0*1 per cent, point. There is further confirmation 
from the distribution of the contributions to por random variation 
these should not be correlated with k^. Actually the three largest 
contributions come from three of the four largest k^^ which is what we 
should expect if intraclass correlation is present. We therefore proceed 
to estimate 

To get an upper estimate we treat all the values as of equal weight, 
thus neglecting a-. The simple mean is + — which is a warning that 
if T is not taken into account there may be a serious error in the estima- 
tion of A— and the residuals give ^ 8*8. This is too high since the 
variation includes the part due to a. 

We write ™ kj.l(o^-\-k^T^). 

For purposes of computation A is taken as A^ ~ 4-1-13 (suggested by 
the first trial value ~ 6-0), and ?/v is worked out for several trial 
values of t-. Results are as follows. 








A-Ao 


3*0 

M51 

-0111 

0-1963 

1*316 

0*246 

-0-10 

-0-165 

3-5 ! 

1 060 1 

-0-090 

0-1642 

M03 

0*186 

-0-085 

- 0*043 

4-0 1 

0-984 

-0-064 

0*1398 

0*936 

0*144 

-0-065 

+ 0*048 

5-0 

0-865 

-0*024 

0*1059 

1 0-712 

— 

-0*03 

+ 0*153 


By (4) we have to interpolate so that 2 '^V"~ 2 w We 
can neglect the difference between A and Xq. Interpolation gives 

t2 ^ 3-71, 

and the interpolated value of A— Aq is —0 075, hence 

A ^ +1055. 

Also ^2 

r^log i — y 

dX^ b 

— A)® = -I-0-091. 

Then we can take ~ 3-7 1 + 3-32. Substitute in ^ w^. for == 3-71 and 
6-0; we get respectively +1-02 and 0*77. Extrapolating to == 7*03 
we have J — 0*66, 

” ~ (1-02/0-66-1)* 6x1-02 ' ' 

Changing the unit to 1" we have the solution 
A = +0-0105''±0-0107', 

T = 00193'’±00073''. 


6 d.f.-, 
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This solution is given only as an illustration of the method. A discussion 
using expectations gave similar conclusions, f but led Spencer Jones to 
go more into detail. He discovered a systematic effect that had been 
overlooked, and on allowing for it he obtained a satisfactory agreement 
with the hypothesis of independence of the errors, and consequently a 
substantial increase in accuracy. J His result was 

A ^ +0-0034"±0-0062". 

The question of a significance test for r will arise in such problems. 
We notice that on the hypothesis r ~ 0 a mean Xj. has a standard error 
and for other r one of Hence, for small J will be 

of the order of magnitude of r^, not r. In applying the approximate 
form for K we should therefore take 

as suggested by 5.31(5); a factor ^ is needed because cannot be 
negative. 

The determination of the constant of gravitation provides an illustra- 
tion of the danger of drastic rejection of observations and of the method 
of combining estimates when the variation is not wholly random. 
C. V. Boys gave the value 6-658 x 10~® c.g.s. But P. R. Heyl,§ quoting 
Boys’s separate values, points out that the simple mean, apart from 
the factor 10’®, is 6-663. There were nine determinations, of w hich all 
but two were rejected, so that the final result was the mean of only 
two observations with an unknown standard error. Even if these had 
been the only two observations the uncertainty of the standard error 
would have a pronounced effect on the posterior probability distribu- 
tion; but when they are selected out of nine the accuracy is practically 
impossible to assess. Hey I made three sets of determinations, using 
balls of gold, platinum, and optical glass respectively. The summaries 
are as follows, with the estimated standard errors. 




n 

Boys 

. 6-663±00023 . 

. 9 

Heyl 



Gold . 

. 6*678db00016 . 

. 6 

Platinum 

. 6-664±00013 . 

. 5 

Glass . 

. 6-674 i- 00027 . 

. 6 


The estimates are plainly discrepant. Heyl has tested the possibility 
of a real difference between the constant of gravitation for different 


t M.N.R.A.S. 99, 1939, 206-10. 

§ Bur. Standards Res. J. 5, 1930, 1243-90. 


t. Ibid., pp. 211-16. 
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substances by means of the Ebtvos balance and finds none; and there 
is no apparent explanation of the differences. They are so large that 
we may compute the simple mean at once; it is 6-070, and the sum of 
squares of the residuals is 165 x of which the known uncertainties 
account for 17 x 10~®. The standard error of an entire series can then 
be taken as ( 148/3)^^- X 10~^ 0-0070. Combining this with the known 

uncertainties we get for the respective cr^: 10~®(54, 52, 51, 56). An im- 
proved value could be got by computing a revised mean with the 
reciprocals of these as weights, but they are so nearly equal that the 
simple mean will be reproduced. The standard error can then be 
taken as 

10-3 




3-7 X 10-3, 


and the result is 10~^(6-670d:0-0037). The result is, however, virtually 
based on only three degrees of freedom ; the root-mean-square estimate 
of uncertainty would be 



6-4 X 10-3, 


and this wTiuld be the safest to use in matters w here the chief uncertainty 
arises from the constant of gravitation. 

5.63. Suspiciously close agreement. The tendency of either inter- 
nal correlation or of a neglected systematic effect is in general to increase 
or 2 ;, and it is chiefly to this fact that these functions ow’e their 
importance. If they agree reasonably with their expectations the null 
hypothesis can usually be accepted w ithout further ado. But it some- 
times happens that much less than its expectation ; an analogous 
result would be strongly negative 2 when the variation suspected of 
containing a systematic part is compared with the estimate of error; 
another is when the standard error of a series of measures is much less 
than knowm sources of uncertainty suggest. Strong opinions are ex- 
pressed on this sort of agreement. Thus Yule and Kendall remark if 

‘ Nor do only small values of P (the probability of getting a larger by accident) 
lead us to suspect our hypothesis or our sampling technique. A value of P very 
near to unity may also do so. This rather surprising result arises in this way: a 
large value of P normally corresponds to a small value of y^, that is to say a very 
close agreement between theory and fact. Now such agreements are rare — 
almost as rare as great divergences. We are just as unlikely to get very good 
correspondence between fact and theory as we are to get very bad correspondence 
and, for precisely the some reasons, we must suspect our sampling technique if 
we do. In short, very close agreement is too good to be true. 


t Introduction to the Theory oj Statistics, p. 423. 
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‘The student who feels some hesitation about this statement may lilte to 
reassure himself with the following example. An investigator says that he threw 
a die 600 times and got exactly 100 of each number from 1 to 6. This is the 
theoretical expectation, = 0 and P -- 1, but should we believe him ? We might, 
if we knew him very well, but we should probably regard him as somewhat lucky, 
which is only another way of saying that he has brought off a very improbable 

event.’! 

Similarly, Fisher writes 

‘If P is between 01 and 0*9 there is certainly no need to suspect the hypothesis 
tested. . . .’ 

‘The term Goodness of Fit has caused some to fall into the fallacy of believing 
that the higher the value of P the more satisfactorily is the hypothesis verified. 
Values over 0-999 have been reported, which, if the hyj)othesis were true, would 
only occur once in a thousand trials. Generally such cases are demonstrably duo 
to the use of inaccurate formulae, but occasionally small values of beyond the 
expected range do occur, ... In those cases the hypothesis is as definitely dis- 
proved as if P had been 0-001.’ 

A striking case is given by Fisher§ himself in a discussion of the 
data in Mendel’s classical papers on inheritance. In every case the 
data agreed with the theoretical ratios within less than the standard 
errors; taking the whole together, was 41*6 on 84 degrees of freedom, 
and the chance of a smaller value arising accidentally is 0*00007. 
The test originated in two cases where Mendel had distinguished the 
pure and heterozygous dominants by self-fertilization, growing ten of 
the next generation from each. Since the chance of a self-fertilized 
heterozygote giving a dominant is f , the chance that all ten would be 
dominants is (0*75)^® — 0*05, so that about 5 per cent, of the hetero- 
zygous ones would fail to be detected, and the numbers would be 
underestimated. Correcting for this, Fisher found that Mendel’s ob- 
served numbers agreed too closely with the uncorrected ratio of one 
pure to two mixed dominants, while they showed a serious discrepancy 
from the corrected ratio. Fisher suggests that an enthusiastic assistant, 
knowing only too well what Mendel expected, made the numbers agree 
with his expectations more closely than they need, even in a case where 
Mendel had overlooked a complication that would lead the theoretical 
ratio to differ appreciably from the simple 1:2. 

When there is only one degree of freedom to be tested a very close 
agreement is not remarkable — if two sets of measures refer to the same 
thing, agreement between the estimates within the rounding-off error 

t To go to the other extreme, if a man reports that he obtained a complete hand of 
one suit at bridge we do not believe that he did so by a reuidom deal. It is more likely 
either that he is lying or that something was wrong with the shuffling. 

t Statistical Meihodsy 1936, p. 84. § Annals of Science 1, 1936, 116-37. 



§6.6 SIGNIFICANCE TESTS: ONE NEW PARAMETER 283 

is the most probable result, even though its probability is of the order 
of the ratio of the rounding-off error to the standard error of the 
difference. It is only when such agreements are found persistently that 
there is ground for suspicion. The probable values of from 84 degrees 
of freedom are 84^:13, not 0. If the only variations from the null 
hypothesis were of the types we have discussed here, too small a x^ 
would always be evidence against them. Unfortunately there is another 
type. By some tendency to naive notions of causality, apparent dis- 
crepancies from theory are readily reduced in the presentation of 
the data. People not trained in statistical methods tend to under- 
estimate the departures that can occur by chance, a purely random 
result is in consequence often accepted as systematic when no signi- 
ficance test would accept it as such, and ‘effects’ make transitory 
appearances in the scientific journals until other workers repeat the 
experiments or estimate the uncertainty properly. Similarly, when 
the investigator believes in a theory he is predisposed to think that if 
a set of observations differs appreciably from expectation there is some- 
thing wrong with the observations, even though a closer examination 
would show that the difference is no larger than would often occur by 
chance; and the consequence is that observations may be rejected or 
illegitimately modified before presentation. This tendency is the more 
dangerous because it may be completely unconscious. In Mendel’s 
experiments, where there were theoretical ratios to serve as a standard, 
the result would be too small a x^^ which is what Fisher found. 

A significance test for such cases on the lines of the present chapter 
has not been constructed. It would be most useful if the prior proba- 
bility took account of previous information on human mendacity, but 
this has not, I think, been collected in a useful form! 

5.64. Sir Arthur Eddington has claimed to have deduced theoretica 
values of many measurable physical quantities from purely epistemo- 
logical considerations. I consider that this is at least partly because he 
has incorporated a great deal of observational material into what he 
calls epistemology ;! but that is not the chief reason why the great 
majority of physicists hesitate to accept his arguments. At any rate it 
is interesting to compare the values deduced theoretically in his Funda- 
mental Theory with observation. He takes the velocity of light, the 
Rydberg constant, and the Faraday constant as fundamental and 
calculates the rest from them. I give his comparisons as they stand 
except for powers of 10, which are irrelevant for the present purpose; 
t Phil. Mag. (7), 32, 1941. 177-206. 
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uncertainties arc given as 'probable errors’ and the factor (0-6745)2 
must be applied at some stage in the computation of Probable errors 
are given for the last figure in the observed value. 



Obs. 

P.E. 

Calc. 

O.-G. 

(0-6745)-V 

ej'triQC (dofioxioTi) 

1-75959 

24 

1-75953 

■1 6 

0-1 

c/mflC (spertroHCoj>ic) . 

1-75934 

28 

1-75953 

-19 

0-5 

/tc/27re2 . 

137-009 

16 

137-000 

-f9 

0-3 


1836-27 

56 

1836-34 

-7 

0-0 

M . 

1-67339 

31 

1-67368 

-29 

0-9 

m, .... 

9-1066 

22 

9-1092 

-26 

1-4 

e' . 

4-8025 

10 

4-8033 

-8 

0-6 

h' , 

6-6242 

24 

6-6250 

-8 

0-1 

h/e' .... 

1-3800 

5 

1-3797 

4' 3 

0-4 

K , 

6-670 

5 I 

6-6665 

4-3-5 

0-5 

n'-W . 

0-00082 

3 

0-0008236 1 

-0-4 

0-0 

2H^-D' . 

0-001539 

o 

0-0015404 

-1-4 j 

0-5 

4H-He . 

0-02866 

V 

0-02862 ±4 

4-4 

<1-0 

m . 

i 2-7896 

8 

2-7899 

-3 

0-1 



; 1-935 

20 

1-9371 

-21 

0-0 

<6-4 


1 have omitted some of Eddington’s comparisons but retained, 1 think, 
all where the observed values rest on independent experiments. The 
result is that more than 2*9, on 15 d.f. This is preposterous; 

the 99 per cent, point is at -- 

It might theoretically be better not to take three constants as 
definitely known, but to make a least-squares solution from 18 data, 
taking these as unknown, using their experimental uncertainties. This 
would not make much difference since they are among those w'liose 
uncertainties are smallest compared with the adopted values; the only 
difference would be that would be slightly reduced, remaining on 
15 d.f. 

Many of the observed values are based on very few degrees of freedom ; 
/c, the constant of gravitation, for instance, is on 3 d.f. In these condi- 
tions the use of x^ if the errors were normally distributed is seriously 
wrong (cf. 2.82); but the tendency of the allowance for small numbers 
of degrees of freedom would be to increase the expectation of and 
a more accurate test would give a larger predicted Thus correction 
of either of the obvious statistical blemishes would increase the dis- 
crepancy; and the observations agree with Eddington’s theory far better 
than they have any business to do if that theory is right. 

There are two possible explanations. The one that would occur to 
many physicists is that Eddington’s theory is artificial throughout, 
and that by skilful juggling with numbers he has produced a forced 
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agreement. This may be so, though 1 should not say that his theory is 
at any point more artificial or less intelligible than any other statement 
of quantum theory. All need a complete restatement of their relations 
to experience, including a statement of what features in experience 
demand the kind of analysis that has been adopted. 

The other concerns the ‘probable errors' of the observed values. 
Many of‘ these are not based on a statistical discussion, but include 
an allowance for possible systematic errors, of the kind that is depre- 
cated in 5.61. It is quite possible that the probable errors given are 
systematically two or three times what a proper statistical discussion 
would give. In particular, some of the estimates are the results of 
combining several different determinations, alleged to be discrepant, 
but as the number of degrees of freedom of the separate determinations 
is never given, it is impossible to form a judgement on the existence of 
these discrepancies without working through the whole of the original 
data afresh. If the uncertainties had not been artificially inflated it is 
possible that a normal would have been found. At any rate the first 
suggested explanation cannot be accepted until the second is excluded 
by a rediscussion of the experimental data. 

5.65. In counting experiments the standard error is fixed by the 
numbers of the counts alone, subject to the condition of independence. 
In measurement the matter is more complicated, since observers like 
their standard error to be small, and it is one of the unknowns of the 
problem and has to be judged only from the amounts of the residuals. 
But actually the standard error of one observation is not often of much 
further interest in estimation problems; what matters most, both in 
estimation problems and in any significance test that may supervene, 
is the standard error of the estimates. Now it is easy in some types of 
investigation for an apparent reduction of the standard error of one 
observation to be associated with no reduction at all in the accuracy 
of the estimates. This can be illustrated by the following example. 
A set of dice were thrown, sixes being rejected, and 3 was subtracted 
from each result. Thus a set of numbers —2 to +2, arranged at random, 
was obtained (series A). Differences to order 4 were found, and two 
smoothed sets of values B and C were obtained, one by adding J of 
the second difference, one by subtracting j’g of the fourth difference. 
The unsmoothed and the two smoothed series are shown below. The 
respective sums of the 44 squares, excluding for the series A the two 
unsmoothed values at each end, are 88, f 18-9, and 29-7. The smoothing 

t Thin agrees exactly witli expectation! 
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has produced a great reduction in the general magnitude of the resi- 
duals; judging by this alone the standard errors have been multiplied 
by 0-46 and 0*58 by the two methods. But actually, if we want a sum- 
mary based on the means of more than about 5 consecutive values we 
have gained no accuracy at all. For if a group of successive entries in 
column A are .r.g? ^-i» ^ 2 ’ iR^thod B will make Xq contribute 


A 

B 

a 

A 

B 

c 

A 

B 

C 

0 



4 2 

+ 1*0 

+ 0-8 

2 

-10 

-1*8 

-f-2 



0 

+ 1*0 

+ 1*5 

— 2 

-1*0 

-1*7 

__ 2 

-0-8 

-0*8 

4-2 

4 0*5 

+ 0-2 

0 

-0-5 

-0-4 

-1 

-0-5 

-0*5 

2 

-0*2 

-0*8 

0 

-0*2 

-0*2 

+ 2 

+ 0-2 

4-0*3 

-1 

-0*5 

-0-7 

-1 

-0*2 

-01 

-2 

-10 

-M 

4-2 

+ 0*8 

+ 0-8 

+ 1 

0-0 

-0*2 

— 2 

-10 

-1*2 

0 

+ 0*8 

4-1-2 

-1 

0*0 

+ 0*2 

+ 2 

-0-5 

4-0*7 

4-1 

0*0 

-0*4 

4-1 

+ 0*2 

+ 0-1 

0 

00 

4 0*2 

-2 

-0*5 

-0-4 

0 

+ 0*2 

+ 0-5 

2 

-1-0 

-1*2 

4-1 

+ 0*2 

0*0 

0 

-0*2 

-0-2 

0 

-0-2 

-0*2 

4-1 

+ 1-0 

+ 1*5 


-1-0 

-0-8 

-f 1 

4-0*2 

4-0*5 

4-1 

+ 0*2 

+ 0*2 

-2 

-1*0 

-0*8 

-1 

-0*8 

-0*9 

2 

-10 

-1*2 

+ l 

-0*5 

-0*8 

-2 

-1*0 

-M 

-1 

-0-5 

-0*6 

2 

-0*8 

-0*3 

+ 1 

0*0 

-0*2 

4-2 

+ 0-8 

+ 1-0 

0 



0 

4-0*8 

4-1-2 

0 

0*0 

+ 0-2 

-2 




Ixq to the second and fourth entries and to the third; the contribu- 
tion from Xq to the sum of the five remains Xq. Method C will make 
Xq contribute —y^Xq to the first and fifth entries, ^Xq to the second and 
fourth, and ^Xq to the third. Again there is no change in the sum of 
the five. There is a little gain through the contributions from the 
entries for adjacent ranges, but the longer the ranges are the smaller 
this will be. 

Now it might well happen that we have a series of observations of 
what should be a linear function of an independent variable, and that 
the above set of values A are the errors rounded to a unit.| The least- 
squares solution based on the hypothesis of the independence of the 
errors will be vahd. If a smoothing process changes the errors to B or 
C the solution will be the same; but if the errors are still supposed 
independent the apparent accuracy will be much too high, because we 
know that the correct uncertainty is given by A, What the smoothing 
as in B does, if the error at one value is Xq^ independent of adjacent 
values, is to make component errors ^Xq, at adjacent values. 
Thus, though tlie smoothing somewhat improves the individual values, 
it does so by introducing a correlation between consecutive errors; and if 

t The process actually used gets them from a rectangular and not a normal distribution 
of chance, but this is irrelevant here. 
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the errors are given by £ or C this departure from independence of the 
errors is responsible for a diminished real accuracy in comparison with 
the apparent accuracy obtained on the hypothesis of independence. 

Now at the best the hypothesis of independence of the errors needs 
a check when suitable information becomes available; it is never certain. 
But it does often survive a test, and the estimate of uncertainty is then 
valid. If there is any possibility that it is true, that possibility should 
not be sacrificed. There is a real danger in some types of observation 
that spurious accuracy may be obtained by introducing a correlation 
between neighbouring errors. In seismological work, for instance, a 
careful observer may read his records again and again to make ‘sure’, 
working out his residuals after each set of readings; and in these condi- 
tions it is practically impossible for him to avoid letting his readings 
on one record be influenced by those at neighbouring distances. There 
is a further danger of accidental close agreement in the results for a 
few separate series; knowledge of the standard error of each series based 
on the hypothesis of independence prevents too high an accuracy from 
being asserted in such cases. 

In some cases a lack of independence arising in this way can be 
detected by comparing determinations from different series of observa- 
tions; too large a may be found, and then the differences between 
the series provide a valid estimate of uncertainty, though based on 
fewer degrees of freedom than might have been available in the first 
place. But even here it may happen that previous results are used to 
reject observations, and then even this independence fails. If the pos- 
sibility of this check is to be preserved, every series must be reduced 
independently. Otherwise a mistake made at the outset may never be 
found out. 

5.7. Test of the normal law of error. Actual distributions of errors 
of observation usually follow the normal law sufficiently closely to make 
departures from it hard to detect with fewer than about 500 observa- 
tions. Unfortunately this does not show that the treatment appropriate 
to the normal law is appropriate also to the actual law; the same is 
true for a binomial law with only three or four components, or for a 
triangular law, and for these the extreme observations have an im- 
portance in estimation that far exceeds any they can have on the normal 
law. (The binomial would of course have to be compared with a normal 
law with the chances grouped at equal intervals.) Many series of 
observations have been published as supporting the normal law. 
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Pearson showed in his original ^ paper that some of these showed such 
departures from the normal law as would warrant its rejection. I have 
myself analysed nine series for this purpose. f Six of these are from a 
paper by Pearson, which has already been mentioned (p. 270). W. N. 
Bond made a series of about 1,000 readings of the position of an illumi- 
nated slit, viewed with a travelling microscope slightly out of focus. 
The slit was kept fixed, but the microscope was moved well outside the 
range of vision after each reading, so that the errors would be as far 
as possible inde})endent. The conditions resemble the measurement of 
a spectrum line or, apart from the shape of the object, that of a star 
image on a photographic plate. Later Dr. H. R. Hulme provided me 
with two long series of residuals obtained in the analysis of the variation 
of latitude observations at Greenwich. These have the special interest 
that they are based on observations really intended to measure some- 
thing and not simply to test the normal law; but Pearson’s were 
primarily designed to test the hypothesis that the error of observation 
could be regarded as the sum of a constant personal error and a random 
error, the test of the normal law being a secondary feature. So many 
lists of residuals exist that could be compared with the normal law^ that 
published comparisons are under some suspicion of having been selected 
on account of specially good agreement with it. 

In comparison with the normal law, Type VII gives J infinite for 
m -- 1; Type II gives J infinite for an}^ m, but we can modify the 
definition by omitting the intervals where the probability according to 
Type II is zero, and then J remains finite, tending to infinity only as 
m -> 1. It is sufficient for our purposes to use the approximate formula 
of 5.31. The maximum likelihood solutions for /x, which is 1/m for Type 
VII and ~ 1/m for Type II, are as follows. 




n 


K 

Pearson: Bisection 

1 

500 

-f0111i0037 

0-31 


2 

600 

+ 004 ±0*04 

17 


3 

500 

-0-225±0057 

00116 

Bright line . 

1 

519 

+ 0-230±0057 

00083 


2 

519 1 

+ 0 163 + 0050 

01 40 


3 

619 

-0080+ 0049 

7-5 

Bond .... 


1026 

+ 0-123 + 0061 

2-2 

Greenwich 

1 

4540 

+ 0-369 + 0-020 

10-*^* 


2 

5014 

+ 0-443 + 0018 

10-130 


Six of the nine series give K less than 1, three less than O-OI. Allowance 
t PhiL Trans. A, 237, 1938, ; M.N .R.A.S. 99, 1939, 703-9. 



§6.7 SIGNIFICANCE TESTS; ONE NEW PARAMETER 289 

for selection as in 5.04 does not alter this, but the larger values of K 
are, of course, reduced. But there is another check. If the errors, apart 
from a constant personal error, were random and followed the normal 
law, the means of groups of 25 consecutive observations should be 
derived from a normal law, with standard error I of that of the whole 
series. If is the square of the observed ratio, it should be about 0*04. 
In every case the actual value in Pearson’s series was higher; it actually 
ranged from 0*006 to 0*550. The test for comparison of two standard 
errors, with - 20, lu ™ 480, will obviously give K much less than 
1 in every case. One apparently possible explanation would be that if 
errors follow a Type VII law, even if they are independent, means 
of a finite number of observations will fluctuate more than on the 
normal law. If this was the right explanation y should increase with /x. 
The actual variation is in the other direction. Taking the values in 
order of decreasing /x we have the following table. 






r 

Bright line . 

1 

+ 0-230 

0-066 

0-16 


o 

+ 0-163 

0-100 

0-24 

Bisection 

1 ! 

+ 0-115 

0093 

0-23 


2 

+ 0*04 

0-36 

0-57 

Bright lino . 

3 

-0-080 

0-140 

0-32 

Bisection 

3 

-0-226 

0-550 

0-72 


r is defined as -^(y^—O-OI) and is an estimate of the fraction of the 
standard error that persists through 25 observations. There is a correla- 
tion of —0*92 between /x and r, which might represent a practically 
perfect correlation since both fx and r have appreciable uncertainties. 
If we fit a linear form by least squares, treating all determinations as 
of equal weight, we get 

/X +0*273±0 093-(0*62±0*22)r. 

The suggestion of these results is therefore that reduction in /lx is 
strongly associated with increase in the correlation between consecu- 
tive errors, and that a set of really independent errors, if there is 
such a thing, would satisfy a Type VII law with rn probably between 
2*7 and 5*5. 

Bond’s data would suggest limits for m, corresponding to the standard 
error, of 5*7 to 14; the two Greenwich series of 2-6 to 2*9 and 2*2 to 2*4. 
There appear to be real differences in the values of m, but this has an 
obvious explanation. Pearson’s and Bond’s series were each made by 

3595.58 rr 
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a single observer in conditions designed to be as uniform as possible. 
The Greenwich observations were made by several different observers 
in different conditions of observation. This would naturally lead to a 
variation of accuracy. But if several homogeneous series of different 
accuracy, even if derived from the normal law, were combined and the 
result analysed, we should get a positive /x. The values found from 
the Greenwich observations are therefore likely to be too high for 
uniform observing conditions. It seems that for uniform conditions, 
if independence of the errors can be attained, and if there is a single 
value of m suitable for such conditions, it is likely to be between 3 
and 5. 

Such a departure from the normal law is serious. We have seen that 
if m < 2-5 the usual rule for estimating the uncertainty of the standard 
error breaks down altogether, and such values are not out of the 
question. We have therefore two problems. First, since enormous 
numbers of observations have been reduced assuming the normal law 
(or different hypotheses that imply it), we need a means of reassessing 
the accuracy of the summaries. Secondly, it is unusual for a set of 
observations to be sufficiently numerous to give a useful determina- 
tion of m by itself; but if we assume a general value of 7fi we can 
frame a general rule for dealing with even short runs by maximum 
likelihood and accordingly making an approximate adjustment of the 
t rule. 

If we take A = 

\ w(n— 1) f 


the uncertainty of the error term can be estimated roughly by using 
expectations. If /X 2 are the second and fourth moments of the 

law, we have for Type VII 








m- 


which is 5 for m — 4, while it is 3 for m infinite. Also 





nS 

n{n-~l) 





-’)■ 


n- 


For the normal law this is 2/x|/(n— - 1). For m == 4 it is nearly 4/x|/(n— 1). 
Hence if the mean and the mean-square deviation are used as estimates, 
and m == 4, the probability of error will approximately follow a t rule 
with I) degrees of freedom instead of w— 1. 

If we take m = 4 and estimate A and a by maximum likelihood, using 
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the equations 4.31 (10) and (11), it is convenient to have a table of the 
quantity w defined by ,,, j ^ {x-Xfl2Ma^ 
as a function of (a;~A)/a. 


(x-X)lo 

w 

(a^-A)/a 

w 

{x~\)ja 

w 

0 

1000 

2*4 

0*482 

4*8 

0-3 89 

0-1 

0*998 

2*5 

0*462 

4*9 

0*183 

0-2 

0*993 

2*6 

0*442 

6*0 

0*177 

0-3 

0*983 

2*7 

0-424 

5*1 

0*171 

0-4 

0*970 

2*8 

0*406 

6*2 

0*165 

0-6 

0*965 

2*9 

0*389 

5*3 

0*160 

0-6 

0*937 

3*0 

0-373 

6*4 

0*166 

0-7 

0*917 

3*1 

0*358 

5*5 

0*150 

0*8 

0*894 

3*2 

0*344 

5*6 

0*146 

o-y 

0*869 

3*3 

0*330 

5*7 

0*141 

1-0 

0*843 

3*4 

0*317 

5*8 

0*137 

M 

0*816 

3*5 

0*305 

5*9 

0*133 

1-2 

0-788 

3*6 

0*293 

6*0 

0*130 

1-3 

0*760 

3*7 

0*282 

6*1 

0*128 

1-4 

0*732 

3*8 

0*271 

6*2 

0*122 

1-5 

0*705 

3*9 

0*261 

6*3 

0*119 

1-6 

0*677 

4*0 

0*261 

6*4 

0*116 

1-7 

0*650 

4*1 

0*242 

6*5 

0*112 

1-8 

0*623 

4*2 

0*233 

6*6 

0*109 

1-9 

0*698 

4*3 

0*225 

6*7 

0*106 

2*0 

0*573 

4*4 

0*217 

6*8 

0*104 

21 

0*549 

4*5 

0*209 

6*9 

0*101 

2*2 

0*526 

4*6 

0*202 

7*0 

0*099 

2-3 

0*503 

4-7 

0*195 




Also M 2-6797, injM 1-49. 

There is no harm in practice in rounding the factors w to two figures. 

Chauvenetf records a set of residuals of the measured semidiameter 
of Venus, in connexion with the problem of rejecting observations. 
Arranged in order of magnitude they are, in seconds of arc: 


Residual 




w 

-1*40 . 




0*6 

-0*44 . 




0*9 

-0*30 . 




1*0 

-0*24 . 




1*0 

-0*22 . 




1*0 

-0*13 . 




1*0 

-0*05 . 




1*0 

+ 0*06 . 




1*0 

+ 0*10 . 




1*0 

+ 0*18 . 




1*0 

+ 0*20 . 




1-0 

+ 0*39 . 




0-9 

+ 0*48 . 




0*9 

+ 0*63 . 




0*8 

+ 1-01 . 



• 

0*6 

13*6 


f Spherical and Practical Astronomy, 2, 562. 
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A simple calculation, allowing for the fact that two unknowns have been 
estimated, gave cr ™ 0-572". This suggests the set of values w. With 
these the estimate of A is +0*03", which we may ignore, and 

2 w(x--ay =-- 2*73. 

Then a second approximation to is 

1 

^2 ^ 2*73 --- 0*313, 5 0*559". 

1 3 

Recomputing with this value we find that the weights are unaltered to 
the first decimal, and we do not need a third approximation. To find 
an effective number of degrees of freedom we compute the right side 
of 4.31 (11) with 71 13, a = 0*65; it is 4*4, so that 

— —loci = - t - i . = 48; n' = A 0-5502x48 = 7-5. 
da^ ^ 0-091 ^ 

To get the uncertainty of a, put A ~ +0*30 in 4.31 (10); the sum on the 
right side becomes —2*78, and 

^2 _ 1-49 2*78 

Hence 0*143 

and the result is A ~ +0 03+0*14, 7 d.f., 

approximately. 

Chauvenet’s criterion led him to the rejection of the two extreme 
observations and to a = 0*339. The resulting standard error of the 
mean would be 0*094. But with a == 0*56 there are 3 residuals out of 
15 greater than cr, 1 greater than 2cr. This is not unreasonable either 
for index 4 or for the normal law. If we reject the two extreme observa- 
tions and use a == 0*34", there are 4 out of 13 greater than cr, none 
greater than 2ct. This would not be unreasonable for the normal law. 
The distribution by itself provides little evidence to decide whether 
Chauvenet’s method of rejection or the present method is more appro- 
priate. I should say, however, from comparison with other series, that 
there would be a stronger case for the present method, so long as there 
is no reason, recorded at the time of observing, for mistrusting particular 
observations. Even if the extreme observations are rightly rejected, 
the estimate of a is based on 11 degrees of freedom, and from Fisher’s 
z table there is a 5 per cent, chance of a being 1*5 or more times the 
estimate. This is increased if observations are rejected. 
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According to the rough method based on the median, which is in- 
dependent of the law of error, the median would be the eighth observa- 
tion, +0*06, and limits corresponding to its standard error would be 
(15/4)^/“^ ™ 1*9 observations away. Interpolated, this puts the limits 
at — 0-12 and +0-17, so that the median of the law can be put at 
+ b-03±0*145. This standard error happens to agree closely with that 
found for index 4. 

The table of weights on p. 291 should be of use in a number of 
problems where there is at present no alternative to either keeping all 
the observations at full weight or rejecting some entirely. The fact that 
an error in yri produces to the first order no error in either a or a ensures 
that even if m is not 4 the hypothesis that it is will not give any serious 
errors. The importance of a ver}^ large residual is much reduced, but 
the slow variation of the weight with the size of the residual prevents 
the large shifts of the mean that may depend on what observations are 
rejected. 

5.8. Test for independence in rare events. Here the null hypo- 
thesis is that the chance of the number of events in an interval of 
observation follows the Poisson rule. Two types of departure from the 
conditions for this rule have been considered, and both have led to the 
negative binomial rule. Both are somew^hat artificial. On the other hand, 
any variation of the Poisson parameter, or any tendency of the e vents 
to occur in groups instead of independently, will tend to spread the 
law and make it more like the negative binomial. Among the various 
possibilities it has the great advantage that it can be definitely stated 
and involves just one new parameter. (Two simple Poisson rules super- 
posed would involve three in all, the two for the separate laws and one 
for the fraction of the chance contained in one of them ; and thus two 
new parameters.) If the data support it against the Poisson law, the 
latter is at any rate shown to be inadequate, and we can proceed to 
consider whether the negative binomial itself is satisfactory. 

The Poisson law is the limit of the negative binomial when n -> oo. 
There is a sufficient statistic for the parameter r, if the law is taken in 
the form we chose in 2.4 (13), but not for n. In a significance test, how- 
ever, we are chiefly concerned with small values of the new parameter, 
which we can take to be Ijn — v. 

The law is 

/ n V'* n( 7 i-f l)...(n-f m— !)/• r' V" 

\n-{~r') ml \72+r7 


P(m I r', n, H) 


( 1 ) 
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Suppose that in a series of trials the value Wj. occurs times. Then 


n(- 


(»+ 1 )...(»+»%- 


1)W r' 

/ \n+r'} 


Ldr' n^r' n-\-r'j 

n-\-r' r\n~\-r') 

Hence the maxiinuiu likelihood solution for r' is 

= ( 4 ) 

Z'^k 

Thus the mean number of occurrences is a sufficient statistic for r', 
irrespective of n; we have already had this result in the extreme case 
of the Poisson law. The uncertainty of r\ however, does depend onn. 

Now form J for the comparison of the above negative binomial law 
with the Poisson law 


— P(7n |r,//) ~ 


If n is large we find 


— — — wlogll-l — )-j-r-|-?wlog mlog(w-f-r')+ 2 

'm \ >■ »-« 


1 , »n(TO— 1)L , . 


(r'— r)|log^ 
(r'~r)‘^ 1 


Hence for large n, r' and v are orthogonal parameters. This is another 
advantage of the form we have chosen for the negative binomial law. 
As V ^ ^ the approximate form of K given in 5.31 should be adapted 



where iV is the number of trials and estimated values are substituted 
for V and 8^. This form is to be used if v > 8^; if |j/| < the outside 
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factor is larger, tending to (7riV'/2)'^^ when v — 0. If v is small should 

be nearly i / o 

For the data on the numbers of men killed by the kick of a horse 
(p. 59) we find ^ _ 280, r = 0-700, 

and solving for v by minimum taking r as given, we get 

== +0*053±0074, 

K ^ 10exp(-0-26) 8. 

The solution is rough; as given by (9) would be about 0*12, the 
difference being due to the fact that the posterior probability distribu- 
tion of V is far from normal. But in any case there is no doubt that the 
data confirm the Poisson rule and more detailed examination is un- 
necessary. 

For the radioactivity data we have similarly 

N ^ 2608, r ^ 3*87, ^ =- — 0-0866±0*0951, 

the calculated standard error being 0*072. Then, since the estimate of 
V is negative, we use 2 instead of 8 in (8), and 

K > 60. 

The Poisson law is strongly confirmed. 

In studies of factory accidents made by Miss E. M. Newbold,t strong 
departures from the Poisson rule were found, and there was a fairly 
good fit with the negative binomial. Two of Newbold’s series, fitted by 
minimum x^, would correspond in the present notation toj 

r = 0-835±0*058, n = 0*99±017; N -- 447; 
r ^ 3*91±0*21, n -= l*54±0-20; N -- 376. 

In these cases v is several times its standard error and its posterior 
probability distribution should be nearly normal. Significance is obvious 
without calculation. But the first series gives more individuals with large 
numbers of accidents than the negative binomial would predict, and it 
seems that this law, though much better than Poisson ’s, is not altogether 
satisfactory for this series. Actually the mean number of occurrences 
was 0-978, which differs substantially from r as found by minimum x^^ 
although the mean is a sufficient statistic. 

5.9- Introduction of new functions. Suppose that a set of observa- 
tions of a quantity y are made for different values of a variable x, 
t J. R. Stat. Soc. 90, 1927, 487-647. J Ann, Eugen. 11, 1941, lOS-14. 
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According to the null hypothesis q, the probability of /y follows the same 
law for all values of x. According to q' the laws for y are displaced by 
a location parameter depending on x, for instance, a linear function of 
a: or a harmonic function a sin kx. This displacement is supposed speci- 
fied except for an adjustable coefficient a. We have now a complication, 
since the values of x may be arbitrarily chosen, and J will differ for 
different x even if the coefficietit is the same. We therefore need to 
summarize the values of J into a single one. 

In problems of this type the probability distribution of x may be 
regarded as fixed independently of the new parameter; the values of x 
may arise from some law that does not contain ?/, or they may be chosen 
deliberately by the experiments^. In the lattsu- case the previous in- 
formation H must be regarded as including the information that just 
those values of x will occur. Now suppose that the chance of a value 
Xj. in an interval is and that that of y^. given is f{x^, a, 

Then for a general observation 

PiSx^, 8y,) r - pj{x^, a, y,) ( 1 ) 

and for the whole series 


J 


- z z 

- IPrJr^ 




Pri^f Aq;:, y^) fX, y^)} 


(2) 


where is derived from the comparison of the laws for y^ given x^. 

In particular consider normal correlation, stated in terms of the 
regression of y on x. Applying 3,9 (15) to 2.5 (9) for giv^en x, <t, t we find 



r' 


1 


+ - 


~p^ T 

I 


+ 


2(t2(I— 


(pV- 


-pr) 





1 1 — 2pp't/t'+t2/t'* 1 1 — 2pp't7t+t'®/t2 , . 

=^-^+ 2 — r ^ — +2 i:=7 • 

This is the case of 3.9 (38) when a a. 

If all of a discrete set of values of x have an equal chance of occurring, 
it follows from (2) that J is the mean of the J^.. The extension to the 
case where the chance of x is uniformly distributed over an interval is 
immediate. 

Now if there are n values each equally likely to occur, and we make 
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7im observations, we shall expect that about m observations will be 
made of each value. It seems appropriate, in a case where all the x^. 
are fixed in advance, again to take the mean of the For if we form 
J for the whole of the observed values of x, it will be ^ we take 

rri observations for each value it will be If our results are to 

correspond as closely as possible to the case where about m observations 
for each x^. are expected to arise by chance we should therefore divide 
the latter sum by mn. 

Alternatively we may argue that if the number of observed values 
of Xj. is large and we take them in a random order, there is an equal 
chance of any particular x^ occurring in a given place in the order, and 
these chances are nearly independent. We then apply (2) directly. 

The distinction is that in the first case we average J over the values 
of X that might occur; in the second w^e average it over the values of x 
that have actually occurred. The point, stated in other ways, has arisen 
in several previous discussions, and it appears that each choice is right 
in its proper place. In studying the variation of rainfall wdth latitude 
and longitude, for instance, we might proceed in three ways, {a) We 
might choose the latitudes and longitudes of the places for observation 
by means of a set of random numbers, and instal special rain-gauges 
at the places indicated. Since any place in the area could be chosen in 
this way, it is correct to take the average of J over the region, {h) We 
might deliberately set out the rain-gauges at equal intervals of latitude 
and longitude so as to cover the region. In this case we should take 
the mean of the values of J for the stations, but if the interval is small 
compared with the length and breadth of the region it wdll differ little 
from the mean over the whole region, (c) We might simply use the 
existing rain-gauges. Again w^e should take the mean of J for the 
stations. Its actual value, for given a, will differ from that in (6). The 
stations might, for instance, all be in the southern half of the region. 
But we should consider the situation existing when such a method is 
adopted. There is no observational information for the northern half; 
there is a serious suggestion that the question can be settled from the 
southern half alone. In (a) and (6) the suggestion is that the effect is 
likely to be large enough to be detected from data over the whole region, 
but not likely to be detected from data for half of it. In fact the choice 
of design depends on the previous information and the difference in 
the value chosen for J, as a function of a, expresses the same previous 
information. In testing the significance of a measured parallax of a 
star, for instance, we can and must take into account the fact that we 
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are observing from the Earth, not from a hypothetical planet associated 
with that star or from one in a remote nebula. 

In physical subjects methods analogous to (b) and (c) will usually 
be adopted, (a) is used in some investigations relating to population 
statistics. It has the advantage over (r) that it randomizes systematic 
disturbances other than those directly considered. For instance, actual 
rain-gauges tend to be placed at low levels, whereas (a) and (b) would 
give high stations chances of being selected in accordance with the area 
of high land. In some problems (b) would suffer from a similar dis- 
advantage to (a), though hardly in the present one (cf. also 4.9). 

In what follows we shall follow the rule of (b) and (c) and take the 
summary value of J for given a to be the mean of the values for the 
observed values of the (one or more) independent variables. 

5.91 . Suppose now that on q the measure of a variable for given ty 
follows a rule 


and that on q' 

P(dxAq',a,oc,t,,H) = exp[ 

J, = <xT{tr)h\ 


Then 


( 5 ) 

( 2 ) 

( 3 ) 

( 4 ) 


where the bar indicates a mean over the observed Now in forming 
the likelihood for n observations we obtain the exponent 

( 5 ) 


Let a be the value of a that makes this stationary. Evidently 


and (5) becomes 


IPitr) 


iPitr){cx-ar+ 1 {x-amn 


( 6 ) 

( 7 ) 


The forms of (4) and (7) are exactly the same as in the test for whether 
a single true value agrees with zero; w^e have only to take this true 
value as being (XyJ{P(tr)}- Its estimate is and the second sum 

in (7) is the sum of the squares of the residuals. Consequently the whole 
of the tests related to the normal law of error can be adapted imme- 
diately to tests concerning the introduction of a new function to 
represent a series of measures. 
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5.92. Allowance for old functions. In most actual cases we have 
not simply to analyse a variation of measures in terms of random error 
and one new function. Usually it is already known that other functions 
with adjustable coefficients are relevant, even an additive constant 
being an example. These coefficients must themselves be found from 
the observations. We suppose that they are already known with suffi- 
cient accuracy for the effects of further changes to be linear, and that 
small changes in them make changes 1 to 7n). The new 

function /(<) must not be linearly expressible in terms of the ^^(0; for 
if it was, any change made by it could be equally well expressed by 
changes of the We can then suppose /(^) adjusted to be orthogonal 
with the g^{t) by subtracting a suitable linear combination of the gg{t). 
Then the problem with regard to (6' ™ 1 to in) is one of i)ure estima- 
tion and a factor n doLg must appear in the prior probabilities. Inte- 
gration with regard to this will bring in factors in the posterior 

probabilities on both q and q' , and the integration with regard to a will 
replace the index — 1 in 5.2(22) by w)+l “ ”i(^'“l) 

before. But the n in the outside factor arises from the integration with 
respect to the new parameter and is unaltered. Hence the asymptotic 
formula corresponding to 5.2 (22) is 


K 



-liov 


As a rule n wih be large compared with m and there will be little loss 
of accuracy in replacing n by y in the outside factor too. 

As an example, consider the times of the P wave in seismology up 
to a distance of 20° as seen from the centre of the earth. The observa- 
tions were very unevenly distributed with regard to distance; theoretical 
considerations showed that the expansion of the time in powers of the 
distance A should contain a constant and terms in A and (A— 1°)*^, but 
no term in (A— 1°)^. The question was whether the observations 
supported a term in (A— 1°)^. A function given by 
^4 = io^(A-l)<-a-6A-c(A-l)3, 
a, by and c being so chosen that should be orthogonal with a constant, 
A, and (A— 1°)^ at the weights, was constructed. A least-squares 
solution based on about 384 observations gave the coefficient of F^y in 
seconds, as — 0-926d::0'690. Here n — 384 and the index is large enough 
for the exponential approximation to be used; we have then 





0*9262 \ 
2x0*6902/ 


= 24*6exp(-0*9005) = 10*0. 
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The odds are therefore about 10 to 1 that the fourth power is not needed 
at these distances and that we should probably lose accuracy if we 
introduced it. (There is a change in the character of the solution about 
20° that makes any polynomial approximation useless in ranges includ- 
ing that distance; hence the restriction of the solution to observations 
within 20°. ) Here we have also an illustration of the principle of 1.61. 
There was no reason to suppose a cubic form final, its only justification 
being that it corresponds closely to the consequences of having one or 
more thin surface layers, each nearly uniform, resting on a region w here 
the velocity increases linearly with depth. The structure of the upper 
layers led to the introduction of A — 1° in place of A, and to the constant 
term in the time. The success of one form with three adjustable con- 
stants was then enough to show, first, that it was not in any case 
permissible on the data to introduce four, and hence that any other 
permissible formula must be one with three constants; second, that such 
a form, if it was to be valid, must give times agreeing closely with those 
given by the cubic. 

5.93. Two sets of observations relevant to the same parameter. 

It often happens that two measurable quantities r, y are related on q’ 
in such a way that 

X a/(0±cr, y l^OLg(i)±^T, (1) 

where /(i), q{t) are know n functions whose mean squares over the ob- 
served values are 1, and k is a known constant. For instance, in the 
measurement of the parallax of a star a*, y may be the apparent 
disturbances in right ascension and declination, the theoretical values 
of which are the product of the unknowui parallax into tw^o known 
functions of the time. The mean square values of these functions need 
not be equal; hence if we use the form (1) the constant k will be needed. 
We take a, r as knowm. Then 



T _ , i-V 

2 "r 2 * 

(2) 





P(da\q'H)-~ 

(3) 

where 

^ A" 

(4) 


Let a, 6 be the maximum likelihood estimates of ol from the observa 
tions of z and y separately, and the mean square residuals ; then 

P(q I dH) cc exp| ^ 


(5) 
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( 6 ) 


and, approximately, 
P{q^ i dH) OC 
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ns'^ nt'^ nk\a — 6 )*| 
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n{ar^ k^ba^)^\ 
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(7) 

(8) 


(S) 


where and are the separate standard errors. 

When k is large or small the exponent reduces to ~\nk^b^jT^ or 
— ina^ja^, as we should expect. For intermediate values of k, K may 
differ considerably according as the two estimates a, b have the same 
sign or opposite signs, again as we should expect. 

5.94. Continuous departure from a uniform distribution of 
chance. The chance of an event may be distributed continuously, often 
uniformly, over the range of a measured argument. The question may 
then be whether this chance departs from the distribution suggested. 
Thus it may be asked whether the variation of the numbers of earth- 
quakes from year to year shows any evidence for an increase, or whether 
from day to day after a large main shock it departs from some simple 
law of chance. We consider here problems where the trial hypothesis 
q is that the distribution is uniform. We. can then choose a linear 
function t of the argument x, so that t will be 0 at the lower and 1 at 
the upper limit. The chance of an event in a range dx is then dt, and 
that of n observation!^^ in specified ranges is JJ (dt), provided that they 
are independent. 

The alternative q' needs some care in statement. It is natural to 
suppose that the chance of an event in an interval dt is 

{i+«/(<)}d<, (1) 

1 

where /(O is a given function and J f(t)dt = 0. This is satisfactory when 

0 

a is small, but if a is large it no longer seems reasonable to take the 
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disturbance for each t as proportional to the same constant. Consider 
a circular disk, on which marbles are dropped, while the tray is agitated 
in its own plane. If the tray is horizontal the chance of a marble coming 
off is uniformly distributed with regard to the azimuth 9, If it is slightly 
tilted in the direction 6 0, the chance will approximate to the above 

form with f(t) = cos 9. But with a larger tilt nearly the whole of the 
marbles will come oflF on the lower side, so that the chance on the upper 
side approximates to 0 and its distribution deviates completely from (1), 
with f{t) “ cos^, for any value of a; if we took a > 1 we should get 
negative chances, and with any ex < 1 the chance of values of 9 between 
Jtt and |77 would not be small. With still greater slopes nearly all the 
marbles would come off near the lowest point. Thus with an external 
force accurately proportional to cos 9, for any given slope, the resulting 
chance distribution may vary from a uniform one to one closely con- 
centrated about a single value of in a way that cannot be represented 
even roughly by any function of the form (1). 

If, however, we take in this case 

P{d9 I q'cxH) = .4 exp(a cos 9) d9, (2) 

•TT 

where A J exp(a cos 0) = 1, (3) 

— TT 

the conditions of the problem are satisfied. Negative chances are ex- 
cluded, and with sufficiently large a the chance can be arbitrarily closely 
concentrated about ^ ~ 0. Hence instead of (1) it seems reasonable to 
take ^ 

P{dt I q'ccH) = exp{o(/(«)}/ J exp{o(/(<)} dt, (4) 

0 

where a may have any finite value. 

Comparing with the null hypothesis a — 0 we see that can range 
from —00 to 00 , and for small a 

1 

J exp{a/(<)} dt = 0{a.^), (5) 

0 

1 

^ / a/(<){expa/(<)— 

0 

= oeVHf)- (6) 

Without loss of generality we can take 

P(t) - 1. 


(7) 
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Then 
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1 

J exp{af(t)}dt =: (l + 4ot*) == expja^ 

(8) 


P{q\H)^h 

(9) 


P{q’doc\H) = ±^^, 

2tt 1 + a^ 

(10) 

for small a. 




Let n observations occur in the intervals dtj.. Then over the range 
where the integrand is appreciable 


P{d\qH) = Yl{dir), ( 11 ) 

P{d I q'ocH) = exp{c. JJ (dt,), (12) 


1 

K 


exp[a2/(<r)-W^}Y 


doL 

1 


2n Jl + {I/{g/nP' 


(13) 


This is valid if is not large; but then ^f(tr)ln will be small 

and the last factor will approximate to 1 . Hence 




(14) 


provided the estimate of a, namely - 2/(^r)» small. 

The solution in the first edition used (1) and contained a factor c 
representing the range of a permitted by the condition that a chance 
cannot be negative. This complication is rendered unnecessary by the 
modification (4). 

5.95. It will be noticed in all these tests that the hypotheses, before they 
are tested, are reduced to laws expressing the probabilities of observable 
events. We distinguish between the law and its suggested explanation, 
if there is any — it is perfectly possible for a law to be established 
empirically without there being any apparent explanation, and it is 
also possible for the same law to have two or three different explana- 
tions. When stellar parallax was first discovered the question was 
whether the measured position of a star relative to stars in neighbouring 
directions showed only random variation or contained a systematic 
part with an annual period, the displacement from some standard 
position being related in a prescribed way to the earth’s position 
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relative to the sun. This can be stated entirely in terms of the proba- 
bilities of observations, without further reference to the explanation by 
means of the possible finite distance of the star. The latter is reduced, 
before the test can be applied, to a suggestion of one new parameter 
that can be tested in the usual way. It happens here that the explana- 
tion existed before the relevant observations did; they were made to 
test a hypothesis. But it might well have happened that study of 
observations themselves revealed an annual variation of position 
between visually neighbouring stars, and then parallax would have 
been established — at first under some other name — and the theoretical 
explanation in terms of distance would have come later. Similarly the 
test of whether the universe has a finite curvature is not to be settled by 
‘philosophicaT arguments claiming to show that it has or has not, but 
by the production of some observable result that would differ in the two 
cases. The systematic change of this result due to assuming a finite 
radius R would be the function f{t) of a test. Its coefficient would 
presumably be proportional to some negative power of i?, but if a test 
should reveal such a term the result is an inductive inference that will 
be useful anyhow; it remains possible that there is some other explana- 
tion that has not been thought of, and there is a definite advantage in 
distinguishing between the result of observation and the explanation. 



VI 

SIGNIFICANCE TESTS; VARIOUS COMPLICATIONS 

‘What’s one and one and one and one and one and one and one and one and 

one and one ? ’ 

‘I don’t know,’ said Alice, ‘1 lost count.’ 

‘She can’t do addition,’ said the Red Queen. 

Lewis Cakboll, Through the Looking-Glass. 

6.0. Combination of Tests. The problems discussed in the last 
chapter are all similar in a set of respects. There is a clearly stated 
hypothesis q under discussion, and also an alternative q' involving one 
additional adjustable parameter, the possible range of whose values is 
restricted by the values of quantities that have a meaning even if the 
new parameter is not introduced. We are in the position at the outset 
of having no evidence to indicate whether the new parameter is needed, 
beyond the bare fact that it has been suggested as worth investigating; 
but the mere fact that we are seriously considering the possibility that it 
is zero may be associated with a presumption that if it is not zero it is 
probably small. Subject to these conditions we have shown how, with 
enough relevant evidence, high probabilities may be attached on the 
evidence, in some cases to the proposition that the new parameter is 
needed, in others to the proposition that it is not. Now at the start of 
a particular investigation one or more of these conditions may not be 
satisfied, and we have to consider what corrections are needed if they 
are not. 

In the first place, we may have previous information about the values 
permitted on q'. This may occur in two ways. In the problem of the 
bias of dice, w^e supposed that the chance of a 5 or a 6, if the dice were 
biased, might be anything from 0 to 1. Now it may be said that this 
does not represent the actual state of knowledge, since it was already 
known that the bias is small. In that event we should have over- 
estimated the permitted range and therefore K; the evidence against 
q is therefore stronger than the test has shown. Now there is something 
in this objection; but we notice that it still implies that the test has 
given the right answer, perhaps not as forcibly as it might, but quite 
forcibly enough. The difficulty about using previous information of this 
kind, however, is that it belongs to the category of imperfectly cata- 
logued information that will make any quantitative theory of actual 
belief impossible until the phenomena of memory themselves become 
the subject-matter of a quantitative science; and even if this ever 

3595.58 -y 
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happens it is possible that the use of such data will be entirely in the 
study of memory and not in, for instance, saying whether dice have a 
bias. However, all that we could say from general observation of dice, 
without actually keeping a record, is that all faces have sometimes 
occurred; we could not state the frequency of a 5 or a 6 more closely 
than that it is unhkely to have been under 0-1 or over 0*5. Such infor- 
mation would be quite useless when the question is whether the chance 
is ^ or 0*3377 ; and it may as well be rejected altogether. Vague informa- 
tion is never of much use, and it is of no use at all in testing small effects. 

The matter becomes clearer on considering the following problem. 
Suppose that we take a sample of n to test an even chance. The approxi- 
mate formula 5.1 (9) is 

K = (2w/7r)’/2exp(-^x‘^). (1) 

Now suppose that we have a sample of 1,000 and that the departure 
makes K less than 1. If we divide the data into 9 groups and test each 
separately the outside factor for each is divided by 3; but at the same 
time we multiply all the standard errors by 3 and divide the contribu- 
tion to from a given genuine departure by 9. Thus a departure that 
would be shown by a sample of 1,000 may not be shown by any one 
of its sections. It might be said, therefore, that each section provides 
evidence for an even chance; therefore the whole provides evidence for 
an even chance; and that we have an inconsistency. This arises from 
an insufficient analysis of the alternative (^ . The hypothesis g is a 
definitely stated hypothesis, leading to definite inferences, q' is not, 
because it contains an unknown parameter, f wdiich w^e have denoted 
by p', and would be | on but might be anything from 0 to 1 on g'. 
Anything that alters the prior probability of p' will alter the inferences 
given by q\ Now the first sub-sample does alter it. We may start with 
probability I concentrated atp = ^ and the other ^ spread from 0 to 1. 
In general the first sub -sample will alter this ratio and may increase 
the probability that p — but it also greatly changes the distribution 
of the probabihty of p' given g', which will now be nearly normal 
about the sampling ratio with an assigned standard error estimated 
from the first sample. It is from this state of things that we start when 
we make our second sub-sample, not from a uniform distribution on 
q'. The permitted range has been cut down, effectively, to something 
of the order of the standard error of the sampling ratio given by the 
first sample. Consequently the outside factor in (1) is greatly reduced, 

t This distinction appears also in Fisher’s theory: soe The Design of Experiments^ 
1936, p. 19. 
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and the second sample may give support for q' at a much smaller 
value of the estimated than if it started from scratch. We cannot 
therefore combine tests by simply multiplying the values of K. This 
would assume that posterior probabilities are chances, and they are not. 
The prior probability when each sub-sample is considered is not the 
original prior probability, but the posterior probability left by the 
previous one. We could proceed by using the sub -samples in order in 
this way, but we already know by 1.5 what the answer must be. The 
result of successive applications of the principle of inverse probability 
is the same as that of applying it to the whole of the data together, 
using the original prior probability, which in this case is the statement 
of ignorance. Thus if the principle is applied correctly, the probabilities 
being revised at each stage in accordance with the information already 
available, the result will be the same as if we applied it directly to the 
complete sample; and the answer for this is given by (1). It follows 
that the way of combining significance tests is not to multiply the K ’s, 
but to add the values of n in the outside factors and to use a based 
on the values estimated for p' and its standard error from all the 
samples together. 

In the dice problem, therefore, the information contained in, say, 
1,000 previous trials, even if they had been accurately recorded, could 
affect the result only through (I) a change in n, which would alter K by 
about 1 part in 600, (2) changes in the estimated p' , about which we 
are not in a position to say anything except by using Weldon ’s sample 
itself as our sole data, (3) a reduction of the standard error by 1 in 600. 
The one useful thing that the previous experience might contain, the 
actual number of successes, is just the one that is not suificiently 
accurately recalled to be of any use. Thus in significance tests, just as 
in estimation problems, we have the result that vaguely remembered 
previous experience can at best be treated as a mere suggestion of 
something worth investigating; its effect in the quantitative application 
is utterly negligible. 

Another type of previous information restricting the possible values 
of a new parameter, however, is important. This is where the existence 
of the new parameter is suggested by some external consideration 
that sets limits to its magnitude. A striking illustration of this is the 
work of Chapman and his collaborators on the lunar tide in the atmo- 
sphere.! From dynamical considerations it appears that there should 
be such a tide, and that it should be associated with a variation of 
t M.N.R.A.S. 78, 1918, 635-8; Q,J,R. Met. Soc. 44, 1918, 271-9. 
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pressure on the ground, of the order of the load due to a foot of air 
or 0-001 inch of mercury. Actual readings of pressure are usually made 
to 0-001 inch, which represents the observational error; but the actual 
pressure fluctuates in an irregular way over about 3 inches. Now we 
saw that the significance test would lead to no evidence whatever about 
the genuineness of an effect until the standard error had been reduced 
by combining numerous observations to something comparable with 
the permitted range, and that it could lead to no decisive result until 
it had been made much less than this. The problem was therefore to 
utilize enough observations to bring the standard error down from 
about an inch of mercury to considerably under 0-001 inch — requiring 
apparently about 10"^ observations. In view of the large fluctuation 
present and unavoidable, Chapman rounded off the last figure of the 
pressures recorded; but he also restricted himself to those days when 
the pressure at Greenwich did not vary more than 0-1 inch, so that the 
standard error of one observation is reduced to 0-1/ V3 inch; and 
combined hourly values of pressure for those days over 63 years, in- 
cluding 6,457 suitable days. Now 0*1/(3x6457x24)^^2™ 0-00014. A 
definite result should therefore be obtained if there are no further com- 
plications. There might well be, since consecutive hourly values of a 
continuous function might be highly correlated and lead to an increase 
of uncertainty. Special attention had also to be given to the elimina- 
tion of solar effects. The final result was to reveal a lunar semidiurnal 
variation with an amplitude of 0*000355 inch, the significance of which 
is shown immediately on inspection of the mean values for different 
distances of the moon from the meridian. 

In such a case, w^here the hypothesis q\ that the effect sought is 
not zero, itself suggests a limit to its amount, it would obviously be 
unfair to apply the same test as in the case of complete previous 
ignorance of the amount. The range in which the parameter is sought 
is much less and the selection to be allowed for in choosing an estimate 
on q' is much less drastic and therefore requires a smaller allowance. 

These considerations suggest an answer to the question of how signi- 
ficance tests should be combined in general. It often happens that we 
get a series of estimates of a parameter, from different sets of data, 
that all have the same sign and run up in magnitude to about twice 
the standard error. None of them taken by itself would be significant, 
but when they all agree in this way one begins to wonder whether they 
can all be accidental; one such accident, or even two with the same 
sign, might pass, but six may appear too many. We have seen how to 
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do the combination for the test of a sampling ratio. Similar considera- 
tions will apply to measures, so long as the standard errors of one 
observation are the same in all series. If they differ considerably a 
modification is needed, since two equal departures with the same 
standard error may give different results in a test when one is based 
on a few accurate observations and the other on many rough ones. 
The outside factor will not be simply (77 J since what it really 

depends on is the ratio of the range of the values initially possible to 
the standard error of the result. The former is fixed by the smallest 
range indicated and therefore the most accurate observations, and 
the less accurate ones have nothing to say about it. It is only when 
they have become numerous enough to give a standard error of the 
mean less than the standard error of one observation in the more 
accurate series that they have anything important to add. If they 
satisfy this condition the outside factor will be got from 5.0(10) by 
taking /(a) from the most accurate observations, and a and s from all 
the series combined. 

These considerations indicate how to adapt the results of the last 
chapter to deal with most of the possible types of departure from the 
conditions considered there. One further j)ossibility is that q and q' 
may not be initially equally probable. Now% in accordance with our 
fundamental principle that the methods must not favour one hypothesis 
rather than another, this can occur only if definite evidence favouring 
q or q' is actually produced. If there is none, they are equally probable. 
If there is, and it is produced, it can be combined with the new informa- 
tion and give a better result than either separately. This difficulty can 
therefore easily be dealt with, in principle. But it requires attention to 
a further point in relation to Bernoulli’s theorem. All the assessments 
of prior probabilities used so far have been statements of previous igno- 
rance. Now' can they be used at all stages of knowledge? Clearly not; 
in the combination of samples we have already seen that to use the 
same prior probability at all stages, instead of taking information into 
account as we go on, will lead to seriously wrong results. Even in a pure 
estimation problem it would not be strictly correct to find the ratios 
of the posterior probabilities for different ranges of the parameter by 
using sections of the observations separately and then multiplying the 
results, though the difference might not be serious. If we are not to run 
the risk of losing essential information in our possession, we must 
arrange to keep account of the whole of it. This is clear enough in 
specific problems. But do we learn anything from study of one problem 
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that is relevant to the prior probabilities in a different one ? It appears 
that we do and must; for if the prior probabilities were fixed for all 
problems, since there is no limit to the number of problems that may 
arise, the prior probabilities would lead to practical certainty about the 
fraction of the times when q will be true, and about the number of times 
that a sampling ratio will lie in a definite range. But this would almost 
contradict our rule 5, that we cannot say anything with certainty about 
experience from a 'priori considerations alone. The distinction between 
certaint}^ and the kind of approximation to certainty involved in 
Bernoulli’s theorem makes it impossible to say that this is a definite 
contradiction, but it appears that the statement that even such an 
inference as this can be made in this way is so absurd that an escape 
must be sought. The escape is simply that prior probabilities are not 
permanent; the assessments will not hold at all stages of knowledge, 
their function being merely to show how it can begin. It is a legitimate 
question, therefore, to ask what assessments should replace them in any 
advanced subject, allowing for previous experience in that subject. The 
point has been noticed by Pearson in a passage already quoted (p. 115). 
When melting was first studied quantitatively it would have been right 
to attach prior probability \ (or ^ as suggested in 3.2 (20)) to the propo- 
sition that a given pure substance would have a fixed melting-point, or, 
more accurately, that variations of the observed melting-point are 
random variations about some fixed value. It would be ridiculous to 
do so now. The rule has been established for one substance, and then 
for many; then the possibility that it is true for all comes to be seriously 
considered, and giving this a prior probability | or J we get a high 
posterior probability that it is true for all; and it is from this situation 
that we now proceed. 

For the elementary problem of chances, similarly, we may begin with 
a finite prior probability that a chance is 0 or 1; but as soon as one 
chance is found that is neither 0 nor 1, it leads to a revision of the 
estimate and to the further question, ‘Are all chances equal?’ which 
a significance test answers in the negative; and then, ‘Do chances show 
any significant departure from a uniform distribution ? ’ Pearsonf says 
that ‘chances lie between 0 and 1, but our experience does not indicate 
any tendency of actual chances to cluster round any particular value 
in this range. . . . Those who do not accept the hypothesis of the equal 
distribution of ignorance are compelled to produce definite evidence of 
the clustering of chances, or to drop all application of past experience 

t Phil. Mag. 13, 1907, 366. 
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to the judgement of probable future statistical ratios. It is perfectly 
easy to form new statistical algebras with other clustering of chances.*’ 
Accepting this statement for a moment, the accurate procedure at 
present would be to collect determinations of chances and take the 
prior probabilities of 0, 1, and intermediate values in proportion to 
the observed frequencies. The important point in this passage is the 
recognition that the Bayes-Laplace assessment is not a definite state- 
ment for all time, and that previous information from similar problems 
is relevant to the prior probability. But the statement is incomplete 
because in some subjects chances do cluster. The uniform assessment 
might have been right in genetics at the time of Mendel’s original 
experiment, but a modern Mendelian would be entitled to use the 
probabilities indicated by the observed frequencies of 0:1, 1:1, 1:3, 
3:5,... ratios in interpreting his results, and in fact does so roughly. 
Mendel’s first results rested on about 8,000 observations; some hundreds 
would not usually be considered enough, and this corresponds to 
the fact that all that is now needed is to establish a high probability 
for one ratio compatible with the Mendelian theory against the others 
that have previously occurred and a background of other ratios attri- 
butable to differences of viability. Correlations in meteorology seem 
to be very evenly distributed, but those between human brothers seem 
to collect about +0*5. A chemist wanting the molecular weight of a 
new compound would not content himself with a statement of his own 
determination. He carries out a complete analysis, finds one constitu- 
tion consistent with all the data, and if he wants the accurate molecular 
weight for any other purpose he will calculate it from the International 
Table of Atomic Weights. The uncertainty will be that of the calculated 
value, not his own. Thus previous information is habitually used and 
allowed for, and it is not in all subjects that the previous information 
is of the type considered by Pearson in the passage quoted. It is not 
valid to group all estimates of chances or other parameters together to 
derive a revision of the prior probabilities, because the grouping is 
known to be different in different subjects, and this is already allowed 
for in practice, whether explicitly or not, and perhaps more drastically 
than theory would indicate. Thus differences of procedure in different 
subjects are largely explicable in terms of differences in the nature of 
previous results, allowed for in a way equivalent to reassessments of the 
prior probabilities based on previous experience. There is no need to 
assume any difference in the fundamental principles, which themselves 
provide means of making such reassessments. It is, in fact, desirable 
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that the results of a subject should be analysed at convenient intervals 
so as to see whether any alteration will be needed for future use, in 
order that its inferences should represent as accurately as possible the 
knowledge available at the times when they are made. Any subject in 
its development provides the kind of information that is needed to 
bring its prior probabilities up to date. At present, however, we must 
be content with approximations, and in some subjects at any rate there 
seems to be no need for any immediate modification of the assessments 
used to express ignorance. In subjects where statistical methods have 
hitherto had little application they are suitable as they stand. It is 
clear that we cannot revise them in the same way in all subjects; 
experience in genetics is applicable to other problems in genetics, but 
not in earthquake statistics. 

There is one possible objection to reassessment; if it is carried out, 
it will convince the expert or the person willing to believe that we have 
used the whole of the data and done the work correctly. It will not 
convince the beginner anxious to learn ; he needs to see how the learning 
was done. We have already had some examples to the point. The data 
on criminality of twins on p. 238 were taken from Fisher’s book, and 
quoted by him from Lange. Now both Lange and Fisher already knew 
a great deal about like and unlike twins, and it is jjossible that, on their 
data, the question of a significant difference was already answered, and 
the only question for them was how large it was — a pure problem of 
estimation. But a person that knows of the physical distinction, but 
has never thought before that there might be a mental one too, should 
be convinced on these data alone by a if of 1/170. Compare with this 
the results of the cattle inoculation test, where K ~ 0-37. The odds 
on these data that the inoculation is useful are about the same as that 
we shall pick a white ball at random out of a bag containing three 
white and one black, or that we shall throw a head within the first two 
throws with a penny. The proper judgement on these data is, ‘Well^ 
there seems to be something in it, but I should want a good deal more 
evidence to be satisfactorily convinced.’ If we say, ‘Oh, but we have 
much more evidence he is entitled to say, ‘Why did you not produce it ? ’ 
(I may say that in this case I have not the slightest idea what other 
evidence exists.) The best inference is always the one that takes account 
of the whole of the relevant evidence; but if somebody provides us with 
a set of data 6^ and we take account also of additional information 6^, we 
shall obtain P{q | d-^6^H)y and if we do not tell him of 9^, it is not his 
fault if he thinks we are giving him P{q | H) and confusion arises. 
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§ 6.1 


6 . 1 . Several new parameters often arise for consideration simultane- 
ously. Tliis can happen in several ways. All may be independently 
suggested for consideration, and it merely happens that a set of observa- 
tions is capable of ywoviding answers to several independent questions, 
or even, in experimental work, that it has been convenient to design 
an experiment deliberately so as to answer them all. This is merely 
a slight extension of the case of one new parameter. Each parameter 
can be tested separately against the standard error by the usual rule. 
Thus in agricultural experiments the comparisons of the productivities 
of two varieties of crop and of the effects of two fertilizers are questions 
set at the start, presumably because they are worth asking, and the 
answer to one has nothing directly to do with the other. 

In such cases we shall need a joint prior probabihty distribution for 
the two new parameters in case they may both be accepted, and consis- 
tency requires a symmetrical method. If the parameters are a, / 3 , we 
can write q for the proposition « .—r j8 ™ 0, for a ^ 0, ^ — 0, q^ for 
ct p 0, and q^^ for « -7^ 0, ^ 0. Then it may appear that if we 

test q^ first and then q^^, we should form J for comparison of these and 
use it to give a prior probability distribution for ^ given a. But this 
leads to an inconsistency. With an obvious notation, it will not in general 
be true that 


so that we might be led to different results according to which of at and 
^ we tested first. We can obtain symmetry if we take 


P(dcidp\H) 


1 dJf 1 dJ 


TT TT l+J^ 


(with the usual modifications if or cannot range from —00 to 00). 
Thus (X and ^ are always compared with the hypothesis that both are 
zero. 

For reasons already given ( 5 . 45 ) I do not think that this need for 
symmetry applies if a is a location parameter and P a standard error. 

6 . 11 . A common case is where we may have to consider both whether 
a new function is needed and whether the standard error needs to be 
increased to allow for correlation between the errors. Here two para- 
meters arise; but the test for the first may w^ell depend on whether we 
accept the second. This can be treated as follows. Let oc be the coefficient 
of the new function, p the intraclass correlation between the observa- 
tions. Then we have to compare four alternatives, since either a or p 
may be 0 independently. Then let q be the proposition a ~ 0, p = 0, 
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is the proposition a 0, p = 0; is a — 0, p 0, and is a 0, 
p ^ 0. Then we can work out as usual 

_ Piq\dH) _ P{q\eH) 

“ Piqjeny ^ P(q,\eHy 

If these are both > 1, g is confirmed in both cases and may be retained. 
If one of them is > 1 and the other < 1, the evidence is for the 
alternative that gives the latter, and against g. Thus g is disposed of 
and we can proceed to consider the fourth possibility. Now 

P(qjeH)_K^ 

P(q,\eH) K 

and the more probable of the second and third alternatives is the one 
with the smaller K. The relevance of this parameter may then be 
inferred in any case. Suppose that this is g^. Then we have established 
internal correlation and the original standard errors are irrelevant to the 
test of q^p against gp. The comparison will therefore be in terms of the 
summaries by ranges or classes, not the individual observations; the 
standard error found for a will be larger than on q^y and it is possible 
that may be less than 1 and yet that the data do not support oc when 
allowance is made for p. If, however, a is still supported we can assert 
that neither a nor p is 0. On the other hand, if q^ is asserted by the first 
pair of tests we can still proceed to test p. Thus a decision between the 
four alternatives can always be reached. 

Referring again to Weldon’s dice experiment, we have an interesting 
illustration. The data as recorded gave the numbers of times when 
the 12 dice thrown at once gave 0, 1, 2 ,..., 12 fives and sixes. The test 
for a departure of the chance from J showed that the null hypothesis 
must be rejected, but the evidence might conceivably arise from a non- 
independence of the chances for dice thrown at the same time. This 
was tested by Pearson by computing the expectations of the numbers 
of times when 0, 1 ,... fives and sixes should be thrown with the revised 
estimate of the chance, 0*33770, and forming a new with them. In 
Fisher’s revision,! in which a little grouping has been done, the revised 
is 8*2 on 9 degrees of freedom, so that independence may be con- 
sidered satisfactorily verified and the bias accepted as the explanation 
of the observed departure of the sampling ratio from 

6.12. Similar considerations will apply in many other cases where 
two or more parameters arise at once; there is a best order of procedure, 
which is to assert the one that is most strongly supported, reject those 

t Statistical Methods, p. 67. 
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that are denied, and proceed to consider further combinations. The 
best way of testing differences from a systematic rule is always to 
arrange our work so as to ask and answer one question at a time. Thus 
William of Ockham’s rule,t ‘Entities are not to be multiplied without 
necessity’ achieves for scientific purposes a precise and practically 
applicable form: Variation is random until the contrary is shown; and 
new parameters in laws, when they are suggested, must be tested one at a 
time unless there is specific reason to the contrary. As examples of specific 
reason we have the cases of two earthquake epicentres tested for iden- 
tity, where, if there is a difference in latitude, there would ordinarily be 
one in longitude too, or of a suggested periodic variation of unknown 
phase, where a cosine and sine would enter for consideration together. 

This rule for arranging the analysis of the data is of the first im- 
portance. We saw before that progress was possible only by testing 
hypotheses in turn, at each stage treating the outstanding variation 
as random; assuming that progress is possible we are led to the first 
part of the statement, and have developed means for putting it into 
effect, but the second has emerged from the analysis of its own accord. 
It is necessary to a practical development, for if it could be asked that 
an indefinite number of possible changes in a law should be considered 
simultaneously we should never be able to carry out the work at all. 
The charge, ‘you have not considered all possible variations’ is not an 
admissible one; the answer is, ‘The onus is on you to produce one.' The 
onus of proof is always on the advocate of the more complicated 
hypothesis. 

6.2. Two new parameters considered simultaneously. There 
are many cases where two parameters enter into a law in such a way 
that it would be practically meaningless to consider one without the 
other. The typical case is that of a periodicity. If it is present it implies 
the need for both a sine and a cosine. If one is needed the other will 
be accepted automatically as giving only a determination of phase. 
There may be cases where more than two parameters enter in such a 
way, as in the analysis of a function of position on a sphere, where all 
the spherical harmonics of the same degree may be taken at once. 

t William of Ockham (d. 1349 ?), kiiovm as the Invincible Doctor and the Venerable 
Inoeptor, was a remarkable man. He proved the reigning Pope guilty of seventy errors 
and seven heresies, and apparently died at Munich with so little attendant ceremony that 
there is even a doubt about the year. See the C.D.N.B. The above form of the principle, 
known as Ockham’s Razor, was first given by John Ponce of Cork in 1639. Ockham and 
a number of contemporaries, however, had made equivalent statements. A historical 
treatment is given by W. M. Thorburn, Mind, 27, 1918, 345-53. 
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The simplest possible case would be the location of a point in rect- 
angular coordinates in two dimensions, where the suggested position 
is the origin, and the standard errors of measures in either direction are 
equal. If the true coordinates on q' are A, /x, we find 

(A2 + ^2)/^2. (1) 


Our problem is to give a prior probability distribution for A, fx given a. 
We suppose that for given the probability is uniformly distributed 

with regard to direction. Two suggestions need consideration. 

We may take the probability of J to be independent of the number 
of new parameters; then the rule for one parameter can be taken over 
unchanged. Taking polar coordinates p, cf) we have then 


P(dp I q'aH) = P(dJ \ q'oU) ^ 

7T 1 J 


2 a dp 

77 


P(dXdfi\q'(TH) 


2 a dp d(f> 1 odXdpL 

77 + 277 77^ p(c7^ + p^) ’ 


( 2 ) 

(3) 


since p can range from 0 to oo. Integrating witli regard to p we find 

P(dX\q'aH) ^ (4) 

^ v(<y“+A“)~c7 V(a-+A-) 

Alternatively we might use such a function of J that the prior proba- 
bility of A or p separately would be the same as for the introduction of 
one new parameter. Such a function would be 

7 dXdp 


P(dXdpL I q' a H) 


277 


(5) 


This would lead to the consequence that the outside factor in K, for n 
observations, would be 0{n). This is unsatisfactory. At the worst we 
could test the estimate of A or p, whichever is larger, for significance as 
for one new parameter and allow for selection by multiplying A by 2, 
and the outside factor would still be of order This would sacrifice 
some information, but the result should be of the right order of 
magnitude. 

To put the matter in another way, we notice that, if Xja is small, (3) 
and (4) lead to a presumption that p is small too, on account of the 
factor 1/p. This is entirely reasonable. If we were simply given a value 
of A with no information about p except that the probability is uni- 
formly distributed with regard to direction we should have a Cauchy 
law for /x: 

7r(A*+/i2) • 


P{dp.\XH) = 
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But with (5), even if Xja is small, P{d/x | q'aXH) still has a scale factor 
of order a. That is, (3) provides a means of saying that if A/a is found 
small in an actual investigation, and we are equally prepared for any 
value of (f), then /x/cr is likely to be small also. (5) provides no such 


The acceptance of (3) and therefore (4) leads to a curious consequence, 
namely that if measures are available of only one of A, /x the prior proba- 
bility distribution for that one is appreciably different from the one we 
used for a single new parameter. But I think that the arguments in 
their favour are much stronger than this one. 

We therefore adopt (3). Each observation is supposed to consist of 
a pair of measures a:,., referring to A, /x; we write the means as x, y 

and put = 2 (X,- -x)^+ I (y-y?. (6) 

The analysis proceeds as follows. 

P(qda I H) cc daja, P{q' dadXdfi 1 H) oc (7) 

whence 


P(qd(j I 9H) oc —exp 


27is’^-\~n{x^-\-y^)\ da 


P{q' d(Td}dfi I 6H) oc 


-exp - 


27is'^-{-n{X — dadXdfi 


n 77 V- 2a2 )p{cr^+p^) 

(9) 

We are most interested in values of x, y appreciably greater than 
their standard errors, which will be about s' j yin, and then we can inte- 
grate (9) approximately with regard to A and /x and substitute f , y for 
them in factors raised to low powers. Then 

P{q'da I OH) oc -2 , . (10) 


niT I , ^^+y^\~'^ 

2 s' \ s'2 )[ + 2s'“2 7 * 


n is already assumed fairly large. Form a generalized P, such that 

P, 

n— 1 

since the number of degrees of freedom is 2?? — 2. Then 


2 ( 71 - 1 ) 






fA-y^v+i 


valid if t is more than about 2. 
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It is possible to reduce IjK exactly to a single integral. We have 


2.1+2^ 

0 ' m = l 


( 2m-l)(2m~-3)...l 
2m ( 2m — 2)...2 


Put 

then 

P{q^dGdp\eH) 


277-(i4- 2 

' m-1 ' 

_ ^ 2 . 


(14) 

(15) 


QC 


2n 


nrp cos <^\ 




2dcrdp 




Put now 


p = av. 


P(q'dv 1 0^) cc J ^exp(-inDi>)expj. 


X 


n{2s'^-\-r^ 

2;^2 

(nrvY^ 1 ] da 


1 _ 2 
A" 7T 


CO 

/ 


exp( — 


CO 

+ 2 


W = 1 


(nrvY^ 1 )rfa 

m—l 

M(w+l)...(w+m— 1)1 1™ 

^ \2n(2s'^+r^)f 


ml ml 


nrV ) dv 


(17) 

(18) 

dv 


1 +?;* 

(19) 


0 

2 1* / ws'V \ I, (, , nrV 1 dv . . 


If “ 1, r == 0, 5 ' is identically 0 and K reduces to 1 as we should 
expect. If w == 0 it is obvious from (19) that K = I, The resemblance 
to 5.2 (33) is very close. 

If several old parameters have to be determined their effect is similar 
to that found in 5.92; n will still appear in the outside factor but will 
be replaced by v in the t factor, but in practice it will be sufficiently 
accurate to use v in both factors. 
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If there is a predicted standard error we shall have 

K ~ |nV“7rexp(-ix^) (x > 2). (21) 

This will be applicable, in particular, when the data are frequencies. 

6.21. Now consider the fitting of a pair of harmonics to a set of n 
measures of equal standard error. The law to be considered is, for the 
rth observation, 

P{dXr\(x,^,a,H) = A;,acos<r— 

and for comparison with the law for ol ~ ^ ~ 0 

— kf{acost^-]~^sint^)^/a^, (23) 

For n observations we take the mean, namely 

where ^ (Aa^+2Hoc^+Bp^)/a^ (24) 

nA ~ 2 cos%, nli ~ ^ Af cos sin tj., nB — ^ sm%. (25) 

In practice the phase of the variation is usually initially unknown 
and the distribution of the observed values is irrelevant to it. We 
need a prior probabihty rule for the amplitude independent of the phase. 
This is obtained if we take the mean of J for variations of phase with 
4-^92 ™ p 2 hept constant; then 

J {ll2n) 2 + ^ W, (26) 

P{dacd^\q'aH) = ^-^J-d,l> 

77 I + J 277 

— + adocd^ • /orjv 

77 V 2 ^ ) 


We now find 

P(qd(j\dH)oz o-^exp| — ^(5'2_j_^^2_|_2J^a6+jB62)| (28) 

P{q' dadcxdp | OH) 

cc a-"expj^ — ^{s'2+^(a— a)2-(-2£r(a:— a)0— 6)+£(j8— 6)*}| x 

{A+^ dadoed^ 

77^2 ^(cc^+p^){a^+:^(A + B)(cc^+p^)y '' ^ 

where a, b are the maximum likelihood estimates of oc and p. If 
is much greater than s'/^/n, which is the important case, we can integrate 
approximately with regard to oc and j 8 . Then 

Piq'da\eiI)cc^{^t^V"-a-nx 


nn\AB-m 


xexp 


2 a2 ;V(«H + i?)(a‘‘*+6*)) • 
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Finally, integrating with regard to a, and putting a ~ « in factors raised 
to low powers, 


K 


V2/ A^B , Aa^+2Hab+Bb^y’^^ 
nn[AB-Hy \ «'2 / ^ 


^/{a^+b^}{l + {A+B)(a^+f>^)/2s^y 
Now in finding the least squares solution we get 
, II ^ _ , Hb . s 


= b±- 


with 


-y{n{B-miA)} 

V = n — 2, vs® = ns'®; s/Vn = s' j'Jv, 
Aa^-^2Hab+Bb^ _ ^(a+^6/J)®+(i^-//®M)6® 

_ _ ,, ,5* 


(31) 


(32) 

(33) 


\\ (a-^HbjAY 6® 

*'1 ^\-rHblA 


V 


(34) 


Then 

^ nrr/i?-//®M\V.V(«Hi^)/, , (.l + ^)(a®+i®)l/, , 

^~74t+1m 7 27 )(^+vj 

(35) 

The calculation is simplified by the fact that nA, nH, nB are coefficients 
in the normal equations and n(B~~H^jA) is the coefficient of ^ after a 
has been eliminated. Hence is found direct^ from the quantities that 
occur in the solution and their estimated standard errors. 

If A — B, H 0, which is a fairly common case, 


a^+b^ ^ J_/«" , _ 2 .2 

8^ nA\8l^ si) n(A-\-B) ' 



(36) 

(37) 


The approximations have supposed that large compared 

with 8j^ln and small compared with s. But a further approximation has 
been made, as we can see by considering the case where H ~ 0 and A 
is much larger than B. If nB is of order 1, and a is much less than s, 
the variation of the exponential factor with p may be less rapid than 
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that of the factor In this case all the values of are near 

0 or TT. Integrating with regard to ^ in these conditions we have 

P(q^dad<x\eH) 


dadoc 


r ^ f I / \2ili 
Tyf f 7 \£iu\ ^J(a^+la'^) + (y du 

P(, rf, I em cc ^exp( 


* log(8^>^)\ +v/ 


(38) 

(39) 

(40) 

( 41 ) 


if ajs is small. 

The danger signal is > a > s^. If n is large and ajs small of order 
(41) may be smaller than the value given by the direct test for 
one unknown. The smaller value of K represents the fact that J might 
actually be large but that a might be small owing to the observations 
happening to lie near sin^ = 0. We may be able to assert with some 
confidence that a periodic variation is present while knowing nothing 
about the coefficient ^ except that it is probably of the same order of 
magnitude as a, but might be of the order of s. The situation will of 
course be very unsatisfactory, but we shall have done as much as we 
can with the data available. The next step would be to seek for observa- 
tions for such other values of t that a useful estimate of p can also be 
found, and then to apply (33). 

In the case A — B ~ H ~ 0, y/ve can reduce IjK again to a single 
integral. The analysis is similar to that leading to 6.2 (20) and gives 


00 


1 

K 


= ?Jexp(. 




26r'2-|-a2+62 








0 (42) 

In the conditions stated = 1 is impossible. If = 0, A" — 1. If 
n = 2, = 0, and again A = 1. This is the case where there are two 

observations a quarter of a period apart. The result is identical with 
6.2 (20) except that 1 — ^72. replaces l—n in the confluent hyper- 
geometric function and replaces 

There are problems where theory suggests a harmonic disturbance such 
as a forced oscillation with a predicted phase. We are then really testing 
the introduction of one new function, not two, and the rule of 5.9 applies. 
If the disturbance is found we can still test a displacement of phase, 
due for instance to damping, by a further application of 5.9 and 5.92. 

S6»6.fi8 V 
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Here the cosine and sine no longer enter on an equal footing because 
previous considerations do not make all phases equally probable on q\ 
6.22. Test of whether two laws contain a sine and cosine with 
the same coefficients. This problem stands to the last in the same 
relation as that of 5.41 to 5.2; I shall not develop the argument in detail 
but proceed by analogy, A J must be defined for the difference of the 
two laws. It is clear that integration with regard to the differences of 
a and p will bring in a factor instead of and that the 

square root of this factor can be absorbed into the second factor, so 
that the first two factors in (35) will be replaced by 

V 2 U 1 + J I l + B'IA' I ’ 

where A\ B\ H' are coefficients in the equations used to find the 
differences 

The determination of the corrections to a trial position of an earth- 
quake epicentre is essentially that of determining the variation of the 
residuals in the times of arrival of a wave with respect to azimuth. It 
was found in a study of southern earthquakesf (for a different purpose) 
that a few pairs gave epicentres close enough to suggest identity, though 
they were too far apart in time for the second to be regarded as an 
aftershock in the usual sense. On the other hand, cases of repetition 
after long intervals are known, and a test of identity would be relevant 
to a question of whether epicentres migrate over an area. The case 
chosen is that of the earthquakes of 1931 February 10 and 1931 Sep- 
tember 25. If X and y denote the angular displacements needed by 
the epicentre to the south and east, the trial epicentre being 5-3'^ S., 
102*5° E., the equations found after elimination of the time of occurrence 
from the normal equations were, for 1931 Februar}^ 10, 

459a: -f 2671/ = +33, 

267a:+694y == ~11. 

Number of observations 30; sum of squares of residuals 108 sec.^; 
solution ^ ^ +0-10°±0-10°, y = -0-06°±0-08“. 

For 1931 September 25, 

544a;+163y = -36, 

163a:+625y = +94. 

Number of observations 35; sum of squares 202 sec.^; solution 
X -= —0*12^+0*10°, y = +0*18°±010°. 

t M.N.R.A.S. Qeophya, Suppl, 4 , 1938, 285. 
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The estimated standard errors of one observation are 2*0 sec. and 2*5 
sec., which may be consistent and will be assumed to be. Three para- 
meters have been estimated for each earthquake (cf. 3.52) and hence 
the number of degrees of freedom is 30+35—6 — 59. Then 
^2 == (108 + 202)/59 5*25; 5 -= 2-3 sec. 

The question is whether the solutions indicate different values of x and 
y for the two earthquakes. It is best not simply to subtract the solutions 
because the normal equations are not orthogonal and the uncertainties 
oix and y are not independent. The null hypothesis is that of identity; 
if it was adopted we should find x and y by adding corresponding normal 
equations and solving. But if there is a difference we can proceed by 
using suffixes 1 and 2 for the two earthquakes and writing 

Then x' and y' are the new parameters whose relevance is in question. 
Now we notice that both sets of normal equations can be regarded as 
derived from a single quadratic form 

W = i.459a:f + 267a:iyi+4.694i/j— 33:^1+ ll?/i+ 

+ 1 . 5U{x^+xr+ li^S(x^+x')(y,+y')+l . 625(y,+yy+ 

+ 36(a:i+x') — 94(^1 +y'), 

which leads to normal equations as follows: 

1003a:i+544:r'+ 430^1 +163y' — 3, 

544a:i+544:r'+ 163^1+ 163/ 
430.ri+163.r'+1319//i+625/ +83, 

163:^1+ 163.r'+625yj^+625y' - +94. 

Eliminating x^ and y^ we get 

245x'+108/ — 29 I 
108a:'+327?/ = +53 1 279/.= +66 

whence the solutions can be taken as 


a:'+0-44/ = -0*12, / = +0*24, 

the uncertainties being independent. Then 
^2 __ 245 X 0-122+279 X 0*242 ^ 

5*25 ’ ’ 

a;' = -0*12-0*44 X 0*24 = —0*23, 

7r/35x30V/Y ^(0-053+0^058) I ^ , 3*73\-28 5 

V2\ 65 / \1 + 1*3/ 2*3 \^r)9/ * 

= 2 * 2 . 


nearly, 
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The odds on the data are therefore about 2 to 1 that the epicentres were 
the same. The further procedure if more accuracy was required would 
be to drop x' and y' in the normal equations for x and y, and solve for 
the latter by the usual method, revising the residuals to take account 
of the fact that the solution will not be at the least squares solution for 
either separately. 

The following attempt to test the annual periodicity of earthquakes 
is an instance of the necessity to make a thorough test of the indepen- 
dence of the errors before the significance of a systematic variation is 
established. The numbers of determinations of epicentres of earth- 
quakes, month by month, made for the International Seismological 
Summxiry for the years 1918-33 were kindly supplied to me by Miss E. F. 
Bellamy. These do not represent the whole number of earthquakes 
listed; small shocks observed at only a few stations are given only in 
daily lists, but the list should be representative of the large and 
moderate shocks, for which all the observations are given in detail. As 
the months are unequal in length a systematic effect was first allowed 
for by dividing each monthly total by the ratio of the length of the 
month to the mean month. The resulting values were rounded to a 
unit, and are as follows. 


1 

Jan. 

Feb. 

Mar. 

Apr. 

May 

June 

July 

Aug. 

Sept. 

Oct. 

Nov. \ 

Dec. 

Total 

1918 

24 

40 

24 

27 

23 

34 

24 

36 

53 

30 

26 

31 

372 

1919 

18 

17 

23 

18 

30 

22 

43 

37 

55 

33 

13 

12 

321 

1920 

33 

35 

17 

14 

32 

36 

24 

17 

58 

24 

21 

24 

335 

1921 

22 

16 

24 

17 

32 

20 

19 

16 

27 

26 

23 

16 

258 

1922 

22 

23 

19 

32 

26 

31 

23 

32 

32 

17 

22 

31 

310 

1923 

20 

36 

26 

23 

39 

38 

51 

45 

142 

44 

50 

30 

544 

1924 

34 

24 

46 

38 

45 

24 

42 

31 

84 

28 

34 

36 

466 

1925 

36 

50 

36 

36 

54 

56 

49 

39 

32 

28 

26 

36 

478 

1926 

28 

27 

45 

29 

28 

55 

62 

114 

56 ^ 

75 

44 

56 

609 

1927 

42 

47 

57 

49 

82 

48 

60 

64 

51 

66 

57 

40 

663 

1928 

36 

42 

62 

74 

61 

54 

41 

67 

41 

33 

38 

50 

599 

1929 

43 

41 

67 

63 

61 

66 

62 

61 

36 

44 

28 

39 1 

601 

1930 

24 

1 37 

57 

44 

83 

41 

58 

40 

57 

80 

66 

66 

653 

1931 

61 

39 

50 

56 

52 

38 

64 

72 

67 

53 ! 

36 

42 

630 

1932 

36 

42 

42 

40 

50 

87 

43 1 

39 

47 

41 

40 

61 ! 

568 

1933 

39 

54 

75 

52 

60 

69 

73 i 

42 

53 

47 

43 

i 1 

33 

640 

Total 

518 

570 

670 

612 

- 758 

719 

728 

742 

! 891 

669 

567 

603 1 

8,047 


There is on the whole a secular increase in the number per year, 
which is mostly due to the increase in the number of stations, many 
earthquakes in the first few years of the period having been presumably 
missed or recorded so poorly that no epicentre could be determined. We 
first compute to test proportionality in the chances. It is found to be 
707 on 165 degrees of freedom! No test of significance is needed. There 
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are four contributions of over 20: 109 for September 1923, 60 for 
August 1926, 25 for June 1932, and 21 for September 1924. Even apart 
from these extreme cases, remains overwhelmingly large. The only 
years that give anything near the normal expectation are 1921, with 
12-0, and 1922, with 13*4. The immediate result is that the hypothesis 
of independence is seriously wrong; the test has eliminated any periodi- 
city in a year or any submultiple, and any secular change. The obvious 
explanation is that on an average earthquakes occur in groups of 4-3, 
not as separate occurrences. The enormous number in September 1923 
represent aftershocks of the great Tokyo earthquake. It would be of 
little use to reject the years containing the very exceptional months, 
because the phenomenon is present, to a greater or less extent, in nearly 
every year. 

If the residual variation from month to month was independent we 
might still proceed to determine a pair of Fourier coefficients, allowing 
for the departure from independence within a month by simply multi- 
plying the standard error by 4-3^/*^ — 2*1. But inspection of the signs 
of the residuals shows that they are not independent. We can test the 
number of persistences and changes of sign against an even chance; 
but there are many small residuals and a slight oscillation among them 
gives numerous changes of sign and reduces the sensitiveness of the test 
greatly. We can recover some of the information lost in this treatment 
by considering only residuals over ::h7, thus paying some attention to 
magnitude as well as to sign. There are 55 persistences and 34 changes, 
which, tested against the formula for an even chance, give K = 0 1. But 
the elimination of 27 parameters has introduced 27 changes of sign, and to 
allow for this we must reduce the number of changes by about 13. With 
this modification K is 0*003. Thus the lack of independence extends over 
more than one month, and the standard error found on this hypothesis 
must be multiplied by more than 2*1. The only hope is to make separate 
analyses for each year and examine their consistency. If S denotes the 
phase for an annual period, measured from January 16, we get the follow- 
ing results for the coefficients of cos 0 and sin 0 in the monthly numbers. 



cos 

sin 


cos 

sin 

1918 

- 20 

- 4-8 

192C 

-16-8 

-18-8 

1919 

-13-2 

- 5-3 

1927 

- 8-2 

-f 0-8 

1920 

- 20 

- 3-5 

1928 

- 50 

+ 11-3 

1921 

- 10 

+ 0-2 

1929 

- 8-7 

+ 13-8 

1922 

- 3'2 

- 0*2 

1930 

- 3*7 

- 5-7 

1923 

-16-2 

-21*8 

1931 

- 70 

— 2*5 

1924 

- 4*7 

- 0*7 

1932 

- 60 

4- 3-2 

1925 

- 5*5 

+ 8-6 

1933 

- 8-7 

+ 10-5 
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Simple means of the coefficients, with separate determinations of the 
standard errors, give 

(_6-9±l*2)cos^~-(0*9±2-4)sin(9. 

But it is very hard to see how to account for the much greater variation 
of the separate values for the sine than for the cosine coefficient. If we 
pool the two variations to get a general uncertainty the standard errors 
of both coefficients are 1-9, and = 13*3. K is about 0*2. This is 
small enough for us to say that there is substantial evidence for a 
periodicity, but it is not decisive. It remains possible, in fact, that 
a few long series of aftershocks in the summer months are responsible, 
in spite of the consistently negative signs of the coefficients of the cosine; 
though the odds are about 4 to 1 against the suggestion. 

Harmonic analysis applied to the monthly totals for the whole period 
gives terms (— 1 10*9 J:: 10*G)cos^—( 18*5^3 ]0*6)sin^ on the hypothesis 
of independence. The standard error is where n is the number 

of observations. Thus for one year the terms would be 

(__6*9±0*66)cos/9--(l*2±0*()6)sin^. 

But we know' from that the uncertainties must be multiplied by at 
least 4*3^^^ gi^'hig 1*37. The correlation betw'een adjacent months is 
responsible for the rest of the increase. If it had not been for the check 
on independence the above determinations might have been accepted 
without a moment’s hesitation; as it is, they may perhaps be accepted, 
but certainly with hesitation. 

The Schuster criterion, which is frequently used to test periodicity, 
is really the test adapted to two degrees of freedom. It has, however, 
often led to surprising results. C. G. Knott, for instance, worked out 
periodicities in earthquakes corresponding to various periods near a 
month or fortnight, some of which corresponded to some tidal effect 
while others did not. The amplitudes found w^ere about twice the 
Schuster expectation in 7 cases out of 8.f Knott therefore expressed 
doubt about their genuineness. For the annual period he found (pp. 
114-16) the maximum in different regions in several different months, 
with an excessive number in December and January, and thus just 
opposite to the above results. 

The present analysis is not altogether satisfactory, because the list 
used has been subject to a certain amount of selection. Thus the 
Japanese (Tango) earthquake of 1927 March 7 produced 1,071 after- 
shocks from March 11 to June 8; of these 532 are given in the 1. 8,8, 

t Physics of Earthquake Phenomena^ 1908, 130-6. 
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in daily lists, but only one is treated in detail and contributes to the 
above totals. Most of them were small. On the other hand, some earth- 
quakes such as the Tokyo earthquake produced long series of large 
aftershocks, which have contributed greatly. There are possibilities 
that some bias might arise in deciding which earthquakes to treat fully 
and which just to mention. ^,But there seems to be no obvious way in 
which this could affect the instrumental records periodically, and the 
interval between the earthquakes and the time when the solutions were 
made for them has gone through all possible pliases during the interval 
used. Yet we still have two possible explanations. Primitive earth- 
(juakes might be stimulated more readily in summer, or they might be 
equally likely to occur at any time of the year and tend to produce 
more aftershocks in summer. There is no strong theoretical reason 
for either hypothesis. To test them it would be necessary to have a 
means of identifying primitive shocks, for instance by using only earth- 
quakes from new epicentres. Within a single series of aftershocks, that 
of the Tango earthquake, I have found no evidence for any failure of 
independence or for periodicity, the data agreeing well with a simple law 
of chance dll{t~-oL), where a is a little earlier than the time of the main 
shock, t If this is general the only relevant data to a periodicity would be 
the times of the main shocks and the number of aftershocks in each case. 

Many studies of earthquake frequency do not rest on the I.S.S.^ which 
is a fairly complete catalogue of the strong and moderate earthquakes, 
but on much less detailed lists. For instance, in a paper by S. Yamaguti,J 
which inspired me to undertake the work of 6.4, it was claimed that 
there was an association between the region of an earthquake and that 
of its predecessor, even when they were in widely different regions. His 
list gave only 420 earthquakes for thirty-two years; the I.S.S, shows 
that the actual number must have been about fifty times this. He was 
therefore not dealing with successors at all; and in three of his eight 
regions the excess of successors in the same region that aftershocks 
must have produced is replaced by a deficiency, which is presumably 
due to the incompleteness of the catalogue. Thus an incomplete cata- 
logue can lead to the failure to find a genuine effect; but if any human 
bias enters into the selection it may easily introduce a spurious one. 
For these two reasons, non-randomness and possible bias in cataloguing, 
I have great doubts about the reality of most of the earthquake 
periodicities that have been claimed. (Actual examination of the 

t Otrlands Beitrdge z. Oe^hymk, 53, 1938, 11 1-39. 

j Bull, Earthquake Bea, Just., Tokyo, 11 , 1933, 46-68. 
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relations between earthquakes in different regions apparently obtained 
by Yamagiiti disclosed no apparent departure from randomness, f and 
the same applied to my rediscussion using the LS.S.^ after the excess 
in the same region had been allowed for.) 

6,23. Grouping. It has already been seen that the estimate of the 
uncertainty of the location parameter in an estimation problem, where 
the data have been grouped, is based on the standard deviation of the 
observations without correction for grouping. The same applies, as 
Fisher has again pointed out, to significance tests based on grouped 
data. This follows at once from the formula 5.0 (10). For the chance of 
getting a in a given range, given q and the fact that the data have been 
grouped, will be given by taking (3) with the uncorrected standard 
error ; the range of possible variation of a on q' will be got by applying 
the grouping correction to the apparent range, thus, in the standard 
problem of function fitting, replacing s by in the outside 

factor, which will therefore be reduced in the ratio (l—h^ll2s^y/-; but 
this is trivial. The usual formulae should therefore be used without 
correction for grouping. This agrees with Fisher’s recommendation. 

6.3. Partial and serial correlation. The conditions of intraclass 
correlation merge into those of two still more complicated problems, 
those of partial correlation and serial correlation. In partial correlation 
an observation consists of the values of k variables, whose joint 

probability density on some law is proportional to exp(~^II"), where 
W is a positive definite quadratic function of the Xg. The problem will 
be, from m such sets of observations to estimate the coefficients in W. 
In intraclass correlation we may regard the Xg as having independent 
probability distributions about a variable which itself has a normal 
probability distribution about a. Then 

P{dx^...dx^ I a, a, T, cc J~[ dXg J exp ^ exp <Za!^. 

Integration with regard to gives a joint probability distribution of 
the form considered in partial correlation. It will, however, be sym- 
metrical in the Xg, which is not true in general for partial correlation. 

The theory of intraclass correlation assumes that the observations 
fall into sets, different sets being independent. There is often some 
reason to suppose this, but often the data occur in a definite order, and 
adjacent members in the order may be closely correlated. The extreme 

t F. J. W. Whipple, Oeophys. Suppl. 3, 1934, 233-8. 

j Proc, Camb. PhiL Soc. 32, 1936, 441-6. 
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case is where the observations refer to a continuous function. We might 
for each integral n choose 3*,, from a table of random numbers and then 
interpolate to intermediate values by one of the standard rules for 
numerical interpolation. The result is a continuous function and the 
estimated correlation between pairs of values at interval 0*1 would be 
nearly unity, though the original data arc derived by a purely random 
process. Yule pointed out that many astronomical phenomena (to 
which may be added many meteorological ones) can be imitated by the 
following model. Imagine a massive pendulum of long period, slightly 
damped, at which a number of boys discharge pea-shooters at irregular 
intervals. The result will be to set the pendulum swinging in approxi- 
mately its natural period T\ but the motion will be jerky. If there is 
a long interval when there are no hits the pendulum may come nearly 
to rest again and afterwards be restarted in a phase with no relation 
to its original one. In this problem there is a true underlying periodicity, 
that of a free undisturbed pendulum. But it will be quite untrue that 
the motion will repeat itself at regular intervals; in fact if we perform 
a harmonic analysis using data over too long an interval the true period 
may fail to reveal itself at all owing to accidental reversal of phase. 
What we have in fact, if we make observations at regular intervals short 
compared with the true period, is a strong positive correlation between 
consecutive values, decreasing with increasing interval, becoming nega- 
tive at intervals from \T to |T,, and then positive again. At sufficiently 
long intervals the correlation will not be significant. 

In such a problem each value is highly relevant to the adjacent values, 
but supplementary information relative to any value can be found from 
others not adjacent to it, the importance of the additional information 
tending to zero when the interval becomes large. For a free pendulum, 
for instance, the displacement at one instant would be a linear function 
of those at the two preceding instants of observation; but if the error 
of observation is appreciable three adjacent observations would give a 
very bad determination of the period. To get the best determination 
from the data it will be necessary to compare observations at least a 
half-period apart, and it becomes a problem of great importance to 
decide on the best method of estimation. Much work is being done on 
such problems at present, though it has not yet led to a generally 
satisfactory theory.f 

A simple rule for the invariant J can be found in a large class of cases 
where (1) the probability of any one observation by itself is the same 
t Cf. M. G. Kendall, Contributions to the Study of Oscillatory Time-series, 1946. 
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for both laws, (2) the probability of one observation, given the law and 
the previous observations, depends only on the immediately preceding 
one. We have for the whole series, 

' " ■ ■ Z. Z ^ dP(x, I a, H) 

X {P(x^ I ol'H)P(x.j, I Xi(x'H)...P(x„ I Xi...X„_j ac’H)— 

— P(Xi\(xH)P(x^\XiaH)...P(Xn\Xi...x^_^oLH)}. 


The terms containing \ogdP(x^ | ...) reduce in the conditions stated to 
dP(Xy 


l '^3 


dP(x^\Xi...x^_i,<x,H) 

dPjx , I x,_i,<x’,fl) 
'dP(x, I x^_i, a, //) 


2108 


— P(Xi I ai//)...P(A:r H I a//)} 

^r+1 I ^ ^ip^i — 1) *^r+l 1 


since x^ and earlier values do not appear in the later terms in the 
products, which therefore add up to 1 ; and we can also sum over for 
s < r--l. We can now sum over and get 


■Z dP{x^ I x,_j, a, H) 




|a7/)P(x,|x,_„a',P)- 

-P(x,_,|aP)P(x,|x,_i,«.P)}. 


By condition (1), Pi^r-i I — P{^r-i i 
and therefore this term reduces to 


2 Pi^r-l I 

where 


Jr = 


Z ^dP(x, |x,_i,a,P) 


{P(X, I Xr_i, 


P)— P(xJXr_i,a,P)}. 


We have to sum over the possible values oi x^_^, and then with regard 
to r. Finally, dividing by n as indicated on p. 170, we have a summary 
value of J which can be used as in the case of independent observations. 

For r ™ 1, ~ 0; for r > 1, J,. is simply J for the comparison of the 

two laws with among the data. 

The simplest case of this type is where each observation is a uieasure 
and the relation between consecutive measures is of the form 


x^ = pa:,._i±T, 

where all x^, taken separately, have normal probability distributions 
about 0 with standard error a. Then 

T = (t(1 — 

and for different values of p, with cr fixed, is the same as for com- 
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parison of two normal laws with true values px^_^ and standard 
errors cr{l—p'^yf'^. Then Jr(r > 1) follows from 3.9 (15): 

iJr- lJJrP(dXr-^\<rH) 

(1— p-*)(l— P -) \l--p“ 1— P7 

ip-pn^-^pp) 


But 

Hence 


- (n~l) 


wM-pf- 


(l-p‘^)(l-p'2) 


This is identical with J for the comparison of two correlations, the 
standard errors being given. 

The joint likelihood for n observations is 


1 

( 277 ’)^^-^"cr^^(l — p^^yi'An-l) ^ 

_ 1 

Xexpj^--^^-^^{a;f-2pa;ia:2+(l+p2)x*-...+4}j JJ dz^. 

The interesting mathematical properties of J in this problem suggest 
that it might be used, but there are obvious difficulties. One is similar 
to what we have twice noticed already. If the suggested value of p is 1, 
and p' has any value other than 1, J is infinite, and the test fails. The 
estimation rule gives a singularity not only at p — 1, which might be 
tolerable, but also at — 1, which is not. If the correlation is p, for values 
of a function taken at equal intervals, say 1, we might try to estimate 
p from observations at intervals 2. The correlation at interval 2 would 
be p2. The same method would apply, but J would be seriously changed 
if we replaced p by p^ in it. 
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On account of the asymmetry for the first and last observations there 
are no sufficient statistics, but a nearly sufficient pair will be 




r = 


n-l 

2 ^r^r+1 


n-l 


i(a^i+4)+ 2 


r =-2 

This problem is given only as an illustration. In actual cases the corre- 
lation will usually run over several observations, effectively an infinite 
number for a continuous function, and the procedure becomes much 
more complicated. Further, the law itself may differ greatly from 
normality. I have had two cases of this myself where the problem was to 
estimate a predicted nearly periodic variation and the observations were 
affected by non-normal errors with a serial correlation between them.f 
A completely systematic procedure was impossible in the present state 
of knowledge, but approximate methods were devised that appeared 
fairly satisfactory in the actual problems considered. 

My impression is that, though the use of J gives rules for the prior 
probability in many cases where they have hitherto had to be guessed, it 
is not of universal application. It is sufficiently successful to encourage 
us to hope for a general invariance rule, but not successful enough to 
make us think that we have yet found it. I think that the analysis 
of partial correlation should lead to something more satisfactory. 

In problems of continuous variation with a random element the 
ultimate trouble is that we have not yet succeeded in stating the law 
properly. The most hopeful suggestion hitherto seems to be Sir G. I. 
Taylor’s theory of diffusion by continuous movements,} which has been 
extensively used in the theory of turbulence. At least, by taking corre- 
lations between values of a variable at any time-interval, it avoids the 
need to consider a special time-interval as fundamental. 


6.4. Contingency affecting only diagonal elements. In the simple 
2x2 contingency table we have a clear-cut test for the association of 
two ungraduated properties. In normal correlation we have a case 
where each property is measurable and the question is whether the 
parameter p is zero or not, and to provide an estimate of it if it is not. 
Rank correlation is an extension to the case where the properties are 
not necessarily measurable, but each can be arranged in a sequence of 
increasing intensity, and the question is whether they tend to be 
specially associated near one line in the diagram, usually near a diagonal 

t M.N.li.A.S. 100, 1940. 139-55; 102, 1942, 194-204. 

I Proc. Loud. Math, Soc. (2) 20, 1922, 196-212. 
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of the table. The amounts of the displacements from this line are 
relevant to the question. A more extreme case is where, on the hypo- 
thesis q\ only diagonal elements would be affected. The distinction 
from the case of rank correlation may be illustrated by a case where the 
two orders are as follows: 


X 

Y 

X-Y 

1 

2 

-1 

9 

w 

1 

+ 1 

3 

4 

— 1 

4 

3 

+ 1 

5 

6 

-1 

6 

5 

+ 1 

7 

8 

— 1 

8 

7 

+ 1 


The rank correlation is 1 — 48/504 ^ 0 - 905 . Yet not a single member 

occupies the same place in the two orders. We can assert a close general 
correspondence without there being absolute identity anywhere. But 
there are cases where only absolute identity is relevant to the question 
under test. Such a case has been discussed by W. L. Stevens, f namely 
that of the alleged telepathic recognition of cards. Evidence for the 
phenomenon would rest entirely on an excess number of cases where the 
presentation and identification refer to the same card; if the card pre- 
sented is the king of spades, the subject is equally wrong whether 
he identifies it as the king of clubs, the queen of spades, or the two of 
diamonds. (1 am not sure whether this is right, but it is part of the 
conditions of the problem.) Another case is the tendency of an earth- 
quake in a region to be followed by another in the same region; to test 
such a tendency we cannot use rank correlation because the regions 
cannot be arranged in a single order. The known phenomenon is that 
a large earthquake is often followed by a number of others in the same 
neighbourhood; but to test whether this is an accidental association or 
not we must regard any pair not in the same region as unconnected, 
whether the separation is 2,000 or 20,000 km. Only successors in the 
same region are favourable to the suggested association, and we have 
to test whether the excess of successors in the same region is large 
enough to support the suggestion that one earthquake tends to stimu- 
late another soon after and at a small distance. 

In the earthquake problem, which may be representative of a large 

t Ann, Eugen, 8, 1938, 238-44. 
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number of others, given that the last earthquake was in a particular 
region, the probability that the next will be in that region and stimu- 
lated by it is a, which we may take to be the same for all earthquakes. 
On hypothesis g, a will be 0. The chance at any time that the next 
earthquake will be in the rth region is p,.. On the hypothesis of random- 
ness the chance that the next will be in region r and the next but one 
in region s will bep^p^, where all the p’s will have to be found from the 
data. On hypothesis g', the chance that an earthquake will be in region 
r and followed by one stimulated by it will be p^a, leaving p,.(l — a) to 
be distributed in proportion to the p, (including s ~ r since we are not 
considering on q' that the occurrence of an earthquake in a region pre- 
cludes the possibility that the next will be an independent one in the 
same region). Thus the joint chance will be (1 — a)Pr7>.,> except for 5 ™ r, 
for which it is (1 — ot)p^+ap,.. Proceeding to the third and neglecting 
any influence of an earthquake other than its immediate predecessor, 
the joint chance of all three will be obtained by multiplying these ex- 
pressions by (1— a)p^ if t ^ s, and by (1— a)pg-fa if ^ ~ So we may 
proceed. The joint chance of a set of earthquakes, in a particular order, 
such that in cases an earthquake in region r is followed by one in 
region s, for all values of r and s, is 



Yl iPrr‘ 


(1) 

where 

2 ** ra> 

II 

(2) 


8 


and the last factor is the product over all repetitions. Then this is 
P(0 I g', p^, a, //). P(6 I g,p,., H) is got by putting a =- 0. 

The invariant J for comparison of g and g' can be found by the method 
of 6.3. We have, if the (m— l)th observation is in region r, 


•4 == 2 log ^ “ I (( 1 - “)j>r+ °^-Pr} -f 

+ S S' log(l — 0£){(1 — 

r 8 

= 2a(l-i’r)log|l 


Pr(l — «)/' 

J = 2^>,a(l-2?,)log[l+— -j == 2 , 

r ( P^(l — OL)) ^ 1 — OL 1 — OL 

where m is the number of regions. J is infinite if a — 1, corresponding 
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to the case where, if an earthquake is in a given region, the next is 
certain to be in that region. J is also infinite if for some r, 

(1 — = 0 , 

corresponding to the case where a is negative and sufficiently large 
numerically for the occuT’rence of an earthquake in some region to 
inhibit the occurrence of the next in that region. This might conceivably 
be true, since we could contemplate a state of affairs where an earthquake 
relieves all stress in the region and no further earthquake can occur until 
the stresses have had time to grow again; by which time there will almost 
certainly have been an earthquake somewhere else. It is therefore worth 
while to consider the possibility of negative a. For a significance test, 
however, it is enough to have an approximation for oc small and we shall 
take 1 

TT 

The interpretation of the factor in m i.. that our way of stating the 
problem does not distinguish between different parts of a region. An 
earthquake in it may stimulate one in another part of the region, which 
will be reckoned as in a different region if the region is subdivided, and 
hence subdivision will increase the concentration of the probability of 
oc towards smaller values. 

The solution is now found as usual; the factors depending on are 
nearly the same in both P(q | dli) and P{q* | OH), and we can substitute 
the approximate values 

in the factors that also involve a. Then 


1 ^ V(^-i) 

K n 


J n{‘+r.“y 




and expand the logarithm of the integrand to order and oc. We find 
after reduction 


where 


J exp[iVa 2 l)iV] dot 

^ j exp{-i(m-l)N(a-ay+l{m-l)Na^}da, 




exp{~ I (w — 1 )iVa2}. 
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If K is small we shall have 

-fl I ^ 

The following table was compiled from the International Seismo- 
logical Summary from July 1926 to December 1930. The earthquakes 
used were divided into ten regions; eight earthquakes in Africa were 
ignored because they were too few to be of any use. In some cases, 
also, several widely different epicentres would fit the few observations 
available, and these also were ignored. Thus the table is limited to 
fairly well observed earthquakes, which are only a fraction of those 
that actually occur. The North Pacific in west longitude was included 
with North America; the Eastern North Pacific was divided between 
Japan (with the Loo-Choo Islands and Formosa) and the Philippines; 
the East Indies were included with the South Pacific; the West Indies 
with Central America; and the Mediterranean region and the north 
coast of Africa with Europe. The results are as follows: 


^ Second 

First \ 

Europe 

Asia 

Indian 

Ocean 

si 

1 

Philippines 

South 

Pacific 

N orih 
America 

Central 

America 

South 

America 

Atlantic 

Total 

«r 

Europe 

97 

58 

11 

73 

12 

60 

22 

22 

23 

19 

397 

+ 0092 

Asia . 

69 

119 

13 

93 

21 

56 

16 

20 

22 

15 

444 

+ 0-098 

Indian Ocean 

10 

17 

8 

23 

4 

10 

5 

3 

6 

2 

88 

+ 0-057 

Japan 

84 

90 

21 

179 ! 

22 

82 

24 

36 

26 

26 

590 

+ 0-077 

Philippines 

8 

18 

4 

31 1 

33 

22 

5 

6 

8 

4 

139 

+ 0-184 

South Pacific 

57 

62 

14 

81 

17 

115 

22 

16 

22 

19 

425 

+ 0-107 

North America , 

17 

18 

3 

32 

6 

18 

21 

6 

6 

5 

132 

+ 0-108 

Central America. 

16 

28 

4 

26 

5 

22 

2 

16 

10 

2 

131 

+ 0-072 

South America . 

29 

19 

4 

33 

9 

27 

7 

4 

24 

1 

157 

+ 0-092 

Atlantic 

10 

15 

6 

19 

10 

13 

8 

2 

10 

8 

101 

+ 0-041 










i 

2604 

+ 0-928 


Here m ^ 10, N 2604, 2 ^ 0*928. Then 

K = 1*6x10-^^ 


The evidence for q' is therefore overwhelming. The estimate of ol is 
a = +0*1031±0*0065. 

This can be interpreted as the chance that a given eartliquake will be 
followed by an aftershock, strong enough to be widely recorded, before 
there has been another widely recorded earthquake anywhere else. 

6.5. Deduction as an approximation. We have seen that in 
significance tests enormous odds are often obtained against the null 
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hypothesis, but that those obtained for it are usually much smaller. 
A large discrepancy makes K exponentially small, but even exact agree- 
ment with the predictions made by the null hypothesis only makes K 
of order But a small K does not establish the hypothesis q\ It 
only shows that the hypothesis that one new parameter is needed, the 
rest of the variation being regarded as random, is more probable than 
that the whole variation is random. It does not say that no further 
parameter is still needed. Before we can actually attach a high proba- 
bility to q' in its present form we must treat it as a new q and test 
possible departures from it ; and it is only if it survives these tests that 
it can be used for prediction. Thus wdien a hypothesis comes to be 
actually used, on the ground that it is ‘supported by the observations’, 
the probability that it is false is always of order which may be as 
large as 0*2 and will hardly ever be as small as 0*001. Strictly, therefore, 
any inferences that we draw from the data should not be the inferences 
from q alone but from q together with all the alternativ^es that have 
been considered but found not to be supported by the data, with 
allowance for their posterior probabilities. If, for instance, x denotes 
the proposition that some future observation will lie in a particular 
range, and we consider a set of alternative hypotheses we shall 

have 

P(x 1 OH) = 2 P{qr^ i - 2 P(x I qr9H)P{q, \ OH). 

Now if in a given case one of the hypotheses, q say, has a high proba- 
bility on the data, and all the others correspondingly small ones, 
P{x I dH) will be high if x has a high probability on q. If x has a low 
probability on q, its probabilit}^ will be composed of the small part 
from q, representing the tail of the distribution of the chance on g, and 
of the various contributions from the other q^. But the last together 
make up q\ And the total probability of all such values cannot exceed 
the posterior probability of q\ Thus the total posterior probability 
that the observation will be in a range improbable on q will be small. 
In our case the situation is more extreme, for the q^. will be statements 
of possible values of a parameter a, which we may take to be 0 on q. 
But when K is large nearly all the total probability of q' comes from 
values of a near the maximum likelihood solution, which itself is small 
and will give therefore almost the same inferences as q. The only effect 
oi q' is to add to the distribution on q another about nearly the same 
maximum and with a slightly larger scatter and a smaller total area. 
Thus the total distribution on data BH is practically the same as on qSH 
alone; the statement of B takes care of the uncertainties on the data of 

3505.58 


z 
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the parameters that are relevant on q. Thus if q has been found to be 
supported by the data we can take as a good approximation 

P{x\eH) - P(x\qeH), 

thus virtually asserting q and neglecting the alternatives. We have in 
fact reached an instance of the theorem of 1.6, that a well-verified 
hypothesis will probably continue to lead to correct inferences even if 
it is wrong. The only alternatives not excluded by the data are those 
that lead to almost the same inferences as the one adopted. The 
difference from the inferences in a simple estimation problem is that 
the bulk of the probability distribution of ol is concentrated in a = 0 
instead of being about the maximum likelihood solution. 

This approximation means an enormous practical convenience. In 
theory we never dispose completely of q\ and to be exact we should 
allow for the contributions of all non-zero values of a in all future 
inferences. This would be hopelessly inconvenient, and indeed there 
is a limit to the amount of calculation that can be undertaken at all — 
another imperfection of the human mind. But it turns out that we 
need not do so; if K has been greater than 1 for all suggested modifica- 
tions of q we can proceed as if q was true. At this stage science becomes 
deductive. This, however, is not a virtue, and it has nothing to do 
with pure logic. It is merely that deduction has at last found its 
proper place, as a convenient approximation to induction. However, 
at this stage all parameters in q now acquire a permanent status (at any 
rate until further observation shows, if ever, that q was wrong after 
all). Planetary theory, for instance, involves associating with each 
planet a certain quantity, which remains unchanged in predicting all 
observations. It is convenient to give this a definite name, ynass. This 
process occurs at a much more elementary stage of learning. Whenever 
we find a set of properties so generally associated that we can infer that 
they will probably be associated in future instances, we can assert their 
general association as an approximate rule, and it becomes worth while 
to form the concept of things with this set of properties and give them 
a name. For scientific purposes reality means just this. It is not an 
a priori notion, and does not imply philosophical reality, whatever that 
may mean. It is simply a practical rule of method that becomes con- 
venient when we can replace an inductive inference approximately by 
a deductive one. The possibility of doing it in any particular case is 
based on experience. Thus deduction is to be used in a rather Pick- 
wickian sense. It no longer claims to make inferences with certainty, 
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for three reasons. The law used may be ^^Tong; even if right, it contains 
parameters with finite uncertainties on the data, and these contribute 
to the uncertainty of predictions; and the prediction itself is made with 
a margin of uncertainty, expressing the random error of the individual 
observation. 

It is worth while to devote some attention to considering how a law, 
once well supported, can be wrong. A new parameter rejected by a 
significance test need not in fact be zero. All that we say is that on the 
data there is a high probability that it is. But it is perfectly possible 
that it is not zero but too small to have been detected wfith the accuracy 
yet attained. We have seen how such small deviations from a law may 
be detected by a large sample when they would appear to have been 
denied by any sub-sample less than a certain size, and that this is not 
a contradiction of our general rules. But the question is whether w e can 
allow for it by extending the meaning of q so as to say that the new 
parameter is not 0 but may be anywhere in some finite range. This 
might guard against a certain number of inferences stated with an 
accuracy that further work shows not to be realized. I think, however, 
that it is both impossible and undesirable. It is impossible because q 
could not then be stated ; it would need to give the actual limits of the 
range, and these by hypothesis are unknown. Such limits would be a 
sheer guess and merely introduce an arbitrariness. Further, as the 
number of observations increases, the accuracy of an estimate also 
increases, and we cannot say in advance what limit, if any, it can reach. 
Hence if we suggest any limit on q it is possible that with enough 
observations we shall get an estimate on q' that makes nearly the whole 
chance of ot lie within those limits. What should we do then ? K would 
be in the ratio of the ranges permitted on q' and q. Should we be satis- 
fied to take the solution as it stands, or should we set up a new q that 
nobody has heard of before with a smaller range ? I think that the latter 
alternative is the one any scientist would adopt. The former would say 
that the estimate must be accepted whether we adopt q or q\ But it 
is just then that we should think that the reason we have got a doubtful 
value within the range on q is that we took the range too large in the 
first place; and the only way of guarding against such a contradiction 
is to take the range on q zero. If there is anything to suggest a range 
of possible values it should go into the statement of q\ not of q. 

Possible mistakes arising from parameters already considered and 
rejected being in fact not zero, but small compared with the critical 
value, can then be corrected in due course when enough information 



340 SIGNIFICANCE TESTS: VARIOUS COMPLICATIONS Ch«p. VI 

becomes available. If we try to guard against it in advance we are 
not giving the inference from the data available, but simply guessing. 
If A' > 1, then on the data the parameter probably is zero; there is no 
intelligible alternative. It does not help in the least to find out that a 
parameter is 0-1 if we say that it may not be 0 when the estimate is 
0-5i0‘5. All that we can say is that we cannot find out that it is not 0 
until we have increased our accuracy, and this is said with sufficient 
emphasis by making the posterior probability of q high but not 1. 

A new parameter may be conspicuous without being very highly 
significant, or vice versa. A 5 to 0 sample appears striking evidence at 
first sight, but it only gives odds of 16 to 3 against an even chance. The 
bias in Weldon’s dice experiments is hardly noticeable on inspection, 
but gives odds of about 1,000 to 1. With a small number of observa- 
tions we can never get a very decisive result in sampling problems, and 
seldom get one in measurement. But with a large number we usually 
get one one way or the other. This is a reason for taking many observa- 
tions. But the question may arise whether anomalies that need so 
many observ^ations to reveal them are worth taking into account any- 
how. In Weldon’s experiments the excess chance is only 0*0044, and 
would be less than the standard error if the number of throws in a 
future trial is less than about 10,000. So if we propose to throw dice 
fewer times than this we shall gain little by taking the bias into account. 
Still, many important phenomena have been revealed by just this sort 
of analysis of numerous observations, such as the variation of latitude 
and many small parallaxes in astronomy. The success of Newton was 
not that he explained all the variation of the observed positions of the 
planets, but that he explained most of it. The same applies to a great 
part of modern experimental physics. Where a variation is almost 
wholly accounted for by a new function, and the observations are 
reasonably numerous, it is obvious on inspection and would also pass 
any significance test by an enormous margin. This is why so many 
great advances have been made without much attention to statistical 
theory on the part of their makers. But when we come to deal with 
smaller effects an accurate analysis becomes necessary. 
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FREQUENCY DEFINITIONS AND DIRECT METHODS 

Lord Mansfield gave the following advice to the newly -appointed Governor 
of a West India Island. ‘There is no difficulty in deciding a case — only hear 
both sides patiently, then consider what you think justice requires, and decide 
accordingly ; but never give reasons, for your judgment will probably be 
right, but your reasons will certainly be wrong.’ 

A. H. Enoklbach, More Anecdotes of Bench and Bar, 

7.0. Most of current statistical theory, as it is stated, is made to appear 
to depend on one or other of various definitions of probability that 
claim to avoid the notion of degrees of reasonable belief. Their object 
is to reduce the number of postulates, a very laudable aim; if this 
notion could be avoided our first axiom would be unnecessary. My 
contention is that this axiom is necessary, and that in practice no 
statistician ever uses a frequency definition, but that all use the notion 
of degree of reasonable belief, usually without even noticing that they 
are using it and that by using it they are contradicting the principles 
they have laid down at the outset. I do not offer this as a criticism 
of their results. Their practice, when they come to specific applications, 
is mostly very good; the fault is in the precepts. 

7.01. Three definitions have been attempted: 

1. If there are n possible alternatives, for m of which p is true, then 
the probability of p is defined to be min, 

2. If an event occurs a large number of times, then the probability 
of }) is the limit of the ratio of the number of times when jr; will be 
true to the whole number of trials, when the number of trials tends 
to infinity. 

3. An actually infinite number of possible trials is assumed. Then 
the probability of p is defined as the ratio of the number of cases where 
p is true to the whole number. 

The first definition is sometimes called the ‘classical’ one, and is 
stated in much modern work, notably that of J. Neyman.f The second 
is the Venn limit, its chief modem exponent being R. Mises.J The 
third is the ‘hypothetical infinite population’, and is usually associated 
with the name of Fisher, though it occurred earlier in statistical 
mechanics in the writings of Willard Gibbs, whose ‘ensemble’ still plays 

t Phil. Trans. A, 236, 1937, 333-80. 

t Wahrscheinlichkeiit StcUisiik und Wahrheit, 1928; Wahrscheinlichkeitarechnung, 1931. 
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a ghostly part. The three definitions are sometimes assumed to be 
equivalent, but tliis is certainly untrue in the mathematical sense. 

7.02. The first definition appears at the beginning of De Moivre’s 
book.! It often gives a definite value to a probability; the trouble is 
that the value is often one that its user immediately rejects. Thus sup- 
pose that we are considering two boxes, one containing one white and 
one black ball, and the other one white and two black. A box is to be 
selected at random and then a ball at random from that box. What 
is the probability that the ball will be white? There are five balls, two 
of which are white. Therefore, according to the definition, the prob- 
ability is |. But most statistical writers, including, I think, most of 
those that professedly accept the definition, would give -- iV 

This follows at once on the present theory, the terms representing two 
applications of the product rule to give the probability of drawing each 
of the two white balls. These are then added by the addition rule. 
But the proposition cannot be expressed as the disjunction of 5 alter- 
natives out of 12. My attention was called to this point by Miss J. 
Hosiasson. 

On such a definition, again, what is the probability that the son of 
two dark-eyed parents will be dark -eyed ? There are two possibilities, 
and the probability is J. A geneticist would say that if both parents 
had one blue-eyed parent the probability is | ; if at least one of them 
is homozygous it is 1. But on the definition in question, until the last 
possibility is definitely disproved, it remains possible that the child will 
be blue-eyed and there is no alternative to the assessment |. The 
assessment I could be obtained by the zygote theory and the defini- 
tion, but then again, why should we make our definition in terms of 
a hypothesis about the nature of inheritance instead of the observable 
difference ? If it is permitted to use such a hypothesis the assessment 
ceases to be unique, since it is now arbitrary what we are to regard as 
‘alternatives’ for the purpose of the definition. 

Similarly, the definition could attach no meaning to a statement that 
a die is biased. As long as no face is absolutely impossible, the prob- 
ability that any particular face will apj)ear is ^ and there is no more 
to be said. 

The definition appears to give the right answer to such a question 
as ‘What is the probability that my next hand at bridge will contain 
the ace of spades?’ It may go to any four players and the result is 

But is the result, in this form, of the slightest use ? It says nothing 
t Doctrine of Chancen, 1738. 
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more — in fact rather less — than that there are four possible alternatives, 
one of which will give me the ace of spades. If we consider the result 
of a particular deal as the unit ‘case’, there are 52!/(13!)^ possible deals, 
of which 51!/12!(13!)® will give me the ace of spades. The ratio is J as 
before. It may appear that this gives me some help about the result 
of a large number of deals, but does it? There are {52!/(13!)^}^ possible 
sets of n deals. If and mg are two integers less than n, there are 



n 




possible sets of deals that will give me the ace from Wj to mg times. 
Dividing this by the whole number of possible sets we get the binomial 
assessment. But on the definition the assessment means this ratio and 
nothing else. It does not say that I have any reason to suppose that 
I shall get the ace of spades between Jni times. This can be said 

only if we introduce the notion of what is reasonable to expect, and 
say that on each occasion all deals are equally likely. If this is done 
the result is what we want, but unfortunately the whole object of the 
definition is to avoid this notion. Without it, and using only pure 
mathematics and ‘objectivity’, which has not been defined, I may get 
the ace of spades anything from 0 to times, and there is no more to 
be said. Indeed, why should we not say that there are n+1 possible 
cases, of which those from m^ to mg are mg— mj + 1> the probability 
that I shall get the ace of spades from m^ to mg times is 


(mg— mi+l)/(n+l)? 

Either procedure would be legitimate in terms of the definition. The 
only reason for taking the former and not the latter is that we do con- 
sider all deals equally likely, and not all values of m. But unfortunately 
the users of the definition have rejected the notion of ‘equally likely’, 
and without it the result is ambiguous, and also useless in any case. 

For continuous distributions there are an infinite number of possible 
cases, and the definition makes the probability, on the face of it, the 
ratio of two infinite numbers and therefore meaningless. Neyman and 
Cramer try to avoid this by considering the probability as the ratio of 
the measures of sets of points. But the measure of a continuous set is 
ambiguous until it is separately defined. If the members can be specified 
by associating them with the values of a continuous variable x, then 
they can be specified by those of any monotonic function f{x) of that 
variable. The theory of continuity does not specify any particular 
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measure, but merely that some measure exists and therefore that an 
infinite number of possible measures do. 

both possible measures of the interval between two points, and are not 
in general in proportion. We cannot speak of the value of a probability 
on this definition until we have specified how the measure is to be 
taken. A pure mathematician, asked how to take it, would say: ‘It 
doesn’t matter; I propose to restrict myself to theorems that ai*c true 
for all ways of taking it.’ But unfortunately the statistician does not 
so restrict himself; he decides on one particular way, his theorems would 
be false for any other, and the reason for choosing that way is not 
explained. It is not even the obvious way. Where a; is a continuous 
variable it would seem natural to take the interval between any two 
points as the measure, and if its range is infinite the probability for 
any finite range would be zero. The assessment for the normal law of 
error is not taken as the interval but as the integral of the law over 
the interval, and this integral becomes a probability, in the sense stated, 
only by deriving the law in a very circuitous way from the dubious 
hypotheses used to explain it. The measure chosen is not the only one 
possible, and is not the physical measure. But in modern theories of 
integration the measure does appear to be the physical measure; at 
any rate pure mathematicians are willing to consider variables with an 
infinite range. 

Even where the definition is unambiguous, as for the cases of dice- 
throwing and of the offspring of two heterozygous parents, its users 
would not accept its results. They would proceed by stating some limit 
of divergence from the most probable result and rejecting the hypo- 
thesis if the divergence comes beyond this limit. In these two cases 
they would, in fact, accept the experimental results. But this is a con- 
tradiction. The definition is a mathematical convention involving no 
hypothesis at all except that a certain number of cases are possible, 
and the experimental results show that these cases have occurred; the 
hypothesis is true. Therefore the original assessment of the probability 
stands without alteration, and to drop it for any other value is a con- 
tradiction. Therefore I say that this definition is never used even by 
its advocates; it is set up and forgotten before the ink is dry. The 
notion that they actually use is not defined; and as the results obtained 
are closely in agreement with those given by the notion of reasonable 
degree of belief the presumption, until more evidence is available, is 
that this notion is used unconsciously. 

Of all the theories advocated, it is the upholders of this one that 
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insist most on mathematical rigour, and they do, in fact, appear mostly 
to have a considerable command of modern mathematical technique. 
But when the assessments have to be made by some principle not stated 
in the definitions, and are often flatly contradictory to the definitions, 
and when the application of the final result requires an interpretation 
different from that given by the definitions, the claim that the elaborate 
use of e, and ‘almost everywhere’ in the intermediate stages adds 

anything to the rigour is on the same level as a claim that a building is 
strengthened l)y fastening a steel tie-beam into plaster at each end. 

7.03. With regard to the second and third definitions, we must 
remember our general criteria with regard to a theory. Does it actually 
reduce the number of postulates, and can it be applied in practice? 
Now these definitions plainly do not satisfy the second criterion. No 
probability has ever been assessed in practice, or ever will be, by 
counting an infinite number of trials or finding the limit of a ratio in 
an infinite series. Unlike the first definition, which gave either an 
unacceptable assessment or numerous different assessments, these two 
give none at all. A definite value is got on them onltj by making a 
hypothesis about what the result would be. The proof even of the 
existence is impossible. On the limit definition, without some rule 
restricting the possible orders of occurrence, there might be no limit 
at all. The existence of the limit is taken as a postulate by Mises, 
whereas Venn hardly considered it as needing a postulate. f Thus there 
is no saving of hypotheses in any case, and the necessary existence of 
the limit denies the possibility of complete randomness, which would 
permit the ratio in an infinite series to tend to no limit. The j)ostiilato 
is an a priori statement about possible experiments and is in itself 
objectionable. Using the infinite population, any finite probability is 
the ratio of two infinite numbers and therefore is indeterminate. J Thus 
these definitions are useless for our purpose because they do not define; 
the existence of the quantity defined has to be taken as a postulate, 
and then the definitions tell us nothing about its value or its properties, 
which must be the subject of further postulates. From the point of 

f Cf. R. Leslie Ellis, Camb, Phil. Trans. 8, 1849, 2. ‘For myself, after giving a painful 
degree of attention to the point, I have been unable to sever the judgment that one event 
is more likely to happen than another, or that it is to be ex 3 >ected in preference to it, 
from the belief that in the long run it will occur more frequently.’ Consider a biased 
coin, where we have no information about which way the bias is until we have experi- 
mented. At the outset neither a head nor a tail is more likely than the other at the 
first throw. Therefore, according to the statement, in a long series of throws heads 
and tails will occur equally often. This is false whichever way the bias is. 

t W. Burnside, Proc. Camh. Phil. Soc. 22, 1925, 726-7; Phil. Mag. 1, 1926, 670-4. 
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view of reducing the number of postulates they give no advantage over 
the use of chance as a primitive notion; their only purpose is to give 
a meaning to chance, but they never give its actual value because the 
experiments contemplated in them cannot be carried out, and the 
existence has no practical use without the actual value. In practice 
those who state them do obtain quantitative results, but these are never 
found in terms of the definition. They are found by stating possible 
values or distributions of chance, applying the product and addition 
rules, and comparing with observations. In fact the definitions appear 
only at the beginning and are never heard of again, the rest of the work 
being done in terms of rules derivable from the notion of reasonable 
degree of belief; the rules cannot be proved from the definitions stated 
but require further postulates. 

The Venn limit and the infinite population do not involve the incon- 
sistency that is involved in the first definition when, for instance, bias 
of dice is asserted; since they do not specify a priori what the limit or 
the ratio must be, they make it possible to alter the estimate of it 
without contradiction. Venn,f considering the product rule, stated it 
in terms of ‘cross-series’. If we consider an infinite series of propositions 
all entailing r, P{p | r) and P(/>g 1 r) would be defined by the limits of 
ratios in this series, but P[q \pr) requires the notion of an infinite series 
all implying p and r, and of a limiting ratio for the cases of q in this 
series. If the series used is the actual one used in assessing P{p \ r), 
the product rule follows by algebra; but that does not prove that all 
series satisfying p and r will give the same limiting ratio for q, or indeed 
any limit. The existence of the limit and its uniqueness must be 
assumed separately in every instance. Mises takes them as postulates, 
and the question remains whether to take them as postulates is not 
equivalent to denying the possibility of randomness. With the defini- 
tion in terms of an infinite population the product rule cannot even be 
proved in the limited sense given by the Venn definition, and must 
be taken as a separate postulate. Thus both definitions require the 
existence of probabilities and the product rule to be taken as postulates, 
and save no hypotheses in comparison with the treatment based on the 
notion of degree of reasonable belief. The value of the quantity defined 
on them cannot be found from the definitions in any actual case. 
Degree of reasonable belief is at any rate accessible, and at the least 
it provides some justification of the product rule by pointing to a class 
of cases where it can be proved. 

t The Logic qf Chance, 1866, pp. 162 et seq. 
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It is proved in 2.13 that, in specified conditions, the limit probably 
exists. But this proof is in terms of the notion of degree of reasonable 
belief and must be rejected by anybody that rejects that notion. He 
must deal with the fact that in terms of the definition of randomness 
the ratio may tend to any limit or no limit, and must deal with it in 
terms of pure mathematics. 

Fisher’s definition becomes workable if the infinite population is 
replaced by a large finite population. The addition and product rules 
could then be proved. The difficulty that the possible ratios would 
depend on the number in the population would be trivial if the popula- 
tion is large compared with the sample; the trouble about the infinite 
population is that it is precisely when it becomes infinite that the ratios 
become indefinite. Such a definition avoids the difficulty of the De 
Moivre definition about the different possible ways of stating the unit 
alternatives. The numbers in the population would be defined as those 
that would be obtained, in the conditions of the experiment, in the 
given number of trials, and might well be unique. But there would 
still be some difficulties, since the actual set of observations would still 
have to be regarded as a random sample from the population, and the 
notion of ‘equally probable’ would enter through the notion of random- 
ness; it is also doubtful whether this notion could be applied validly 
to what must in any case be the first sample. 

7.04. It appears to be claimed sometimes that the three definitions 
are equivalent. This is not so. For dice-throwing the first gives the 
chance of a 5 or a 6 unambiguously as but the users of all three would 
usually adopt the experimental result as an approximation, and it is 
appreciably larger — at any rate they would expect the limit in an 
indefinitely extended series to be more than The first and second 
definitions can be made equivalent only by assuming the existence of 
the limit and then treating the experimental result as irrelevant to its 
value. It is also sometimes stated that it is known by experiment that 
the Venn limit is identical with the ratio given by the first definition. 
This is simply false; and though this claim is sometimes made by good 
mathematicians it appears that they must have temporarily forgotten 
the nature of a mathematical limit. The actual number of trials is 
always finite, and in the mathematical sense gives no information 
whatever about the result of an infinite series, unless the law connecting 
successive terms is given; and there is no such law for random selection. 
It has been argued that for a finite population, sampled without replace- 
ment, the limit must be the ratio in the population. This is true, but 
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it gives no meaning to the statement that the ratio in m trials is likely to 
agree with that in the population to order If the selection con- 

sisted of picking out all members of one type before proceeding to the 
other, the first statement would be true, but the second would be hope- 
lessly wrong, and it is the second that we need for any useful theory. 
For sampling with replacement, even with a finite population, there is 
no logical proof that we shall not go on picking the same member for 
ever. This is relevant to the argument concerning hands at cards. The 
usual assessment of the chance of getting the ace m times in n deals 
receives an attempted justification from the fact that we should get it 
in just this ratio if we got each possible deal once and once only. But 
unfortunately the conditions refer to sampling with replacement. Long 
before some deals had occurred some of the earlier ones would have 
occurred many times, and the argument cannot be applied. The 
difficulty will be appreciated by those who have tried to obtain a 
complete set of cards, one by one, from cigarette packets each contain- 
ing one. A dozen of one card may be obtained before some others have 
appeared at all. 

Some doubt is apparently felt by the advocates of these definitions, 
who are liable to say when challenged on a particular mathematical 
point that the statement is ‘reasonable’. But this gives away the entire 
case. The only excuse for the definitions is that they exclude the notion of 
'reasonable' in contrast to 'mathematically proved', and they therefore 
invite challenge on mathematical grounds. If an actual mathematical 
proof cannot be given, shounng that a different result is simply impossible, 
the result is not proved. To say then that it is reasonable is mathematically 
meaningless, and grants that 'reasonable' has a meaning, which is indis^ 
jyensable to the theory, and which is neither a mathematical nor an objective 
meaning. If it follows assignable rules they should be stated, which is 
what has been done here; if it docs not, niy Axiom 1 is rejected, and it 
is declared that it is reasonable to say, on the same data, both that p is 
more probable than q and q more probable than p. Curiously, however, 
the extreme tolerance expressed in such an attitude does not appear to 
be borne out in practice. The statistical journals are full of papers each 
maintaining, if not that the author’s method is the only reasonable 
one, that somebody else’s is not reasonable at all. 

7.05. The most serious drawback of these definitions, however, is 
the deliberate omission to give any meaning to the probability of a 
hypothesis. All that they can do is to set up a hypothesis and give 
arbitrary rules for rejecting it in certain circumstances. They do not 
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say what hypothesis should replace it in the event of rejection, and there 
is no proof that the rules are the best in any sense. The scientific law is 
thus (apparently) made useless for purposes of inference. It is merely 
something set up like a coconut to stand until it is hit; an inference 
from it means nothing, because these treatments do not assert that 
there is any reason to suppose the law to be true, and it thus becomes 
indistinguishable from a guess. Nevertheless in practice much con- 
fidence is placed in these inferences, if not by statisticians tliemselves, 
at least by the practical men that consult them for advice. I maintain 
that the practical man is right; it is the statistician’s agnosticism that 
is wrong. The statistician’s attitude is, of course, opposite to that of the 
applied mathematician, who asserts that his laws are definitely proved. 
But an intermediate attitude that recognizes the validity of the notion 
of the probability of a Jaw avoids both difficulties. 

The actual procedure is usually independent of the definitions. A 
distribution of chance is set up as a hypothesis, and more complicated 
probabilities are derived from it by means of the addition and product 
rules. 1 have no criticism of this part of the work, since the distribution 
is always at the very least a suggestion worth investigation, and the 
two rules appear also in my theory. But the answer is necessarily in the 
form of a distribution of the chance of different sets of observations, 
given the same hypothesis. The practical problem is the inverse one; 
we have a unique set of observations and the problem is to decide 
between different liypotheses by means of it. The transition from one to 
the other necessarily involves some new principle. Even in pure mathe- 
matics we have this sort of ambiguity. If x — 1, it follows that 
x^-\-x—2 ™ 0 . But if 2 = 0, it does not follow that a: ~ 1. It 

would if we had the supplementary information that x is positive. In 
the probability problem the difficulty is greater, because in any use 
of a given set of observations to choose between different laws, or differ- 
ent values of parameters in the same law, we are making a selection out 
of a range, usually continuous, of possible values of the parameters, 
between which there is originally usually little to choose. (On the Venn 
and Fisher definitions this would mean a decision of which series or 
which population is to be chosen out of a super-population.) The actual 
selection must involve some principle that is not included in the direct 
treatment. The principle of inverse probability carries the transition 
out formally, the prior probability being chosen to express the previous 
information or lack of it. Rejecting the restriction of probabilities to 
those of observations given hypotheses and applying the rules to the 
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probabilities of hypotheses themselves, the principle of inverse proba- 
bility is a theorem, being an immediate consequence of the product 
rule. No new hypothesis is needed. But the restriction spoken of makes 
some new hypothesis necessary, and we must examine what this is. 

7 . 1 . ‘Student’s’ treatment of the problem of the uncertainty of the 
mean of a set of observations derived from the normal law provides 
an interesting illustration, and has the further merit of being accepted 
by all schools. The result actually proved is 2.8(18) 

P(dz\x,a,H)(X, (1+22)-V2» ^ 2 ;, (1) 

where x and o are the true value and standard error, supposed known, 
and if x and s are the mean and standard deviation of the observations, 


My result is, 3.41 (6), 

P(dz I dH) CC ( 1 -f ^ 2 , (3) 

which, since the right side involves the observations only through x and 
5 , leads, by the principle of the suppression of irrelevant data (1.7), to 

P(dz \ x,Sy H) CC dz. (4) 

This is not the same thing as (1 ) since the data are different. The usual 
way of stating (1) speaks of the probability of a proposition by itself 
without explicit mention of the data, and we have seen how confusing 
assessments on different data may lead to grossly wrong results even 
in very simple direct problems. In a case analogous to this we may note 
that the probability that Mr. Smith is dead to-day, given that he had 
smallpox last week, is not the same as the probability that he had small- 
pox last week, given that he is dead to-day. But here if we interpret (1 ) 
to mean (4) we get the correct posterior probability distribution for x 
given X and and this is what in fact is done. But (1) certainly does 
not mean (4), and we must examine in what conditions it can imply it. 
We notice first that the inclusion of any information about x and s in 
the data in (1), other than the information already given in the state- 
ment of Xy a, and H (the latter involving the truth of the normal law), 
would make it false. For the assessment on information including the 
exact value of either x oi 8 would no longer depend on z alone, but 
would involve the value of x~x or of sja explicitly. For intermediate 
amounts of information other parameters would appear, and would 
appear in the answer. Thus we cannot proceed by including x and s in 
the data in (1) and then suppressing x and a as irrelevant to get (4); 
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for if we did this the probability of dz would be unity for all ranges 
that included the actual value and zero for all others. 

But we notice that in (1) the values of x and a are irrelevant to z, and 
can therefore be suppressed, by Theorem 11, to give 

P{dz I H) oc (l+z 2 )-V 2 n ( 5 ) 

since the conditions of observation H entail the existence of x and s, 
X and <7, and this is the vital step. On the face of it this says nothing, 
for z has no value unless the quantities x, x, and s are given. But just 
for that reason it is now possible that if we now introduce x and s into 
the data the form will be unaltered. The argument is apparently that 
the location of the probability distribution of x, given x and 5, must 
depend only on x, and its scale must depend only on s. But this amounts 
to saying that \x,s,H) = f(z) dz\ (6) 

and since x and s are irrelevant to z they can be suppressed, and the 
left side reduces to P(dz | //), which is known from (5). Thus the 
result (4) follows. 

Something equivalent to the above seems to have been appreciated 
by ‘Student’, though it cannot be expressed in his notation. But we 
must notice that it involves two hypotheses: first, that nothing in the 
observations but x and s is relevant; secondly, that whatever they may 
be in the actual observations we are at full liberty to displace or rescale 
the distribution in accordance with them. The first is perhaps natural, 
but it is desirable to keep the number of hypotheses as small as possible, 
whether they are natural or not, and the result is proved by the principle 
of inverse probability. The second can mean only one thing, that the 
true value x and the standard error a are initially completely unknown. 
If we had any information about them we should not be permitted to 
adjust the distribution indefinitely in accordance with the results of one 
set of observations, and (6) would not hold. ‘Student’ indeed noticed 
this, for his original tablesf are entitled ‘Tables for estimating the 
probability that the mean of a unique sample of observations lie 
between — oo and any given distance of the mean of the population 
from which the sample is drawn’. There is no particular virtue in the 
word ‘unique’ if the probability is on data x, a, 77; the rule (1) would 
apply to every sample separately. But when the problem is to proceed 
from the sample to x uniqueness is important. If H contained informa- 
tion from a previous sample, this would not affect (1), since, given x 
and < 7 , any further information about them would tell us nothing new. 

t Biometrika, 11 , 1917, 414. 



352 


FREQUENCY DEFINITIONS AND DIRECT METHODS Chap. VII 


But it would affect the transition from (1) to (5), and this would be 
recognized in practice by combining the samples and basing the 
estimate on the two together. ‘Student’ called my attention to the 
vital word just after the ])ublication of a paper of mine on the subject,*)* 
showing that he had in fact clearly noticed the necessity of the condition 
that the sample considered must constitute our only information about 
X and o. The conditions contemplated by him are in fact completely 
identical with mine, and he recognized the essential point, that the 
usefulness of the result depends on the particular state of previous 
knowledge, namely, absence of knowledge. 

It can be shown further that if we take (4) as giving the correct 
posterior probability of x, there is only one distribution of the prior 
probability that can lead to it, namely 

P{dx(la I H) oc dxdala. (7) 

For the result implies that the most probable value of x is the mean, 
and that for two observations there is a probability | that x lies 
between them. But the former implies a uniform prior probability 
distribution for x, and the latter, by 3.7, implies the dojo rule.J Given 
this my argument in 3.4 follows. The irrelevance of information in the 
sample other than x and s holds for all assessments of the prior prob- 
ability. Hence the hypotheses made by ‘Student’ are completely equi- 
valent to mine; they have merely been introduced in a different order. 

Similar considerations affect Fisher’s fiducial argument. Speaking of 
‘Student’s’ rule, he says:§ ‘It must now be noticed that t is a continuous 
function of the unknown j)arameter, the mean, together with observable 
values, X, s, and 7i, only. Consequently the inequality 

t > 

is equivalent to the inequality 

fi < x—8tj\ln 

so that this last must be satisfied with the same probability as the first. 

. . . We may state the probability that /x is less than any assigned value, 
or the probability that it lies between any assigned values, or, in short, 
its probability distribution, in the light of the sample observed.’ The 
innocent -looking mathematical transformation, however, covers the 
passage from data x and a to data x and s (Fisher’s jjl being my x) 
which the notation used is not adequate to express. The original assess- 
ment was on data including /x, and if these were still being used the 
t Proc. Roy. Soc. A, 160, 1937, 325-48. 

X A proof adapted to the normal law of error is given in my paper just mentioned. 

§ Ann. Kugen. 6, 1935, 392. 
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probability that /a is in a particular range is 1 if the range includes the 
known value and 0 if it does not. The argument therefore needs the same 
elaboration as was applied above to that of ‘Student’. It may be 
noticed that in speaking of the probability distribution of p in the light 
of the sample Fisher has apparently abandoned the restriction of the 
meaning of probability to direct probabilities; different values of p are 
different hypotheses and he is speaking of their probabilities on the data, 
apparently, in precisely the same sense as 1 should. He does criticize the 
use of the prior probability in the same paper, but he appears to under- 
stand by it something quite different from what I do. My only criticism, 
of both his argument and ‘Student’s’ is that they omit important 
steps, which need considerable elaboration, and that when these are 
given the arguments are much longer than those got by introducing the 
prior probability to express previous ignorance at the start. 

Fisher heads a section in his bookf ‘Tlie significance of the mean 
of a unique sample’ and proceeds: Tf arj, .Tg,..., is a sample of n' 
values of a variate x, and if this sample constitutes the whole of the 
information on the point in question, then we may test whether the 

mean of x differs significantly from zero by calculating the statistics ’ 

Here we have the essential point made perfectly explicit. The test is 
not independent of previous knowledge, as Fisher is liable to say in 
other places; it is to be used only where there is no relevant previous 
knowledge. ‘No previous knowledge’ and ‘any conditions of previous 
knowledge ’ differ as much as ‘no money’ and ‘any amount of money’ do. 

7.1 1. A different way of justifying the practical use of the rule with- 
out speaking of the probability of different values of x is as follows. Since 
P{dz I X, (7, H) is independent of x and a, and of all previous observa- 
tions, it is a chance. If we take an enormous number of samples of num- 
ber n, the fraction with z between two assigned values will approximate 
to the integral of the law between them, by Bernoulli’s theorem. 

This will be true whether x and o are always the same or vary from one 
sample to another. Then we can apparently say that actual values of z 
will be distributed in proportion to the integrals of (1 - g^^d regard 

actual samples as a selection from this population; then the proba- 
bilities of errors greater than ■±:Z8 will be assigned in the correct ratio 
by the rule that the most probable sample is a fair sample. The trouble 
about the argument, however, is that it would hold equally well if x 
and 6 were the same every time. If we proceed to say that x lies between 
x±:0'lb3 in every sample of ten observations that we make, we shall be 

t Statistical Methods, 1936, p. 125. 

A a 
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wrong in about 5 per cent, of the cases, irrespective of whether a; is the 
same every time or not, or of whether we know it or not. It is suggested 
that we should habitually reject a suggested value of x by some such 
rule as this, but applying this in practice would imply that if x was 
known to be always the same we must accept it in 95 per cent, and 
reject it in 5 per cent, of the cases, which hardly seems a satisfactory 
state of affairs. There is no positive virtue in rejecting a hypothesis in 
5 per cent, of the cases where it is true, though it may be inevitable, 
if we are to have any rule at all for rejecting it when it is false, that we 
shall sometimes reject it when it is true. In practice nobody would use the 
rule in this way if .r was always the same; samples would always be com- 
bined. Thus, whatever may be recommended in theory, the statistician 
dues allow for previous knowledge by the rather drastic means of restrict- 
ing the range of hypotheses that he is willing to consider at all. The rule 
recommended would be used only when there is no previous information 
relevant to x and a. 1 ncidentally Bernoulli ’s theorem, interpreted to give 
an inference about what vnll happen in a large number of trials, cannot 
be proved from a frequency definition, and the passage to an inference in 
a single case, which is tlic usual practical problem, still needs the notion 
of degree of reasonable belief, which therefore has to be used twice. 

Some hypothesis is needed in any case to enable us to proceed from a 
comparison of different sets of data on the same hypothesis to a com- 
})arison of different hypotheses on the same data; no discredit is there- 
fore to be attached to ‘Student’ for making one. It cannot, however, 
be claimed legitimately that the argument is independent of previous 
knowledge. It would l)e valid only in the special case where there is no 
previous knowledge about x and a, and would not be used in practice 
in any other. The hypothesis that, given H but no information about 
X and a other than that provided by x and s, x and s are irrelevant to z 
is essential to the argument. It may be accepted as reasonable, but it 
is none the less a hypothesis. 

7.2. An enigmatic position in the history of the theory of probability 
is occupied by Karl 1‘earson. His best-appreciated contributions in 
principle are perhaps the invention of the introduction of the product 
moment formula to estimate the correlation coefficient, and the Pearson 
types of error law; besides of course an enormous number of applica- 
tions to special subjects. I should add to these the Orammar of Science, 
which remains the outstanding general work on scientific method, and 
the recognition in it that the Bayes-Laplace uniform assessment of the 
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prior probability is not final, but can be revised to take account of 
previous information about the values that have occurred in the past 
in analogous problems. The anomalous feature of his work is that 
though he always maintained the principle of inverse probability, and 
made this important advance, he seldom used it in actual applic ations, 
and usually presented his results in a form that appears to identify 
a probability with a frequency. In particular his numerous tables ol' 
chances are mostly entitled frequencies. In determining the parameters 
of law^s of his own types from observations he did not use inverse proba- 
bility, and when Fisher introduced maximum likelihood, which is 
practically indistinguishable from inverse probability in estimation 
problems, Pearson continued to use the method of moments. A possible 
reason for this that many would appreciate is that complete tables 
for fitting by moments were already available, and that the fitting of 
a law with four adjustable parameters by maximum likelihood is not a 
matter to be undertaken lightly when sufficient statistics do not exist. 
But Pearson in his very last paper maintained that the method of 
moments was not merely easier than maximum likelihood, but actually 
gave a better result. He also never seems to have seen the full im- 
portance of itself. When the data are observed numbers, he showed 
that the probability of the numbers, given a law, is proportional to 
exp( — with a third-order error. Thus the equivalence of maximum 
likelihood and minimum was Pearson’s result, and the close equiva- 
lence of maximum likelihood and inverse probability^ in estimation 
problems is so easy to show that it is remarkable that Pearson over- 
looked it. Most of the labour of computing the likelihood is avoided 
if y2 is used instead, though there are complications when some of the 
expectations are very small; but oven these are avoided by the treat- 
ment of 4.2. Fisher repeatedly drew^ attention to the relation between 
maximum likelihood and minimum y^, but Pearson never accepted the 
consequence that if he used the latter he would have had a convenient 
method, more accurate than the method of moments, and justified by 
principles that he himself had stated repeatedly. 

In practice Pearson used y^ only as a significance test. His method, 
if there were n groups of observations, was to compute the complete y^ 
for the data, in comparison with the law being tested. If m parameters 
had been found from the data, he would form the integral 

00 .00 

P(yi) = j J rfx. 

X' 0 
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which is the probability, given a law, that the formed from n—m 
random variations in comparison with their standard errors would 
exceed the observed value. (Tn his earlier use of he allowed only 
for one adjustable parameter, the whole number of observations; the 
need to allow for all was pointed out by Fisherj* and emphasized by 
Yule.J) If P was less than some standard value, say 0-05 or 0*01, the 
law considered was rejected. Now it is with regard to this use of P 
that I differ from all the present statistical schools, and detailed atten- 
tion to what it means is needed. The fundamental idea, and one that 
I should naturally accept, is that a law should not be accepted on data 
that themselves show large departures from its predictions. But this 
requires a quantitative criterion of what is to be considered a large 
departure. The probability of getting the whole of an actual set of 
observations, given the law, is ridiculously small. Thus for frequencies 
2.74 (6) shows that the probability of getting the observed numbers, in 
any order, decreases with the number of observations like 
for ™ 0 and like for = p—1, the latter being near 

the expected value of The probability of getting them in their 
actual order requires division by N\. If mere improbability of the 
observations, given the hypothesis, was the criterion, any hypothesis 
whatever would be rejected. Everybody rejects the conclusion, but this 
can mean only that improbability of the observations, given the hypo- 
thesis, is not the criterion, and some other must be provided. The 
principle of inverse probability does this at once, because it contains an 
adjustable factor common to all hypotheses, and the small factors in 
the likelihood simply combine with this and cancel when hypotheses 
are compared. But without it some other criterion is still necessary, 
or any alternative hypothesis would be immediately rejected also. 
Now the P integral does provide one. The constant small factor is 
rejected, for no apparent reason when inverse probability is not used, 
and the probability of the observations is replaced by that of alone, 
one particular function of them. Then the probability of getting the 
same or a larger value of y^ by accident, given the hypothesis, is com- 
puted by integration to give P. If y^ is equal to its expectation sup- 
posing the hypothesis true, P is about 0*5. If y^ exceeds its expectation 
substantially, we can say that the value would have been unlikely to 
occur had the law been true, and shall naturally suspect that the law 
is false. So much is clear enough. If P is small, that means that there 
have been unexpectedly large departures from prediction. But why 
t R, Slot. Soc. 85 , 1922, 87-94. t Ibid., pp. 95-106. 
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should these be stated in terms of P? The latter gives the probability 
of departures, measured in a particular way, equal to or greater tlmn, 
the observed set, and the contribution from the actual value is nearly 
always negligible. What the iise of P implies, therefore, is that a hypo- 
thesis that may be true may be rejected because it has not predicted observable 
results that have not occurred. This seems a remarkable procedure. On 
the face of it the fact that such results have not occurred might more 
reasonably be taken as evidence for the law, not against it. The sanm 
applies to all the current significance tests based on P integrals. f 

The use of the integral goes back to Chauvenet’s criterion for reject- 
ing o])servations. This proceeded as follows. Let P{m) be the chance 
on the normal law of an error greater than ma. Then the chance that 
all of n errors will be less than ma is {1 — P(m)Y, and the chance that 
there wnll be at least one greater than ma is 1 — {1 — The first 

estimate of the true value and standard ernjr were used to find the 
chance that there would be at least one residual larger than the largest 
actually found. If this was greater than | the observation w as rejected, 
and a mean and a standard error were found from the r(\st and the 
process repeated until none were rejected. Thus on this method there 
would be an even chance of rejecting the extreme observation even if 
the normal law was true. If such a rule was used now^ the limit would 
probably be drawm at a larger value, but the principle remains, that an 
observation that might be normal is rejected because other observa- 
tions not predicted by the law have not occurred. Something might be 
said for rejecting the extreme observation if the law gave a small chance 
of a residual exceeding the second largest; then indeed something not 
predicted by the law might be said to have occurred, but to apply such 
a rule to the largest observation is wrong in principle. (Even if the 
normal law does not hold, rejection of observations and treating the rest 
as derived from the normal law is not the best method, and may give 
a spurious accuracy; but the question here concerns the decision as to 
whether the normal law applies to all the n observations.) 

It must be said that the method fulfils a practical need; but there 
was no need for the pradoxical use of P. The need arose from the fact 
that in estimating new parameters the current methods of estimation 
ordinarily gave results different from zero, but it was habitually found 

I On the other hand, Yatea («7. R. Stat. Roc., Ruppl. 1, 1934, 217-35) recommenda, in 
testing whether a small frequency n,. is consistent with expectation, that x* should bo 
calculated as if this frequency was \ instead of and thereby makes tlie actual 
value contribute largely to P. This is also recommended by Fisher (Statistical Methods. 
p. 98). It only remains for them to agree that nothing but the actual value is relevant. 
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that those up to about twice the standard error tended to diminish 
when the observations became more numerous or accurate, which was 
what would be expected if the differences represented only random 
error, but not what would be expected if they were estimates of a 
relevant new parameter. But this could be dealt with in a rough 
empirical way by taking twice the standard error as a criterion for 
possible genuineness and three times the standard error for definite 
acceptance. This would rest on a valid inductive inference from analo- 
gous cases, though not necessarily the best one. Now this would mean 
that the former limit would be drawn where the joint probability of 
the observations is of the value for the most probable result, sup- 
posing no difference present, and the latter at e-^ This would depend 
on the probability of the actual observations and thus on the ordinate 
of the direct probability distribution, not on the integral. The ordinate 
does depend on the hypothesis and the observed value, and nothing 
else. Further, since nearly all the more accurate tests introduced since 
have depended on the use of distributions that are nearly normal in 
the range that matters, there would be a natural extension in each case, 
namely to draw the two lines where the ordinates are e”“ and e~^'^ times 
those at the maximum. The practical difference would not be great, 
because in the normal distribution, for instance, for x large and positive, 

.r 

and the exponential factor varies much more rapidly than x. The use 
of a standard value for the ordinate rather than P would give practically 
the same decisions in all such cases. Its choice, however, would rest 
on inductive evidence, which could be stated; there wDuld be no need 
for the apparently arbitrary choice of fixed limits for P, or for the 
paradox in the use of P at all. 

Some feeling for the ordinate seems to lie behind the remarks (see p. 
281) of Yule and Kendall and Fisher on the subject of suspiciously small 

and P very near 1. It is hard to understand these if P is taken as the 
sole criterion, but they become comprehensible at once if the ordinate is 
taken as the criterion; P very near 1 does correspond to a small ordinate. 

7.21. It should be said that several of the P integrals have a definite 
place in the present theory, in problems of pure estimation. For the 
normal law with a known standard error, or for those sampling problems 
that reduce to it, the total area of the tail represents the probability, 
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given the data, that the eetimated difference has the right sign — pro- 
vided that there is no question whether the difference is zero. (If some 
previous suggestion of a specific value of a parameter is to be considered 
at all, it must be disposed of by a significajice test before any question 
of estimating any other value arises. Then, strictly speaking, if the 
adjustable parameter is supported by the data the test gives its })osterior 
probability as a by-product.) Similarly, the t rule gives the complete 
posterior probability distribution of a quantity to be estimated from 
the data, provided again that there is no doubt initially about its 
relevance; and the integral gives the probability that it is more or less 
than some assigned value. The z rule also gives the probability distribu- 
tion of the scatter of a new set of observations or of means of observa- 
tions, given an existing set. These are all problems of pure estimation. 
But their use as significance tests covers a looseness of statement of 
what question is being asked. They give the correct answer if the 
question is: If there is nothing to require consideration of some special 
values of the parameter, what is the probability distribution of that 
parameter given the observations ? But the question that concerns us 
in significance tests is: If some special value has to be excluded before 
we can assert any other value, what is the best rule, on the data avail- 
able, for deciding whether to retain it or adopt a new one ? Tlie former 
is what I call a problem of estimation, the latter of significance. Some 
feeling of discomfort seems to attach itself to the assertion of the 
special value as rights since it may be slightly wrong but not sufiiciently 
to be revealed by a test on the data available; but no significance test 
asserts it as certainl}^ right. We are aiming at the best way of progress, 
not at the unattainable ideal of immediate certainty. What happens 
if the null hypothesis is retained after a significance test is that the 
maximum likelihood solution or a solution given by some other method 
of estimation is rejected. The question is, When we do this, do we 
expect thereby to get more or less correct inferences than if we followed 
the rule of keeping the estimation solution regardless of any question 
of significance? I maintain that the only possible answer is that we 
expect to get more. The difference as estimated is interpreted as random 
error and irrelevant to future observations. In the last resort, if this 
interpretation is rejected, there is no escape from the admission that 
a new parameter may be needed for every observation, and then all 
combination of observations is meaningless, and the only valid presenta- 
tion of data is a mere catalogue without any summaries at all. 

If any concession is to be made to the opinion that a new parameter 
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rejected by a significance test is probably not zero, it can be only that 
it is considerably less than the standard error given by the test; but 
there is no way of stating this sufficiently precisely to be of any use. 

The use of the P integral in significance tests, however, merely 
expresses a feeling that some standard is required. In itself it is falla- 
cious because it rejects a hypothesis on account of observations that 
have not occurred; its only justification is that it gives some sort of 
a standard which works reasonably well in practice, but there is not 
the slightest reason to suppose that it gives the best standard. Fisher 
writes,! speaking of the normal law: ‘The value for which P ~ ()‘05, or 
1 in 20, is 1-96 or nearly 2; it is convenient to take this point as a limit 
in judging whether a deviation is to be considered significant or not. 
deviations exceeding twice the standard error are thus formally re- 
garded as significant. Using this criterion we should be led to follow 
up a false indication only once in 22 trials, even if the statistics were 
the only guide available. Small effects will still escape notice if the data 
are insufficiently numerous to bring them out, but no lowering of tlie 
standard of significance would meet this difficulty . ’ Convenient is Fisher \s 
word; there is no claim that the criterion is the best. But the idea that 
the best limit can be drawn at some unique value of P has somehow 
crept into the literature, without apparently the slightest attempt at a 
justification or any ground for saying what the best value is. 

The distinction between problems of estimation and significance arises 
in biological applications, though I have naturally tended to speak 
mainly of physical ones. Suppose that a Mendelian finds in a breeding 
experiment 459 members of one type, 137 of the other. The expecta- 
tions on the basis of a 3: 1 ratio would be 447 and 149. The difference 
would be declared not significant by any test. But the attitude that 
refuses to attach any meaning to the statement that the simple rule 
is right must apparently say that if any pi-edictions are to be made 
from the observations the best that can be done is to make them on 
the basis of the ratio 459/137, with allowance for the uncertainty of 
sampling. 1 say that the best is to use the 3/1 rule, considering no un- 
certainty beyond the sampling errors of the new experiments. In fact 
the latter is what a geneticist would do. The observed result would be 
recorded and might possibly be reconsidered at a later stage if there was 
some question of differences of viability after many more observations 
had accumulated; but meanwhile it would be regarded as confirmation 
of the theoretical value. This is a problem of what I call significance. 

t Statistical Methods ^ p. 46. 



§ 7.2 FJiEQUENCY DEFINITIONS AND DIRECT METHODS 361 

li 

But what are called significance tests in agricultural experiments 
seem to me to be very largely problems of pure estimation. When a 
set of varieties of a plant are tested for productiveness, or when various 
treatments are tested, it does not appear to me that the question of 
presence or absence of differences comes into consideration at al). It is 
already known that varieties habitually differ and that treatments have 
different effects, and the problem is to decide which is the best; that 
is, to put the various members, as far as possible, in their correc^t order. 
The design of the experiment is such that the order of magnitude of tlie 
uncertainty of the result can be predicted from similar experiments in 
the past, and especially from uniformity trials, and has been chosen so 
that any difference's large enough to be interesting would be expected 
to be revealed on analysis. The experimenter has already a very good 
idea of how large a difference needs to be before it can be considered 
to bo of practical importance ; the design is made so that the uncertaint y 
will not mask such differences. But then the P integral found from the 
difference between the mean yields of two varieties gives correctly the 
probability on the data that the estimates are in the wrong order, which 
is what is required. Jf the probability that they are misplaced is under 
0*05 we may fairly trust the decision. It is hardly correct in such a case 
to say that previous information is not used; on the contrary, previous 
information relevant to the orders of magnitude to be compared has 
determined the whole design of the experiment. What is not used is 
previous information about the differences between the actual effects 
sought, usually for the very adequate reason that there is none; and 
about the error likely to arise in the particular experiment, which is 
only an order of magnitude and by the results found several times in 
this book can be treated as previous ignorance as soon as we have directly 
relevant information. If there are any genuine questions of significance 
in agricultural experiments it seems to me that they must concern only 
the higher interactions. 

7.22. A further problem that arises in the use of any test that simply 
rejects a hypothesis without at the same time considering possible 
alternatives is that admirably stated by the Cheshire Cat in the quota- 
tion at the head of Chapter V. Is it of the slightest use to reject a 
hypothesis until we have some idea of what to put in its place? If 
there is no clearly stated alternative, and the null hypothesis is rejected, 
we are simply left without any rule at all, whereas the null hypothesis, 
though not satisfactory, may at any rate show some sort of corre- 
spondence with the facts. It may for instance represent 90 per cent, of 
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the variation and to that extent may be of considerable use in predic- 
tion, even though the remaining 10 per cent, may be larger than we 
should expect if it was strictly true. Consider, for instance, the history 
of the law of gravitation. Newton first derived it from Kepler’s laws 
and a comparison of the accelerations of the moon and of a body falling 
freely at the earth’s surface. Extending it to take account of the mutual 
attractions of the planets and of the perturbations of the moon by 
the sun, he got the periods and orders of magnitude of the principal 
I)erturbations. But he did not explain the long inequality of Jupiter 
and Saturn, with a period of 880 years, which gives displacements in 
longitude of 1196" and 2908" of arc for the two planets, f and was only 
explained by Laplace a century later. The theory of the moon has been 
taken only in the present century, by E. W. Brown, to a stage where the 
outstanding errors can be said to be within the errors of observation ; 
and even now the theory involves the empirical secular acceleration 
of the mean motion, attributable to tidal friction, a periodic empirical 
term with an amplitude of 10*7" and a period of seventy years, and some 
curious short-period fluctuations that are not satisfactorily explained. 
In fact agreement with Newton’s law was not given by the data used 
to establish it, because these data included the main inequalities of the 
moon; it was not given during his lifetime, because the data included 
the long inequality of Jupiter and Saturn; and when Einstein’s modi- 
fication was adopted the agreement of observation with Newton’s law 
was 300 times as good as Nev ton ever knew. Even the latter appears 
at present as powerless as Newton’s to explain the long empirical term 
in the moon’s longitude and the secular motion of the node of Venus. 
There has not been a single date in the history of the law of gravitation 
when a modern significance test would not have rejected all laws and 
left us with no law. Nevertheless the law did lead to improvement for 
centuries, and it was only when an alternative was sufficiently precisely 
stated to make verifiable predictions that Newton’s law could be 
dropped — except of course in the cases where it is still a valid approxi- 
mation to Einstein’s, which happen to be most of the cases. The test 
required, in fact, is not whether the null hypothesis is altogether satis- 
factory, but whether any suggested alternative is likely to give an im- 
provement in representing future data. If the null hypothesis is not 
altogether satisfactory we can still point to the apparent discrepancies 
as possibly needing further attention, and attention to their amount 

f I am indebted for the values to Mr. D. H. Sadler; they are from G. W. Hill, Astro- 
nomical Papers of the American Ephemeris, vols. iv and vii. 
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gives an indication of the general magnitude of the errors likely to arise 
if it is used; and that is the best we can do. 

7 . 23 . The original use of involves a further difficulty, which could 
occur also in using Fisher’s z, which is the extension of take 

account of the uncertainty of the standard error. If we have a set of 
frequencies, of which could be altered without producing an 

inconsistency with the marginal totals of a contingency table, their 
variations could be interpreted as due to n—rn possible new functions 
in a law of chance, which would then give = 0; or they could be due 
to a failure of independence, a tendency of observations to occur in 
bunches increasing systematically without there necessarily being 
any departure from proportionality in the chances. We have seen the 
importance of this in relation to the annual periodicity of earthquakes. 
SiiUilarly, when the data are measures they can be divided into groups 
and means taken for the groups. The variation of the group means 
can be compared with the variations in the groups to give a value of z. 
But this would be increased either by a new function affecting the 
measures or by a failure of independence of the errors, which need not 
be expressible by a definite function. The simple use of x^ ^ 

would not distinguish between these; each new function or a failure of 
independence would give an increase, which might lead to the rejection 
of the null hypothesis, but we shall still have nothing to put in its place 
until we have tested the various alternatives. What is perhaps even 
more serious is that with a large number of groups the random variation 
of x^ on the null hypothesis is considerable, and a systematic variation 
that would be detected at once if tested directly may pass as random 
through being mixed up with the random error due simply to the arbi- 
trary method of grouping (cf. 2.76, p. 91). Fisher of course has attended 
to this point very fully, though some of his enthusiastic admirers seem 
to have still overlooked it. Both with x^ ^ desirable to separate 
the possible variation into parts when the magnitude of one gives little 
or no information about what is to be expected of another, and to 
test each part separately. The additive property of x^ makes it easily 
adaptable for this purpose. Each component of variation makes its 
separate contribution to x^y separates into factors, 

so that the contributions are mutually irrelevant. It is for this 
reason that x^ have appeared explicitly in my tests where 

several new parameters are associated. The x^ com- 

plete x^y but the contribution for the possible component variations 
directly under consideration. Whether the random variation is more 



:m FREQUENCY DEFINITIONS AND DIRECT METHODS Cliap. Vll 

or less tlian its expectation (so long as it is random) is irrelevant to 
the test. 

7.3. The treatment of expectations is another j^eculiar feature of 
Pearson’s work. The choice of a set of functions of the observations, 
and equating them to the expectations given the law under considera- 
tion, is often a convenient way of estimating the parameters. Pearson 
used it habitually in the method of moments and in other work. It is 
not necessarily the best method, but it is liable to be the easiest. But 
it is often very hard to follow in Pearson’s presentations and in those 
of some of his followers. It is indeed very difficult on occasion to say 
whether in a particular passage Pearson is speaking of a function of the 
observations or the expectation that it may be an estimate of. When })e 
speaks of a ‘mean’ he sometimes intends the mean of the observations, 
sometimes the expectation of one observation given the law, and the 
complications become greater for higher moments. The transition from 
the function of the observations to the corresponding expectation in- 
volves a change of data, wliich is passed over without mention even when 
the use of inverse probability may be recommended a few pages later. 

7.4. The general agreement between Professor R. A. Fisher and myself 
has been indicated already in many places. The apparent differences 
have been much exaggerated owing to a rather unfortunate discussion 
some years ago, which was full of misunderstandings on both sides. 
Fisher thought that a prior probability based on ignorance was meant 
to be a statement of a known frequency, whereas it was meant merely 
to be a formal way of stating that ignorance, and I had been insisting 
for several years that no probability is simply a frequency. I thought 
that he was attacking the ‘Student' rule, of which my result for the 
general least squares problem was an extension; at the time, to my 
regret, I had not read ‘Student’s’ papers and it was not till considerably 
later that I saw the intimate relation between his methods and mine. 
This discussion no longer, in my opinion, needs any attention. My main 
disagreement with Fisher concerns the hypothetical infinite population, 
which is a superfluous postulate since it does not avoid the need to 
estimate the chance in some other way, and the properties of chance 
have still to be assumed since there is no way of proving them. Another 
is that, as in the fiducial argument, an inadequate notation enables him, 
like ‘Student’, to pass over a number of really difficult steps without 
stating what hypotheses are involved in them. The third is the use of 
the P integral, but Fisher’s alertness for possible dangers is so great 
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that he has anticipated all the chief ones. I have in fact been struck 
repeatedly in my own work, after being led on general principles to a 
solution of a problem, to find that Fisher had already grasped the 
essentials by some brilliant piece of common sense, and that his results 
would be either identical with mine or would differ only in cases where 
we should both be very doubtful. Asa matter of fact 1 have applied my 
significance tests to numerous applications that have also been worked 
out by Fisher’s, and have not yet found a disagreement in the actual 
decisions reached. The advantage of my treatment, I should say, is 
that it shows the relation of these methods among themselves, and to 
general principles concerning the possibility of inference, whereas in 
Fisher’s they apparently involve independent postulates. In relation 
to some special points, my methods would say rather more for Fisher’s 
than he has himself claimed. Thus he claims lor maximum likelihood 
only that it gives a systematic error of order less than in the 
ordinary cases where the standard error is itself of order Inverse 

probability makes the systematic error of order He shows also by 
a limiting argument that statistics given by the likelihood lead to' esti- 
mates of the population parameters at least as accurate as those given 
by any other statistics, when the number of observations is large. In- 
verse probability gives the result immediately without restriction on the 
number of observations. The fiducial argument really involves hypo- 
theses equivalent to the use of inverse probability, but the introduction 
of maximum likelihood appears in most cases to be an independent 
postulate in Fisher’s treatment. In mine it is a simple consequence of 
general principles. The trouble about taking maximum likelihood as a 
primitive postulate, how^ever, is that it would make significance tests 
impossible, just as the uniform prior probability would. The maximum 
likelihood solution would always be accepted and therefore the simple 
law rejected. In actual application, however, Fisher uses a significance 
test based on P and avoids the need to reject the simple law whether 
it is true or not; thus he gets common-sense results though at the cost 
of some sacrifice of consistency. The point may be illustrated by a 
remark of W. G. Emmettf to the effect that if an estimated difference 
t is less than the adopted limit, it affords no ground for supposing the 
true difference to be 0 rather than 2t. If we adopted maximum likelihood 
or the uniform prior probability in general there would be no escape 
from Emmett’s conclusion; but no practical statistician would accept 
it. Any significance test whatever involves the recognition that there is 
t B. J. Psych, 26 , 1936, 362-87. 
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something special about the value 0, implying that the simple law may 
possibly be true; and this contradicts the principle that the maximum 
likelihood estimate, or any unbiased estimate, is always the best. 

Fisher has already introduced the useful word ‘fiduciaF for limits, in 
estimation problems, such that there may be on the data a specified 
probability that the true value lies between them. But it seems to be 
supposed that 'fiducial’ and 'significant’ mean the same thing, which 
is not the case. 

He has often argued for making a decision rest on the observations 
immediately under consideration and not on any previous evidence. 
This appears to contradict the view that I have developed, that the 
best inference must rest on the whole of the relevant evidence if we are 
to be consistent. The difference is not so great as it appears at first 
sight, however. I find that vaguely recorded evidence is just as well 
ignored, and precisely recorded evidence may require a significance 
test to establish its relevance. He also avoids the tendency of the 
human mind to remember what it wants to believe and forget the rest, 
unless it is written down at the time. With such exceptions as these, 
with respect to which we should concur, Fisher seems to be as willing 
in practice to combine data as I am. In fact, in spite of his occasional 
denunciations of inverse probability I think that he has succeeded 
better in making use of what it really says than many of its professed 
users have. 

7.5. E. S. Pearson and J. Neyman have given an extended analysis of 
significance tests. In any test, if we are to have a rule for detecting the 
falsehood of a law, we must expect to make a certain number of mistakes 
owing to occasional large random errors. If we habitually use a 5 per 
cent. P limit, the null hypothesis will in the ordinary course of events 
be rejected in about 5 per cent, of the cases where it is true. As it will 
often be false, if we choose stich a limit the number of such mistakes 
will be less than 5 per cent, of the whole number of cases. It is in this 
sense that Fisher speaks of 'exact tests of significance’. Pearson and 
Neyman, however, go further. This type of mistake is called an error 
of the first kind. But it is also possible that a new parameter may be 
required and that, owing either to its smallness or to the random error 
having the opposite sign, the estimate is within the range of acceptance 
of the null hypothesis; this they call an error of the second kind, that 
of accepting the null hypothesis when it is false. They have given 
extensive discussions of the chances of such errors of the second kind, 
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tabulating their risks for different possible values of the new parameter. f 
I do not think that they have stated the question correctly, however, 
though this attention to errors of the second kind bears some resem* 
blance to the principle that I have used here, that there is no point in 
rejecting the null hypothesis until there is something to put in its place. 
Their method gives a statement of the alternative. But in a practical 
case the alternative will either involve an adjustable parameter or will 
be as definitely stated as the null hypothesis. For instance, the laws 
of gravitation and light of Newton and Einstein involve the same 
number of adjustable parameters, the constant of gravitation and the 
velocity of light appearing in both. Now Pearson and Neyrnan proceed 
by working out the above risks for different values of the new para- 
meter, and call the result the power function of the test, the test itself 
being in terms of the P integral. But if the actual value is unknown 
the value of the j)ower function is also unknow ri; the total risk of errors 
of the second kind must be compounded of the power functions over the 
possible values, with regard to their risk of occurrence. On the other 
hand, if the alternative value is precisely stated i doubt whether any- 
body would use the P integral at all; if we must choose between two 
definitely stated alternatives we should naturally take the one that gives 
the larger likelihood, even though each may be within the range of accep- 
tance of the other. To lay down an order of test in terms of the integral 
in such a case would be very liable to lead to accepting the first value sug- 
gested even though the second may agree better w ith the observations. 

It may, however, be interesting to see what would happen if the new 
parameter is needed as often as not, and if the values when it is needed 
are uniformly distributed over the possible range. Then the frequencies 
in the world would be proportional to my assessment of the prior 
probability. Suppose, then, that the problem is, not knowing in any 
particular case whether the parameter is 0 or not, to identify the cases 
so as to have a minimum total number of mistakes of both kinds. 
Using the notation of 5.0, the chance of q being true and of a being in 
a range da is P(qda \H). That of q\ with a in a range dot, and of a 
being in the range da, is P{q' doida \H). If, then, we assign an a^, and 
assert q when \a\ < a^ and q' when |a| > a^, and sampling is random, 
the expectation of the total fraction of mistakes will bo 

00 Oe 

2 J P(qda\H)+2 j f P(q'dada I //), (1) 

ae 0 


t Univ. Coll. Lond., Stat. Res. Mems. 2, 1938, 25-67, aud earlier papers. 
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the second integral being over the range of a. Thus the second integral 

(le 

is 2 J P(q' da | H), Now if is chosen to make the total a minimum, 

0 

we must have for small variations about 

P(qda\H) = P(q'da\H). (2) 

But these are respectively equal to 

Pida I H)P(q I a, //) and P{da | rJ)P{q' \a^H); 
whence P(q\a^IJ)== P(q' \a^ll). (3) 

But this is the relation that defines the critical value. Hence, with world- 
frequencies in proportion to the prior probability used to express 
ignorance, the total number of mistakes will be made a minimum if the 
line is drawn at the critical value that makes A" — 1. 

Now T do not say that this proportionality holds; all tliat ] should 
say myself is that at the outset we should expect to make a minimum 
number of mistakes in this way, but that accumulation of information 
may lead to a revision of the prior probabilities for further use and the 
critical value may be correspondingly somewhat altered. But what- 
ever the frequency law may be, we notice that it is the values of a near 
a, and therefore, in the cases needing discussion, the small values, that 
contribute most of the second term in (1). Revision would therefore 
alter (3) in the ratio of the numbers of the cases of a 0 and of small 
values of a, and therefore K would be altered by a factor independent 
of the number of observations. We should therefore get the best result, 
with any distribution of a, by some form that makes the ratio of the 
critical value to the standard error increase with n. It appears then that 
whatever the distribution may be, the use of a fixed P limit cannot bo 
the one that will make the smallest number of mistakes. The absolute 
best is of course unknown since we do not know the distribution in 
question except so far as we can infer it from similar cases. 

7.51 . This procedure has some interest in relation to 'giving a theory 
every chance'. There are cases where there is no positive evidence for 
a new parameter, but important consequences might follow if it was not 
zero, and we must remember that > 1 does not prove that it is zero, 
but merely that it is more likely to be zero than not. Then it is worth 
while to examine the alternative q' further and see what limits can be 
set to the new parameter, and thence to the consequences of introducing 
it. This occurred in the discussion of the viscosity of the earth. The 
new parameter here would be the rate of distortion per unit stress when 
the stress is maintained indefinitely long; if it is zero the viscosity is 
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infinite and the strength is finite. There was no positive evidence that 
the parameter is not zero, but if it was the way might be open to large 
distortions under forces acting for a long enough time. It was therefore 
desirable to consider what limits could be assigned to the new para- 
meter from evidence actually available, and to see whether they would 
permit the amounts of distortion that were claimed. Here the use of 
deduction as an approximation would not permit the discussion of q at 
all, but on recognizing that it is only an approximation we are free to 
continue to consider q' and fix limits to its consequences. It was actually 
found! fhe largest admissible value of the new parameter, that is, 
the smallest possible viscosity, led to insufficient distortion under any 
force suggested. This is a case where a hypothesis, that of ultimate 
indefinitely large distortion, is disposed of not only by the lack of posi- 
tive evidence for the new parameter needed to make it possible at all, 
but also by the fact that even on choosing the new parameter to be as 
favourable as possible to it, consistently with other evidence, the result 
is still contradicted. 

7.6. The analysis of this chapter is relevant to the standard presenta- 
tions of statistical mechanics, those of Boltzmann and Gibbs. The 
original derivation of the distribution of velocities, that of Maxwell, 
proceeded by supposing, first, that the probability of a given resultant 
velocit}^ is a function of that velocity alone; secondly, that those for the 
three (^omponents separately are independent. From these hypotheses 
Maxwell’s law follows. Boltzmann attempted to go more into detail by 
considering the probable effects of collisions, and appeared to show 
that a function H, representing the departure from a Maxwellian state, 
would diminish. An objection to Maxwell’s treatment was that he 
assumed independence of the components. But he claimed only to 
consider the steady state, where this might possibly hold. Boltzmann, 
however, considered departures from the steady state, and assumed 
irrelevance between the positions and velocities of neighbouring mole- 
cules. This is plainly illegitimate if the density is not uniform or if the 
velocity varies systematically between regions. The presence of one 
molecule in a region affords ground for supposing that the region is one 
of high density and therefore gives an excess probability that there will 
be another near to it. A velocity of a molecule implies an excess proba- 
bility that a neighbour has one in a similar direction; in each case sup- 
posing that any original departures from homogeneity have not had 
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t Jeffreys, The Earth, 1929, pp. 304-5. 
B b 
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time to be smoothed out. Thus Boltzmann’s treatment is definitely 
worse than Maxwells, in spite of its greater complexity. Maxwell 
applied the hypothesis of independence only to the case where it might 
be true; Boltzmann applied it to cases where it quite certainly contra- 
dicts the premisses. His argument affords no ground whatever for sup- 
posing that a system will approach a Maxwellian state, because it is 
only when the final state has been reached that the hypotheses can pos- 
sibly bo right. This criticism of the Boltzmann method would be appre- 
ciated by any statistician that understands a correlation coefficient. 

In the treatment of Gibbs no attempt is made to treat the individual 
system; instead, an ensemble of an infinite number is set up and con- 
clusions are drawn as averages over the ensemble. But there is no 
guarantee at all that an average has any relevance to a single system. 
It might, for instance, be merely the mean of two peaks and itself 
correspond to no individual case at all. What is done is to consider the 
state of a system by regarding the n coordinates and n momenta as 
plotted in space of 2n dimensions. Then the values at any instant 
determine the rates of change, by the equations of dynamics, and we 
can consider how the volume of a small region (corresponding to a range 
of different systems) w ill vary if each point in it moves at the rate so 
specified. Liouville’s theorem shows that it will not vary. By some 
process that is recognized as obscure this is made to lead to the con- 
clusion that the density in this phase space is uniform. Thus Jeans! 
appeals to experiment to say that if a property is found to hold in 
general for systems that have been left to themselves for a long time, 
that must mean either that the representative points crowd into the 
regions where that property holds, which is forbidden by Liouville’s 
theorem; or that the property is true for the whole of the space, and 
therefore, apparently, the distribution of density does not matter and 
may as w^ell be taken uniform. But there is no theoretical reason to 
show that there should be any such properties. Fowler J gives a similar 
argument, including the statement ‘that such a W really exists is largely 
a pious hope’. What can be done by these methods is at the most to 
obtain relations between properties, assuming that such relations exist; 
they give no explanation of why they should exist. This can be done 
only by considering the individual system and showing that certain 
properties would be expected to hold for any individual system. Any 
sort of averaging is definitely dangerous. 

The fundamental fact appears to be that we do not in general know 

■f Dynamical Theory of QaaeSf 1921, p. 73. X Statistical Mechanics^ 1929, p. 12. 
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the initial state of the system sufficiently accurately to predict even one 
collision. Though the equations of classical mechanics would ordinarily 
lead to a unique solution if the initial state w^as knowm exactly, and we 
had enough time for the computation, a trifling uncertainty in the 
velocity of one molecule would affect the identity of the first struck by 
it, and this would lead to differences afterwards that would ultimately 
affect the entire system. It is this uncertainty that requires the intro- 
duction of probability at all. For a system with exactly known initial 
conditions there would be a unique trajectory in phase space (classical 
mechanics of course being assumed). But for the actual system we have 
a set of possible trajectories with different probabilities forming a con- 
tinuous sot. On account of the collisions, even if these differ only 
slightly originally, they will quickly become widely scattered. Tlie 
essential point is not so much that the volume of an element in the 
phase space remains the same as that its shape is distorted continuously 
between every pair of collisions, and it is broken up and displaced bodily 
at every collision. The result is that if we fix attention on a given 
element of the phase space, the chance that the system will be within 
it after a long time is made up of components from the probabilities of 
all the possible initial states. The tendenc}" of this averaging is to make 
the probability density after a long time uniform, subject to the condi- 
tion that the only admissible states are those with the same invariant 
properties as the original state — such as energy, for all conservative 
systems, and linear and angular momentum, for free systems. The 
density in phase space thus acquires a definite meaning as a true proba- 
bility, arising ultimately from the fact that we do not know the initial 
state accurately. It leads to inferences about, for instance, the proba- 
bility that there will be a given fraction of the momenta in one direction 
between stated limits, and hence to definite predictions about statistical 
properties such as pressure and density for every individual system. 
Thus the theory does give what is wanted, a prediction about the ulti- 
mate state of the individual system and made w ith practical certainty.! 
It is in no other sense that the relations found can be considered as 
physical laws or the quantities in them as physical magnitudes. 

The general principles of this kind of averaging are known as ergodic 
theory and have been extensively studied, especially by French and 
Russian authors. J 

t Proc, Roy. Soc. A, 160 , 1937. 337-47. 

j Cf. M. Frechet, Borel’s Traite du calcul des prohabiliUs, t. 1, fasc. 3, 1938; H. and 
B. S. Jeffreys, Methods of Mathematical Physics, 1946, 148-52. 
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'But you soe, 1 can believe a thing without understanding it. It ’s all a matter 

of training.’ Dorothy L. Sayers, Have His Carcase. 

8.0. Most of the present books on statistics, and of the longer papers 
in journals, include a careful disclaimer that the authors propose to 
use inverse probability, and emphasize its lack of logical foundation, 
which is supposed to have been repeatedly pointed out. In fact the 
continued mention of a principle that everybody is completely con- 
vinced is nonsense recalls the saying of the Queen in Ha7nlet : 'The lady 
doth protest too much, methinks.’ Unfortunately some people that 
have examined the question have not been so convinced, and they 
include such first-rate logicians as W. E. Johnson, C. D. Broad, and 
F. P. Ramsey. The objectors, however, mostly seem to understand by 
the principle something so nonsensical that it hardly seems worth 
attention, namely that the prior probability is intended to be a known 
frequency. This statement has been repeated by Kendallf since the 
first edition of this book. The essence of the present theory is that no 
probability, direct, prior, or posterior, is simply a frequency. The funda- 
mental idea is that of a reasonable degree of belief, which satisfies ceftain 
rules of consistency and can in consequence of these rules bo formally 
expressed by numbers by means of the addition rule, which in itself is 
a convention. In many cases the numerical assessment is the same as 
that of a corresponding frequency, but that does not say that the proba- 
bility and the frequency are the same thing even in these cases. The 
fact that physicists describe an atmospheric pressure as 759 millimetres 
does not make a pressure into a length (and meteorologists now give 
the pressure in terms of the millibar, which really is a unit of pressure). 
A number of choices of units so that certain constants of proportionality 
would have measure unity, and then the identification of the constants 
with the number unity, led to the amazing conclusion that the ratio 
of the electrostatic and electromagnetic units of charge, which are 
quantities of the same kind, is the velocity of light; and instead of seeing 
that this was a reductio ad absurdum several generations of physicists 
tried to justify it. There are signs now that the fact is appreciated. 
The equations of heat conduction and diffusion have the same form, but 
that does not make heat a vapour. The notion of a reasonable degree 

t The Advanced Theory of Statistics, 1, 178. 
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of belief must be brought in before we can speak of a probability; and 
even those writers that do not mention it at the beginning have to use 
it at the end before any application can be made of the results — or else 
avoid the question by allowing the person advised to supply it himself, 
which he does in practice without the slightest difficulty. Even if the 
prior probability is based on a known frequency, as it is in some cases, 
reasonable degree of belief is needed before any use can be made of it. 
It is not identical with the frequency. 

The kind of case where a prior probability may be based on a known 
frequency is the following. Suppose (a) we deliberately make up 10,001 
classes of 10,000 balls each, such that one contains 10,000 white ones, 
the next 9,999 white and 1 black, and so on. We select one of these at 
random and extract a sample of 30, 20 of which are found to be white 
and 10 black. By the condition of randomness the chance of selecting 
any class for sampling is the same, and the prior probability for its 
composition follows Laplace’s rule. We infer that in the class sampled 
about I are probably white and the rest black, the probabilities for 
other ratios being distributed according to a definite rule. But suppose 
(6) that classes of 10,000 w ere chosen at random from a class of number 
10^®, about the composition of which we had no previous information, 
and that we again sampled one of them and found 20 white and 10 black 
balls. Again the prior probability follows Laplace's rule, but for a 
different reason. The posterior probabilities for the class sampled are 
the same in both cases. Case (6) is the one that usually concerns us, 
but the analysis is quite capable of dealing with (a), in wliich the prior 
probability is based on a known frequency. It may be pointed out that 
if we take a sample from a second class there will be a considerable 
difference in the results in the two cases. For in (a) the probability 
that the composition will have any particular value is almost what it 
was before; the only difference is that since one class, whose ratio was 
probably near 2:1, has been excluded, the probability that the second 
class will yield a sample with a composition in this neighbourhood is 
a shade less than it was before. But in case (6) the first sample is 
effectively a sample from the whole 10'®, and its composition therefore 
implies a high probability that the 2:1 ratio holds approximately in 
this, and therefore in the next 10,000, which are another sample from 
it. Thus in case (b) the composition of the first sample gives a consider- 
able increase in the probability that the second will show a ratio near 
2:1; in case (a) it slightly diminishes it. 

Case (b) is more like what we actually meet; (a) is highl}^ artificial. 
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But the fact that the inference from the first sample about the particular 
class sampled would be the same in both cases has been found surprising 
by some writers, and it seems worth while to point out that the infer- 
ences drawn about another class or a sample from one would be very 
different. In both cases the notion of reasonable degree of belief is 
involved through the notion of randomness. 

It is often said that some frequency definition is implicit in the work 
of Bernoulli, and even of Bayes and Lajjlace. This seems out of the 
question. Bayes constructed the elaborate argument in terms of ex- 
pectation of benefit to derive the product rule, which he could have 
written down in one line by elementary algebra if he was using the De 
Moivre definition. The limit definition was not stated till eighty years 
later, by Leslie Elhst and Cournot, J and there is no mention of a limit 
in this part of Bayes’s paper. Did Bayes go to this trouble to prove 
what was already obvious? Again, what can be the point of Laplace’s 
‘equally possible’ on any frequency definition? He does not mention 
a limit, which first appeared in the literature after his writings also. 
Surely Laplace’s statement is meant to specify what cases he proposed 
to discuss; ‘equally possible’ is not meant to be true of all possible cases, 
otherwise why mention it ? And if it is not always true the De Moivre 
definition is rejected. In his application to sampling Laplace does take 
the possible numbers in the population as equally possible; but this 
does not say that he was supposing a world population of classes with 
the proportions known to be uniformly distributed. I suggest indeed 
that the author of the Mecanique Celeste was much too great a man to 
have thought anything so ridiculous. His own statement, in the 
Introduction, is ‘La theorie des probabilites n est que le bon sens 
reduit au calcul’. His problem was simply, using the sample, to find 
out from it what he could about a population of otherwise unknown 
composition; and he said that the composition was otherwise unknown 
by taking the alternatives equally possible, or, as we should now say, 
equally probable. Similarly, Bayes gave an explicit warning again and 
again that the uniform assessment is to be used only when there is no 
information whatever about the composition of the population sampled. 
With such care about this point it seems remarkable that he should have 
omitted to say that the population was drawn from a super-population 
of known composition if he meant it. Such a hypothesis must be re- 
jected on the internal evidence in Bayes’s paper by any significance 

t Camb. Phil. Traaa. 8, 1843, 1-6. 

t Exposition de la thiorie des chances et des probabilitea^ Paris, 1843. 
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test. Similarly, it has been supposed that a limit definition is implicit in 
Bernoulli’s theorem. But, even if the value of the limit was taken for 
granted, the ratio in a finite sample, however large, could mathematically 
still be anything from 0 to 1; the theorem would be mathematically 
meaningless. The ratio in a finite sample, again, has been taken as the 
definition of the probability, and it has been suggestixl that Bernoulli 
himself intended this to be done. Then did he construct a long and 
difficult mathematical argument, f showing that this ratio would be 
near the probability in the conditions considered if he was going to 
take it as a definition at the end? And why did he call his book Ars 
Conjeciandil I maintain that the work of the pioneers shows quite 
clearly that they were concerned with the construction of a consistent 
theory of reasonable degrees of belief, and in the cases of Bayes 
and Laplace with the foundations of common sense or inductive 
inference. 

In a fairly extensive search I have not succeeded in tracing the origin 
of the belief that the prior probability is supposed to be derived from 
a known frequency. So far as I have found, Karl Pearson is the only 
person to have both believed anything like it and advocated the use of 
inverse probability. In several places he appeals to previous instances 
to justify the uniform assessment, which is consistent with the prior 
probability being, not a known frequency, but a degree of confidence 
based inductively on a previously observed frequency. This is entirely 
valid in terms of the present theory, and does not require a frequency 
definition. But also he sometimes says that without such previous 
instances the uniform assessment cannot be used, nor can any other. 
This, however, would make it impossible for the theory ever to find its 
first application. In this respect Pearson’s statement is unsatisfactory, 
though I do not believe that even in its actual form it identifies an 
inferred frequency with a known one. It is, however, very difficult to 
understand Pearson on the point, because the development of the nature 
of scientific inquiry in the Grammar of Science often appears to be 
inconsistent with his statements in statistical papers, and in spite of his 
great achievements in introducing clarity in the Grammar he himself 
does not appear to have been influenced by them so much as might have 
been expected. With the doubtful exception of Pearson, however, the 
identification of the prior probability with a known frequency, or the 
statement that it must rest on one, is, so far as I have been able to 

t He did not use Stirling’s theorem, and his argument is much more difficult than 
would now be used. 
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trace, to be found only in the writings of opponents. 1 hope that this 
clears me from the heinous charge of originality. 


8.1 . The few critics of my treatment that have not proceeded by attri- 
buting to me views that I have explicitly rejected usually say that the 
prior probability is ‘subjective’ or ‘mystical’ and therefore meaningless, t 
or refer to the vagueness of previous knowledge as an indication that 
t he prior probability cannot be uniquely assessed. On the former point, 
1 should query whether any meaning can be attached to ‘objective’ 
without a previous analysis of the process oi finding out what is objective. 
If it is done from experience it must begin with sensations, which are 
peculiar to the individual, and must give an account of how it is possible 
to proceed from the scattered sensations of an individual, including the 
reports of their sensations made to him by other individuals, to some 
set of statements that can form a possible basis of agreement for many. 
We must and do begin with the individual, and we never get rid of 
him, because every new ‘objective’ statement must be made by some 
individual and appreciated by other individuals. On the other hand, if 
we do not find out by experience what is objective we can do it only 
by imagination. One hesitates to say that critics believe that nothing 
but imagination is objective. 

What the present theory does is to resolve the problem by making 
a sharp distinction between general principles, which are as impersonal 
as those of deductive logic, and are deliberately designed to say by 
themselves nothing whatever about what experience is possible, and, 
on the other hand, propositions that do concern experience and are in 
the first place always merely considered among possible alternatives. 
The latter are possible scientific laws; the former give rules for deciding 
between them by means of experience and for drawing further inferences 
from them. The empirical proposition is always in the first place the 
result of imagination. It becomes a law or an objective statement when 
the general rules have compared it with experience and attached a 
high probability to it as a result of that comparison. That is the only 

t The meaning of ‘ metaphysics ’ and ‘ mysticism ’ seems to change with time. Compare 
the following, from J. L. Lagrange, 1760. I am indebted to Dr. F. Smithies for the 
reference : 

‘For the rest, I do not deny that it is possible, by the consideration of limiting processes 
from a particular point of view, to prove rigorously the principles of the differential 
calculus, but the kind of metaphysics which it is necessary to use in doing so is, if not 
contrary, at least foreign to the spirit of analysis. 

‘ In methods which use the infinitely little, the calculation corrects the false hypotheses 
automatically. . . . The error is destroyed by a second error. . . . On the other hand, 
Newton’s method is completely rigorous.’ 
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scientifically useful meaning of ‘objectivity’. If statements about 
possible results of experience were included in the general principles they 
would lead to illegitimate a priori assertions about experience, and these 
might easily be wrong and could be disposed of, as for the first frequency 
definition, only by introducing contradictions. 

It is argued that because P(p | q) depends on both p and q it cannot 
be an objective statement, since different persons with different know- 
ledge would assess different probabilities of p. This is a confusion, p has 
no probability whatever of itself, any more than x~\-y has any particular 
value for given x if we do not know y. The probability of a proposition 
irrespective of the data has no meaning and is simply an unattainable 
ideal. On the other hand, two people both following the rules would 
arrive at the same value of P(p | q). It is a fact that the probabilities 
of a proposition with respect to different data will in general differ, 
and people with different data will make different assessments. But 
this is no contradiction, but merely the recognition of an obvious fact. 
They will arrive at consistent assessments if they tell each other their 
data and follow the rules. We can know no absolute best — that would 
require us to have all possible knowledge. But we can give a unique 
and practically applicable meaning to ‘the best so far as we can tell 
on our existing data’, and that is what the theory does. 

One difficulty that has possibly led to more trouble than has received 
explicit mention is the treatment of vague and half-forgotten empirical 
information. This seems to be understood in such expressions as ‘un- 
certainty of the previous knowledge’. We have several times been led 
to discuss such information, and the result has always been the same: 
information inadequately recorded can be treated only as a suggestion 
of possible alternatives, and the prior piobability used to express 
previous ignorance should still be used. The fault is not in the theory 
but in an imperfection of the human mind that the theory makes it 
possible to correct. The difference between the results of different 
assessments of the prior probability in the same problem is much less 
than the differences between those found by different statisticians that 
agree about little except that the prior probability must be rejected. 

A prior probability used to express ignorance is merely the formal 
statement of that ignorance. It says ‘I do not know’ and leaves the 
posterior probability, if the observations are of any use for the purpose, 
to say ‘You know now’. The statements ‘I do not know x' and ‘I do 
not know the probability of x' still continue to be confused. The 
latter is ‘I do not know whether I have any information about x or not’, 
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which differs from the former as much as differs from one having 
been derived from x by one operation of squaring and the other by two. 
I should gravely doubt whether anybody approaching a set of data in 
the latter state of mind could possibly do anything useful with them. 
To speak of ‘an unknown prior probability’ involves either this con- 
fusion or the identification of the prior probability with a world- 
frequency, and no coherent theory can be made until we are rid of both. 

The confusion may arise partly from the fact that probability state- 
ments are sentences in the indicative mood. Thus the question ‘Is 
Mr. Smith at home?’ can be expressed by three sentences in the indi- 
cative mood: 

I do not know whether Mr. Smith is at home. 

I want to know whether Mr. Smith is at home. 

1 believe that you know whether Mr. Smith is at home. 

These three sentences contain the whole content of the question, and 
the difference from ‘Mr. Smith is at home’ is expressed by a transposi- 
tion of subject and verb and, in print, a symbol called a question- 
mark. The situation implied in these three statements is so common 
that a special symbolism has been introduced into language to express 
it. The prior probability statement is the first. The second is, in a 
scientific problem, indicated sufficiently by our willingness to under- 
take the work of finding the answer; it is a statement of a wish and is 
not a probabihty statement. The third is a probability statement of 
higher order; and all this is done in speech by a transposition. Yet 
people continue to question whether degrees of knowledge can be 
expressed in symbols. What the prior probability does, in fact, is to 
state clearly what question is being asked, more clearly than ordinary 
language is capable of doing. And I suggest that this is no mean 
achievement. Many will support me when I say that 90 per cent, of 
the thought in a scientific investigation goes in the preliminary framing 
of the question; once it is clearly stated, the method of answering it is 
usually obvious, laborious perhaps, but straightforward. Consider, for 
instance, the work of G. I. Taylor and H. Quinney on. the plasticity 
of copper,! to decide whether the difference between the largest and 
smallest principal stresses at a point, or the Mises function, which is a 
symmetrical function of the three principal stresses, afforded the correct 
criterion for the start of fiow. It was known that different specimens of 
the material differed more than the difference between the criteria 


t Phil. Trans. A, 230, 1932, 323-62. 
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would be. Hence to answer the question it was necessary to eliminate 
this variation by working on the same specimen throughout. But then 
something that would differ according to the criterion had still to be 
found. They showed that if tension P and shear stress Q were applied 
simultaneously, the former directly, the latter by torsion, the Mises 
criterion would give flow at a constant value of the stress^ 

difference at a constant value of Here at last was an answer- 

able question clearly stated. The suggested experiment needed care 
and skill, but not much more; the brilliance was in asking the right 
question. It would be easy to give a long list of papers that cannot 
answer the question that they claim to answer, simply because in- 
sufficient attention has been given to whether the data are suited to 
decide between the possible alternatives. 

Part of the objection to probability as a primitive notion is con- 
nected with the belief that everything is vague until it is defined in 
words. Such a belief omits to recognize that some things are perfectly 
intelligible before any definition is available. To try to define such 
things can result only in defining them in terms of something less 
immediately intelligible and failing to give account of established laws. 
For instance, observed colours are found to be associated with different 
measured wave-lengths. This led to the idea that colour should be 
defined in terms of the wave-length and the sensory impression rejected. 
This was vigorously advocated; but had it been acted upon nobody 
would have been able to say that a thing was red until he had actually 
set up a spectroscope and measured the wave-length of the radiation 
coming from it. Not even the persons with the facilities for doing it 
would act on the principle. What the recommendation does is to reject 
an important means of investigation, and the empirical relation 
between colour and wave-length. The behaviourist psychologists reject 
consciousness and thought except so far as they can define them in 
terms of certain minute movements in the throat that go on when the 
person says he is thinking. Consequently, in their system, there are two 
alternatives. (1) A man has no way of knowing whether or what he is 
thinking except by observing these movements. Many people manage 
very well without it. (2) He may admit his own consciousness but 
reject other people’s. That is solipsism, and no two solipsists can 
understand each other and agree. Eddington, finding the fundamental 
laws of physics symmetrical with regard to past and future, searches 
for something that does vary in one direction with time and finds 
entropy; and therefore defines the order of increasing time as that of 
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increasing entropy. Consequently he could not know that he wrote the 
Relativity Theory of Protons and Electrons after he discovered the 
mass-luminosity relation except by measuring the entropy of the 
universe on the two occasions. It all seems very difficult. Bertrand 
Russell, who cannot be accused of shirking the logical consequences of 
his postulates, or of refusing to change the postulates when the conse- 
quences are intolerable, has arrived at the conclusion;! "Things are 
those series of aspects which obey the laws of physics. That such series 
exist is an empirical fact, which constitutes the verifiability of physics.’ 
Much of what passes for modern theoretical physics consists in the 
application of the first sentence while forgetting the second. To be a 
practical definition it must refer to the laws already known, not to the 
aggregate of all laws. In the former sense it is a possible rule for 
progress; in the latter it is a mere counsel of perfection. But in the 
former sense the fact that series have been found to fit the laws is 
equivalent to saying that laws have been found to fit the aspects. 
Russell, be it noted, does not define an aspect, but merely gives a rule 
about what aspects are to be grouped in a series to constitute a thing; 
and the second sentence recognizes that a possible law must be rejected 
if no series of aspects can be found that conform to it. 

Definitions add clarity when something new is defined in terms of 
something already understood; but to define anything already recogniz- 
able is merely to throw valuable information into the wastepaper 
basket. All that can be done is to point to instances where the pheno- 
menon in question arises, in order to enable the reader to recognize 
what is being talked about by comparison with his own mental processes 
and sensations. 

W. E. Johnson! puts the point even more strongly. He remarks that 
some things are ‘so generally and universally understood that it would 
be mere intellectual dishonesty to ask for a definition’. 

8.2. We can never, formally, rule out the possibility that some new 
explanation may be suggested of any set of experimental facts. But we 
have seen that in many cases this does not matter, by 1.6. Once a law 
has attained a high probability it can be used for inference irrespective 
of its explanation. If an explanation also accounts for several other 
laws, so much the better; there is more for any alternative to explain 
before it can be said to be as satisfactory as the existing one. The 
question of an alternative becomes effective only when (1) it accounts 

t Our Knowledge of the External World, 1914, p. 110. J Logic, 1 , 106. 
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for most or all of the evidence explained by the first, (2) it suggests a 
specific phenomenon that would differ according to which is right. 
The decision can then be made in accordance with our principles. This 
is the answer returned by the theory of probability to the logical 
difficulty of the Undistributed Middle, or the neglect of an unforeseen 
alternative. The use for inference is valid so long as it involves only 
the use of laws that have already been established inductively, because 
the laws are in a stronger position than any explanation could possibly 
be. When an explanation is used and applied to predict laws, these 
require test; but now the possible alternative explanations are severely 
limited by the fact that they must agree with the laws already known. 
Jncidentally, this meets a possible difficulty with the rule that all 
suggestions have the same prior probability, no matter who makes 
them. The layman in a subject may be admitted as capable of making 
a good guess, but it is extremely hard for him to make a guess that is 
not contradicted by evidence already known. 

This also answers the problem of ‘scientific caution’. Everybody 
agrees on the need for caution, but different people, or even the same 
person on different occasions, may have entirely different opinions on 
what caution means. I suggest that the answer is that results should 
always be presented so that they will be of the maximum use in future 
work. That involves, for pure estimation, a statement of a location 
parameter and its standard error. But it can never be guaranteed 
that no modification in a law' will ever need to be considered; and a 
possible systematic error of observation needs positive evidence for its 
existence just as any other modification does. To assert in advance any 
kind of departure from the suggested law is a reckless statement, 
irrespective of whether the departure considered is a systematic error 
of observation or a ‘physical’ effect that the physicist considers more 
interesting. In both cases the information should be presented so that 
a significance test can be applied when suitable evidence is available; 
and this implies giving the estimated value, the standard error, and the 
number of observations. There is no excuse whatever for omitting to 
give a properly determined standard error. It is a necessity in stating 
the accuracy of any interpretation of the data, if the law is right; if 
the law is wrong, it is necessary to the discovery that it is wrong. All 
statisticians will agree with me here, but my own applications are 
mostly in subjects where the need is still very inadequately appreciated. 
Again, the best way of finding out whether a law is wrong is to apply 
it as far as possible beyond the original data, and the same applies to 
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any suggested explanation. But if we have not a determination of the 
standard errors of the parameters in the law we have no way of saying 
whether any discrepancy found is genuine or could be removed by a 
permissible readjustment of the parameters, with a corresponding 
improvement in their accuracy. The usual reason given for the omission 
is that there may be some other source of error and that the statement 
of a standard error expresses a claim of an accuracy that future events 
may not justify. This rests on a complete failure to understand the 
nature of induction. It is essential to the possibility of induction that 
we shall be prepared for occasional wrong decisions; to require finality 
is to deny the possibility of scientific inquiry at all. The argument, 
however, does not prevent its users from asserting systematic differ- 
ences when the estimates agree within the amounts indicated by the 
standard errors, supposing these genuine, or from denying them when 
they are flagrant. What we should do is (1) always to draw the most 
probable inference from the data av^ailable, (2) to recognize that with 
the best intentions on our part the most probable inference may turn 
out to be wrong when other data become available, (3) to present our 
information in such a form that, if we do make mistakes, they can be 
found out. This can be done by a consistent process, and should not 
be confused with guesswork about other possible effects before there is 
any evidence for their existence or any estimate of their amount. 

8.3. The situation with regard bo alternative explanations mentioned 
above actually existed for a long time in relation to the quantum 
theory. The quantum explanation seemed to be demanded by the 
distribution of black-body radiation and by the photo-electric effect; 
it seemed to be denied by the phenomena of interference, notably by 
G. I. Taylor’s experiment, f which obtained interference patterns under 
illumination of intensity so low that it was highly improbable that 
there would ever be two quanta inside the apparatus at once. The 
quantum theory and the continuous emission theory both accounted 
for one set of facts, but each, in its existing form, was inconsistent with 
the facts explained by the other. The proper conclusion was that both 
explanations were wrong, and that either some new explanation must 
be sought or the sets of data recognized as unrelated. But meanwhile, 
physicists based their predictions on the laws; in types of phenomena 
that had been found predictable by quantum methods, they made their 
predictions by quantum methods; in phenomena of interference they 
t Proc. Camb. Phil Soc. 15, 1909, 114-16. 
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made predictions by assuming continuous wave trains. Thus what 
they really did was to proceed by induction from the laws established 
empirically. Tliis was a valid process and did not require the assertion 
of any particular explanation of the laws, the latter being entirely 
subsidiary. 

The present position of the quantum theory illustrates another point 
in relation to the theory of probability. There are three main quantum 
theories; but all make the same predictions and for, it may be, the first 
time in the history of physics, the exponents are willing to accept the 
situation and even on occasion to use one another’s methods. The 
theories themselves are not the same, and indeed each contains reference 
to things that have no meaning on another. The treatment of them as 
equivalent refers only to the observable results predicted, and not to 
their actual content. It recognizes that as long as theories lead to the 
same predictions they are not different theories, but merely different 
ways of saying the same thing. The differences are relegated to meta- 
physics. But this is a complete abandonment of naive realism, in which 
the things with ‘physical reality’ would be those contained in the 
explanations, and no others. It does not matter, for instance, whether 
an electron is a point charge with an exact position that we do not 
quite know, or a volume distribution rather fuzzy at the edges, or 
whether the position of the electron is intrinsically meaningless in the 
sense that it cannot be expressed in terms of three Cartesian coordinates 
at all. This attitude is precisely what is reached here; the essential 
thing is the representation of the probability distribution of observable 
events, and therefore the forms of laws and the values of parameters 
in them. Questions that cannot be decided by means of observation 
are best left alone until some way of answering them suggests itself. 

8.4. The modern quantum theories, like the relativity theories, suffer 
from a confusion in the use of the term ‘the rejection of unobservables’. 
‘Unobservable’ is a legacy from naive realism. An observation, strictly, 
is only a sensation. Nobody means that we should reject everything 
but sensations. But as soon as we go beyond sensations we are making 
inferences. When we say that we have observed an object we mean 
that we have had a series of sensations that are coordinated by imagin- 
ing or postulating an object with assigned properties, and that to con- 
tinue to do so will probably lead us to a correct prediction of other 
groups of sensations. ‘To observe an object’ is merely an idiomatic 
shorthand way of writing this; what we really observe is a series of 
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patches of colour of various shapes, and whether these are correctly 
located in our minds or where we suppose the object to be must be left 
to philosophers. But in naive realism it is taken for granted that we 
do observe the object and that the patches of colour are ‘subjective' 
and not respectable; and this puts the cart before the horse because 
except through the latter there is no way of finding out anything about 
the object at all. The acceptance of an object with its properties 
depends on the verification of the inferences that it leads to; that is, it is 
required that our sensations without it, or if it had different properties, 
would be different from what they have actually been. Hence the 
verifiable content can be stated entirely in terms of parameters in laws 
connecting sensations. This is dealt with completely by the theory of 
probability, and for purposes of inference the laws are all we want. If 
we restrict ourselves to the inference of future sensations the concept 
has done its work and serves no other purpose. This would be a possible 
idealist attitude. If we are realists and think that our concepts have 
counterparts in an external world (subject to the critical realist’s 
wiUingness to change his mind if necessary), we may consider the law 
as a justification of the reality of the concept. But observability of 
a concept can mean nothing but the statement that it suggests new 
parameters in laws connecting sensations, and that the need for these 
parameters is supported by a significance test. Thus the theory of 
probabihty takes the rejection of observables in its stride. It gives an 
answer to the question whether any parameter is more probably present 
than not, given the actual data. To consider further data that we have 
not is sheer waste of time. We do not say that so-and-so must be 
unobservable] we say that, with the information at our disposal, it is 
unobserved, and that if we try to take it into account we shall probably 
lose accuracy. To say that it must be unobservable would be illegiti- 
mate; it would be either an a priori statement leading to inferences 
about observations or an induction claiming deductive certainty. | 

The principle really seems to have arisen from a confusion of three 
possible statements of the ‘economy of hypotheses'. (1) In developing 
a logic, as in Principia Mathematica, the number of postulates is reduced 
to a minimum, though some results that appear as theorems appear 
equally obvious intuitively. The reasons for this procedure have been 
discussed under rule 6 of Chapter I. (2) Parameters in a law that make 

t Cf. H. Dingle, Nature, 141, 1938, 21-8. This is an admirable statement of the logical 
position of the principle, except for the omission to consider any realism but naive 
realism. 
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no contribution to the results of any observation can be eliminated 
mathematically, leaving the observations to be described only in terms 
of the relevant parameters. When this is done an economy of statement 
may be achieved (possibly at the cost of increased complexity of mathe- 
matical form), but there is no improvement in representing either 
present or future observations, since either form will say precisely the 
same thing about both. (3) The third is the simplicity postulate as used 
in the present theory, which leads to the restatement of Ockham’s 
principle in the form ‘Variation must be taken as random until there is 
positive evidence to the contrary’. This is the principle that we actually 
need. The second principle is always a pure tautology; but in the usual 
statement it becomes the ‘rejection of unobservables’ and is used to 
deny the relevance of any variable not yet considered. It then becomes 
an a priori statement that future observations must follow certain laws, 
whatever the observations may say. Such an inference into the future 
must be an inductive inference based on probability, because it is 
logically possible that the observations may disagree with prediction. 
The third principle deals with such inferences, but the attempt to use 
the second involves a logical fallacy. 

Now I maintain that whatever has been said on the matter, the 
rejection of unobservables in the form stated has never led to a single 
constructive advance, and that in spite of the reluctance of modern 
physicists to pay any serious attention to the problem of induction, 
what they have done is to use induction and then confuse it with 
deduction. Relativity, up to 1920 or so at any rate, did not involve 
any new parameters; the velocity of light, the constant of gravity, the 
mass of the sun, and so on, were all required by previous theories. It 
made changes in the laws but left them expressed in terms of the same 
parameters. The reason for abandoning the old theory was not that it 
involved unobservables such as absolute velocity or simultaneity; it was 
that this theory made positive predictions, such as the one sought for 
in the Michelson-Morley experiment, which turned out to be in dis- 
agreement with observation. The rejection of absolute velocity was 
not a priori] what was done in the special theory of relativity was to 
alter the laws of measurement and light so that they would agree with 
observation. The general theory, in its original form, was obtained by 
a natural analogy with Newtonian dynamics. The coefficients in 
what seemed to be the natural extension of the special theory to take 
gravitational effects into account, were seen to play the part of the 
Newtonian potential V, Far from matter all second derivatives of 

8595.58 n r 
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the latter vanish; near to matter the contracted Cartesian tensor VHJ 
vanishes, but the separate components do not; inside matter does 
not vanish, but has a simple relation to the density. Einstein pi-oceeded 
by analogy. He found a second^order tensor that should vanish far 
from matter, contracted it to get the differential ecpiations satisfied 
near matter, and said that these equations will be modified inside 
matter, (tiven, what was already established, that the Euclid-Newton 
system needed modification, this was the natural procedure to try. But 
it is a suggestion, not an a 'priori necessity. On this point one may 
refer to Eddington, writing just before the 1919 eclipse expeditions:! 
‘The present eclipse expeditions may for the first time demonstrate the 
weight of light; or they may confirm Einstein's weird theory of non- 
Euclidean space; or they may lead to a result of yet more far-reaching 
consequences — no deflexion.' The first alternative refers to the New'- 
tonian deflexion, which would be half Einstein's. That was Eddington's 
position before the observational result; Einstein's theory stood to him 
as the theory of probability says that it should, as a serious possibility 
needing test, not as demonstrable by general principles without refer- 
ence to observation. In other words, Eddington at the proper time 
agreed with me; his later emphasis on the mathematical necessity of 
Einstein’s theory is a case of ‘forgetting the base degrees'. The correct- 
ness of Einstein's law rests on the fact that it requires no new para- 
meters and gives agreement with observation where the alternatives 
fail. Insistence on the alleged philosophical grounds for it has led to 
their being challenged, and to a tragic neglect of the observational basis. 
The latter is, in fact, appreciably stronger than is provided by the 
mere verification, as I showed in chapters vii-ix of Scientific Inference, 
Starting entirely from observed data and proceeding by generalization 
of laws, introducing new" parameters only when observation showed 
them to be necessary, I showed that it was possible by successive 
approximation to build up Euclidean mensuration, Newtonian dyna- 
mics, and the special and general theories of relativity; and that the 
form of Einstein’s ds^ is completely determined near the sun by observa- 
tion alone. No further hypothesis is needed, and some of those made 
by Einstein are replaced by others more closely related to laws already 
adopted or by experimental facts. The linearity of the transformation 
of coordinates in the special theory, for instance, need not be assumed. 
It can be proved from the constant measured velocity of light and the 
natural extension of Newton’s first law, that an unaccelerated particle 
t The Observatory, March 1919, p. 122. 
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in one inertial frame must be unaccelerated in another. The object of 
the work was to see whether the observed agreement could be regarded 
as accidental, tliat is, whether any other possible laws (Newton’s in 
particular) could have given the same results in tlie range of magnitude 
available; and it was found that no other form would explain on 
Newton’s theory a fact not explained on Einstein’s without leading to 
contradictions elsewljcre. For instance, the excess motion of the peri- 
helion of Mercury had been known for ages to be explicable by the 
attraction of an oblate distribution of matter around the sun, suc,h as 
was seen in the zodiacal light; and with a suitable inclination of the 
axis such matter could also explain the excess motion of the node of 
Venus, which is not expheable on Einstein’s tlieory and is too largo to 
be regarded as random error. To explain it by gravitation would require 
enough matter to upset the agreement for the ])erihelion of Mcrcuiy. 
Similarly, it was suggested, I believe by Professor H. F. Newali, that 
the eclipse deflexion could be explained by the relraction of matter 
near the sun. But such Newtonian explanations led to estimates of the 
amount of matter needed, and according as it was solid or gaseous 
the amount of liglit it would scatter could be estimated. It was found 
that tlie visible scattered light did not correspond to more tiian an 
insignificant fraction of what wT)uld be implied by the Newtonian 
explanation. I Using some more recent data J find a larger discrcjiancy. 
Hence there is no Newdoiiian explanation in siglit for either the peri- 
hehon of Mercury, tJie node of Venus, or the eclipse displacement; while 
Einstein’s law explains the first and third. The node of Venus is not 
evidence for Newdon’s law , because this does not explain it cither. This 
discrepancy is apparently significant, l)ut wdiat it signifies is not clear; 
it may represent some systematic error of observation or internal cor- 
relation of the errors, though these have not been adequately tested. 
What is quite clear, however, is that it is irrelevant to the decision 
between the twxj law^s of gravitation. So far as any law can be proved 
by observation (and no law can be proved at all in any other way), 
Einstein’s law is proved within the solar system. 

The rejection of unobservables in the quantum theory seems to be 
a mere spring-cleaning and to be correctly placed under the second of 
the above principles. The older theories involved many unobservable 
quantities, and left many observable ones uncoordinated. It had be- 
come impossible to see the wood for the trees on account of the com- 
plications of the concepts, and the postulates led to results inconsistent 
t M.N.B,A,S, 80, 1911), 138-54. 
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with observation. The modern quantum theories have begun by direct 
and successful attempts to coordinate what we know, without attending 
to the details of any deeper interpretation, and this was right as a 
matter of mathematical convenience. But it is no more a rule for 
positive discovery than the fact that a gardener weeds his plot before 
sowing his seed. The important forward step did not come from the 
rejection of unobservables but from the subsequent recognition of 
formal relations. These relations are not inferred from a principle that 
so-and-so must be unobservable — and indeed they are full of new un- 
observables of their own, which have to be eliminated before anything 
verifiable is reached. They are guessed by analogy with Newtonian 
dynamics and asserted because their consequences agree with observa- 
tion, just like Einstein's law of gravitation. 

The most elaborate use of the form of the rejection of observables 
criticized on p. 385 is to be found in the works of Eddington, culminat- 
ing in his statement that all the fundamental laws and constants of 
physics can be predicted from purely epistemological considerations. 
Some comments on his conclusion are given in 5 . 64 ; a criticism of his 
general point of view in the Philosophical Magazine paper cited there. 

A warning is needed that the frequent use of the word ‘probability’ 
in works on quantum theory is no guarantee that the numbers referred 
to are probabilities in any sense or satisfy the laws of probability, and 
that there is reason to suppose that the probability interpretation of 
wave mechanics leads to the conclusion that quantum theory is deter- 
ministic in exactly the same sense as classical mechanics.! 

8.5. Criticism of fallacious logic is usually treated as captious, on the 
grounds that the methods criticized have delivered the goods. It is not 
considered a matter of importance to physics whether the arguments 
are right so long as they somehow give the right answer at the end. 
But the methods have not delivered the goods. The chief advances in 
modern physics were not achieved by the rejection of unobservables or 
by any other alleged general mathematical principle. They were 
achieved by the method of Euclid and Newton: to state a set of 
hypotheses, work out their consequences, and assert them if they 
accounted for most of the outstanding variation. The method was 
inductive, and the claim that the results were obtained in any other 
way is contrary to history. The insistence on tho mathematical argument 
as a proof, in turn, invites challenge on grounds of logic; either it is 

t Cf. Phil. Mag. (7), 33, 1942, 815-31. 
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important or it is not. If it is, it must be prepared to meet logical 
criticism by a logical answer; if it is not, it should be dropped and 
cease to make bad logic an essential part of what is supposed to bo 
mathematics. Above all, it should cease to obstruct the development 
of an adequate theory of induction. 

Reasoning and observation are two different faculties, and it is im- 
portant to keep them separate, as far as possible, and to separate them 
as well as we can if the information presented to us is in such a form 
that they have already been mixed. If this is not done we may find 
ourselves in the position of saying that the argument is right and there- 
fore we do not need observations to test whether we have overlooked 
anything; or that the argument leads to results agreeing with observa- 
tion and therefore must be right however many mistakes are found 
within it. Many modern examples of both could be found. The fol- 
lowing one, though not exactly recent, is an interesting illustration 
of how attention to the details of an argument has actually led to 
constructive results. Laplace in his calculation of perturbations had 
shown that the eccentricity of the earth’s orbit should be systematically 
diminishing. This affects the disturbance of the moon by the sun, and 
leads to the result that the moon \s distance should be decreasing, and 
its rate of revolution about the earth increasing. This would alter the 
calculated times of ancient eclipses, and recorded observations of them 
showed that such an effect was required. Laplace gave only the first 
term of the series representing it, but this was near enough to the 
observed value for Plana, Damoiseau, and Hansen to develop the matter 
and include further terms. The agreement at this point seemed entirely 
satisfactory. J. C. Adams, however, worked out the theory afreshf and 
found that several neglected terms mounted up. The first two coeflBcients 
of the series in powers of m, where m is the ratio of the mean motions, 
are whereas Plana had got — for the second. On 

accoimt of this enormous numerical coefficient the calculated value of 
the secular acceleration was practically halved, and the agreement 
with observation was destroyed. Adams’s result was confirmed by 
Delaunay and several other dynamical astronomers, who obtained 
further terms. But Pont^coulant said that if the result of Adams were 
admitted it would ‘call in question what was regarded as settled, and 
would throw doubt on the merit of one of the most beautiful discoveries 
of the illustrious author of the Mecanique celeste'. Le Verrier wrote: 
Tour un astronome, la premiere condition est que ses theories satis- 
•f Phil. Trans. 143, 1853, 397-406; see also several of his collected papers. 
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fassent les observations. Or la th6orie de M. Hansen les represente 
toutes, et Ton prouve a M. Delaunay qu’avec ses formules on ne saurait 
y parvenir. Nous conscrvons done des doutes ot plus que des doutes 
sur les formules de M. Delaunay. Tres certainement la v^rite est du 
cote de M. Hansen.’ Thus the mathematics of Adams and Delaunay 
was to be judged, not by whether the results followed from the equa- 
tions of dynamics, but by whether they agreed with observation; if 
the results disagreed with observation there must be a mistake in the 
mathematics. J. W. L. Claisher remarks in his biographical notice :t 
Tt is curious that it should have been possible for so much difference of 
opinion to exist upon a matter relating only to pure raatliematics, and 
with which all the combatants were fully qualified to deal, as is clearly 
shown by theur previous publications. ’ What happened, in fact, was that 
Adams’s result was so thoroughly confirmed by different methods and 
different inv estigators that it had to be accepted and the discrepancy 
admitted. But the result was not purely destructive. What it did was 
to direct attention to tlie matter afresh and to lead to the theory of 
tidal friction in a long series of papers b}^ Sir (f. H. Darwdn;J and at the 
present time this appears to give quite satisfactory quantitative agree- 
ment wdth observation,§ and a large number of constructive results 
about th(^ remote past and future of the solar system, which could never 
have been considered at all if Plana’s result had stood unquestioned. 

The use of the word Theory’ in several different senses is perhaps 
responsible for a good deal of confusion. What I prefer to call an 
‘explanation’ consists of several parts: first, a statement of hypotheses; 
secondly, the systematic development of their consequences; thirdly, the 
comparison of those consequences with observation. It still sometimes 
happens, as in some passages just quoted, that the fact that the alleged 
consequences agree with some observations is a proof both that the 
hypotheses are right and that the intermediate steps have been correctly 
worked out. What is liable to be true is that the intermediate develop- 
ment involves numerous begged questions, the answers having been 
chosen so as to agree with observation and not because they are conse- 
quences of what has gone before; and that the correct working out of 
the consequences leads to results disagreeing with the very observations 
that the theory is said to explain. In such cases the hypotheses are 
disproved. Further, it is open to anybody to work out other conse- 

t Adams, Collected Works^ p. xxxviii. % Scientific Papers^ vol, 2. 

§ G. I. Taylor, Phil. Trans. A, 220 , 1919, 1-33; Jeffreys, ibid. 221 , 1920, 239-64; 
The Earth, 1929, ch. xiv. 
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quences of the hypotheses and to see whether these agree with observa- 
tion, and if they do not, to suggest a different set of h}^)otheses. That 
is how science advances. Tliere are some current ‘theories' that, when 
divested of begged questions, reduce to the non-controv(u\sial statement, 
‘Here are some facts and there may be some relation between them'. 

8.6. To recapitulate the main postulates of the present system, we 
have first the main principle that the ordinary common -sense notion 
of probability is capable of consistent treatment. Other theories can 
deny the consistency, but camiot help using the notion. We have also 
Axiom 4, which implies that there is no inconsistency in using the 
addition rule. The rule as it stands is a convention, since other rules 
consistent with the axioms would be possible and would lead to putting 
probabilities in the same order, and all could be compared with a 
standard obtained by considering balls in a bag. Thus the numerical 
assessment merely specifies the rules of a language capable of going 
into more detail than ordinary language. A generalization of the pro 
duct rule may be needed, justified by the principle adopted in Principia 
Mathematica that in constructing a logic the postulates should be taken 
in their most general form. These postulates are required in all theories. 
The principle of inverse probability is a theorem. The prior probabilities 
needed to express initial ignorance of the value of a quantity to be 
estimated, wdiere there is nothing to call special attention to a particular 
value, are given by an invariance theory that leads to equivalent results 
for transformations of the parameters, combined with some rules of 
irrelevance to the effect that the actual values of certain parameters, 
especially scale parameters, tell us nothing about those of certain others. 
Where a question of significance arises, that is, where previous considera- 
tions call attention to some particular value, half the prior probability 
is concentrated at that value. This is the simplicity postulate. It needs 
some elaboration when several parameters arise for consideration simul- 
taneously. 

The main results are: (1) a proof independent of limiting processes 
that the whole information contained in the observations with respect 
to the hypotheses under test is contained in the likelihood, and that 
where sufficient statistics exist other functions of the observations are 
irrelevant; (2) a development of pure estimation processes without 
further hypothesis; (3) a general theory of significance tests, which allows 
any hypothesis to be tested provided only that it is sufficiently clearly 
stated to be of any use if it is true, declares no empirical hypothesis 
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to be certain or false a priori, does not require the introduction of the 
P integral to avoid results in contradiction with common sense, and 
leads to a solution of the estimation problem as a by-product of the 
significance test instead of as a separate problem based on contradictory 
hypotheses; (4) arising out of this, an account of how in certain condi- 
tions a law can reach a high probability and inferences from it be treated 
as deductive in an approximate treatment. It thus makes it possible 
to test laws by observation, without making either the unnecessary 
assumption that laws can be found to fit the observations exactly, or 
the false one that laws known to us at present do; thus it gives a formal 
account of the actual process of learning. Further, it solves the problem 
of the rejection of unobservables, replacing a useless mathematical 
platitude by a practical criterion; removes the paradoxical appearance 
of the uncertainty principle; meets the logical difficulty of the undis- 
tributed middle; and gives intelligible meanings to ‘scientific caution’ 
and the notion of ‘objectivity’. 

Comment was made in Chapter I on the fact that a formal and 
consistent theory of inductive processes cannot represent the operation 
of every human mind in detail; it will represent an ideal mind, but it 
will also help the actual mind to approximate to that ideal. We have 
had occasion sometimes to call attention to special imperfections, 
notably: (1) wish-fulfilment, expressed sometimes in an exaggerated 
lenience towards one’s own hypotheses, sometimes in a belief that 
things can be proved in terms of ordinary mathematics and deductive 
logic when in their very nature they cannot be, and an appearance of 
such a proof is simply a proof that there must be a mistake in it; 
(2) imperfect memory, which can be treated merely as a suggestion of 
alternatives but not as a contribution of observational information 
when the matter is brought up for formal consideration; (3) failure to 
think of the right empirical hypothesis at the time when data are first 
available to test it; (4) limitations of time or industriousness that make 
us content with approximations. The existence of these is no argument 
against the theory; but the theory will provide a standard of com- 
parison for them in psychological studies; psychology is admitted as 
a valid science to the same standards as any other. 

The human mind has also a tendency to exaggerate the differences 
between familiar things and overlook the resemblances. Let us recall 
the reply of Dr. Jervis to a lady who had asked whether Dr. Thorndyke 
was ‘at aU human’. f ‘ “He is entirely human,” I replied, “the accepted 

t R. Austin Freeman, John Thorndyke' 8 Cases, p. 60. 
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test of humanity being, as I understand, the habitual adoption of the 
erect posture in locomotion, and the relative position of the end of 
the thumb ” 

‘ “I don’t mean that,” interrupted Mrs. Haldean. mean human 
in things that matter. ’ ’ 

‘ “I think those things matter,” I rejoined. “Consider, Mrs. Hal- 
dean, what would happen if my learned colleague were to be seen in 
wig and gown, walking towards the Law Courts in any posture other 
than the erect. It would be a public scandal.” ’ 

We have, of course, the words ‘person’ and ‘human’, which can apply 
to any member of the species. But though we have six or seven words 
to describe different sexes and ages of the species Canis familiaris, Bos 
taurus, Equus caballus, we have no standaixl word that can apply to 
any individual of either. f The real reason for the difficulty in the 
understanding of the theory of probability is, I think, that the funda- 
mental ideas and general principles are so familiar that ordinary lan- 
guage has overlooked them, and when they are stated it is immediately 
taken for granted that they micst mean something too complicated for 
ordinary language, and a search is made for something to satisfy this 
condition. The truth is that they are too simple for ordinary language, 
and the customary approach renders any understanding impossible. 

8.7. We now return to the question of realism versus idealism. The 
question is whether the theory leads to any decision between them. 
Nothing in the theory depends on the acceptance of one or the other, 
and to arrive at a decision in terms of it we must point to some observ- 
able fact that would be more probable on one than on the other. Both 
are admissible hypotheses and we must take their prior probabilities 
as We see that solipsism, the extreme form of idealism, can be 
rejected by the theory. If other people had not minds something like 
my own it would be very improbable that their behaviour would 
resemble mine as much as it does. The belief in a material world is 
on a different footing, since while I seem to be immediately aware of 
my own personality, any object, even my own body, is known to me 
only through sensations. If I was an idealist I should say that I had 
invented it to give a convenient way of describing my sensations (past, 
present, and future, so far as they can be inferred, since we are not 
considering the rejection of induction). A realist would say that he 

t Curiously, the infantile ‘bow-wow*, ‘moo-moo’, ‘gee-gee’ can apply to any member 
of the respective species. The loss of general words has taken place m acquiring adult 
language. 
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meant something more than that, but it is very difficult to say just 
what. Personally I believe that in studying seismology I am finding 
out something about the interior of the earth and not merely making 
predictions about future observations. But in either case the rival 
hypotheses could be tested only through the sensations predicted from 
them; and the properties that the idealist would assign by convention 
to his imaginary objects would be such as to lead to exactly the same 
predictions as tliose that the realist would postulate of the objects that 
he supposes real. Thus the theory of probability makes no decision 
whatever between critical realism and critical idealism, if the latter is 
taken as admitting other personalities; both have probabilit}" 4, and 
there appears to be no type of evidence that could alter this. An attempt 
to support idealism has been made by saying that reahsm involves an 
extra hypothesis and should therefore be rejected if evidence lor it is 
not available. This appeal to the economy of hypotheses is not valid, 
however. It only justifies the omission to assert realism; that is, it still 
leaves us in the position ‘eitlier idealism or realism is true’ but agreeing 
to say no more about it. The denial of the extra hypothesis is just as 
much a hypothesis as its assertion. The conclusion we reach, therefore, 
is that there are forms both of reahsm and of idealism that would be 
scientifically tenable, that scientific method cannot decide between 
them, and that it doesn’t matter anyhow. But neither of them is the 
form of realism or idealism usually advocated. Realism has the ad- 
vantage that language has been created by reahsts, and mostly very 
naive ones at that; we have enormous possibilities of describing the 
inferred properties of objects, but very meagre ones of describing the 
directly known ones of sensations; ‘probability’ is a word of five syl- 
lables, whereas the use of the notion dates from a time when one would 
be beyond our powers. So the idealist must either do his best with 
realist language or make a new one, and not much has been done in the 
latter direction. 

Questions like these, that cannot be answered by scientific means, 
may be called metaphysical. (I do not regard this as a mere term of 
abuse.) Another is the distinction between religion and materialism. 
A materialist can hold that all biological phenomena, including evolu- 
tion, are due to physical and chemical causes; he cannot state just why 
a Nautilus evolved into an ammonite, nor why an ammonite did not 
evolve back into a Nautilus, but he cannot be refuted on this ground 
because he can always appeal to the fact that the consequences of the 
laws have not yet been fully worked out and in any case there are 
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presumably physical laws that are not yet known. Bishop Barnes can 
accept evolution and reject tho account of creation in Genesis, and hold 
that evolution is tlie actual way the Creator creates species and that 
He laid down the physical laws in the first place. To him the discovery 
of scientific laws is the discovery of something about how the (Jroator 
works. Ecpially he cannot be refuted; it would be impossible to pro- 
duce any piece of observational evidence that could not be deaJt with 
in this way. His view and the materialist’s are scientifically equally 
tenable; the choice between them is apparently a matter of what one 
wishes to believe and not of evidence. In spite of G. K. Chesterton's 
opinion to the contrary, many peojde do find an emotional satisfaction 
in materialism. The opposition often alleged between religion and 
science arises only wlmn religion ceases to be religion and becomes bad 
science. Actually they are mutually irrelevant. This is fortunate; it 
enables, for instance, both the Jesuit Seismological Association and 
Soviet Russia to produce good seismological observations. Similarly 
for the distinction between free wdll and determinism. The determinist 
can always say 'it is predestined what I shall do; so there is only one 
course open to me; here goes!’ The Arabian Nights may be studied for 
examples. 

8.8. The present theory does not justify induction. 1 do not consider 
justification necessary or possible; what the theory does is to provide 
rules for consistency. A prediction is never in the form 'so-and-so will 
happen’. At the best it is of the form 'it is reasonable to be highly 
confident that it will happen’. This may be disappointing, but in the 
last resort that is all that we can say. The former statement is a falla- 
cious claim to deductive certainty; the latter is attainable by a consistent 
process. In this sense we can justify particular applications, and it is 
enough. 
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We have defined K = 

where q is the null hypothesis, g' the alternative, H the previous in- 
formation, and d the observational evidence. We take the standard case 
where q and g' are equally probable given H, In most of our problems 
we have asymptotic approximations to K when the number of observa- 
tions is large. We do not need K with much accuracy. Its importance 
is that if A"' > 1 the null hypothesis is supported by the evidence; if 
K is much less than 1 the null hypothesis may be rejected. But K is 
not a physical magnitude. Its function is to grade the decisiveness of 
the evidence. It makes little difference to the null hypothesis whether 
the odds are 10 to 1 or 100 to 1 against it, and in practice no difference 
at all whether they are 10^ or 10^® to 1 against it. In any case what- 
ever alternative is most strongly supported will be set up as the hypo- 
thesis for use until further notice. The tables give values of or z 
for A = 1, 10"^/^ 10-\ 10“®/% 10“2. The last will be regarded as a limit 
for unconditional rejection of the null hypothesis. K = 10 “^/^ repre- 
sents only about 3 to 1 odds, and would be hardly worth mentioning 
in support of a new discovery. It is at A = 10“^ and less that we can 
have strong confidence that a result will survive future investigation. 
We may group the values into grades, as follows. 


Grade 0. 
Grade 1. 

Grade 2. 
Grade 3. 
Grade 4. 
Grade 5. 


A > 1. Null hypothesis supported. 

1 > A > 10 “'/ 2 . Evidence against g, but not worth more 
than a bare mention. 

IO-V 2 > A > 10“^. Evidence against g substantial. 

10“^ > A > 10 "®/ 2 . Evidence against g strong. 

10~®/2 > A > 10“^. Evidence against g very strong. 

10~2 ^ A. Evidence against g decisive. 


Any significance test must depend on at least two variables, the 
number of observations and the estimate of the new parameter (more 
usually the ratio of the latter to its estimated standard error). Conse- 
quently any table of A must be a table of at least double entry. In the 
tables I have taken those tests where A depends on not more than two 
variables. In most of each table the computations were based on the 
asymptotic formula, values for small numbers of observations being 
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separately computed from the exact formula. Accuracy of a few per 
cent, was considered sufficient, since it will seldom matter appreciably 
to further procedure if K is wrong by as much as a factor of 3. 

It is clear from the tables how accurately it is worth while to do the 
reduction of a given set of observations. Consecutive values of ^ or 
for given v usually differ by at least 10 per cent., often by 20 per cent, 
or more. If we get or right to 5 or 10 per cent, we shall in practice 
be near enough, and this implies that the work should be right to about 
5 per cent, of the standard error. Hence as a general rule we should 
work to an accuracy of two figures in the standard error. More will 
only increase labour to no useful purpose; fewer will be liable to put 
estimates two grades wrong. For instance, suppose that an estimate is 
quoted as 4±2 from 200 observations, to be tested by Table III. This 
might mean any of the following: 

Grade 

4-5±2-5 90 2 

3- 54 2-5 1-96 0 

40±20 4-0 0 

Similarly, 5^2 from 200 observations might mean any of: 

t* Grade 

4- 5±2-5 3-24 0 

60di20 1 

4-5±l*5 90 2 

60±l-5 IM 3 

6-5dbl-5 13-4 4 

The practice of giving only one figure in the uncertainty must therefore 
be definitely condemned, but there is no apparent advantage in giving 
more than two. Similarly, minor correcting factors in K that do not 
reach 2 can be dropped, since decisions that depend on them will be 
highly doubtful in any case. 

It will be noticed in Table I that for small numbers of observations 
iC = 1 is at not much over the standard error. This is rather surprising, 
but becomes less so wffien we consider the values of K in testing an 
even chance from samples of 5 and 6. 


X 

y 

X* 

K 

X 

y 

X* 

K 

6 

0 

60 

■h 

6 

0 

60 

Ti 

4 

1 

1-8 

a 

6 

1 

2-7 

u 

3 

2 

0*2 


4 

2 

0*7 

w 





3 

3 

00 

ft 


The exact values of K are given for comparison. For a sample of 5 the 
critical value is for ^ shade less than 1-8; but this means a 4:1 
sample. For a sample of 6 it lies about midway between a 4 : 2 and a 5 : 1 
sample, corresponding to x^ about 1'7. We notice, however, that 
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K ^ O'l is not attained by the most extreme samples possible. The 
interpretation of these small critical values is not that significance can 
be strongly asserted at them — indeed there is only a probability | of 
a systematic departure at the critical value anyhow. What they mean 
is that the outside factor is small, and with the best possible agreement 
with the null hypothesis there cannot be more than about 2 to 1 support 
for it. Consequently a smaller value of is needed to reduce to 1. 
The j)roper conclusion is that where the data are frequencies small 
samples can tell us little new in any case. 

In Tables I and II the values of for given K increase steadily with 
n. I have indicated by italic figures in the upper part of Table I the 
values that have been calculated, but could not in practice arise in a 
sampling problem. It is only for a homogeneous sample of 10 that K 
can first ap])roach 0*01. 

In Tables III and IV the values of/- for given K begin by decreasing 
as V increases, reach a minimum, and tJien increase slowly, behaving 
for large v as does in Tables I and II. The difference is of course due 
to the allowance for the uncertainty of the standard error, as in the 
corresi^onding estimation problems. It is mucli more important for 
small K than for K — 1. 

Table V is intended to test the agreement of a standard deviation 
wdth a suggested value. K is not an even function of z and therefore 
it is necessary to tabulate separately for positive and negative It is 
actually very nearly an even function of zl(l — \z), within the range of 
the table. The asymptotic formula was in satisl’actory agreement with 
the exact formula at ^ 4 . 

It is interesting to compare the results wuth those based on the 
customary use of the P integral. The usual treatment of the problems 
of Tables I and II would be to draw the line at values of y- such that they 
have 5 per cent, or 1 per cent, chances of being exceeded on the null 
hypothesis. These limits are, for one new parameter, 3*8 and 6*6; for 
two, 6*0 and 9*2. In Table I, A" ~ 1 lies below the 5 per cent, point 
up to n ~ 70, and passes the 1 per cent, point only about n ~ 1000. 
K = 10~^/2 lies below the 5 per cent, point only for n — 5 and 0, and 
reaches the 1 per cent, point about n = 130. 

Similarly, in Table II A" = 1 lies below the 5 per cent, point up to 
n ~ 30, and passes the 1 per cent, point at n = 500. A = lO^^^^^ never lies 
below the 5 per cent, point, and reaches the 1 per cent, point about n = 40, 

The 5 per cent, and 1 per cent, points for t can be taken from the 
tables given by Fisher, remembering that his n is my y. The former 
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drops from — 7-8 at v — 4 to 3*8 for v large; it lies between A" ~ 1 
and K ™ ^jp to about v — 50, and for larger v below K ~~ I . The 
1 per cent, point lies between K — 10"^^- and K ~ 10“^ up to about 
V ™ 200, and below A ~ 1 for v ~ 1000 and more. 

For z (Table V) the 5 per cent, point and A ~ 1 are close together 
both for positive and negative 2 . (My negative 2 corresponds to Fisher's 
—2 with infinite.) A = agrees fairly well with the 1 per cent, 
point, A ™ 0*1 with the 01 per cent, point. 

In spite of the difference in principle between my tests and tliose 
based on the P integrals, and the omission of the latter to giv e the 
increase of the critical values for large n, dictated essentially by the 
fact that in testing a small departure found from a large number of 
observations we are selecting a value out of a long range and sliould 
allow for selection, it appears that there is not much difference in tlie 
practical recommendations. Users of these tests speak of the 5 per cent, 
point in much the same way as T should speak of the A -- point, 

and of the 1 per cent, point as I should speak of the K --■ 10~^ point; and 
for moderate numbers of observations the points are not very different. 
At large numbers of observations there .is a difference, since the tests 
based on the integral would sometimes assert significance at departures 
that would actually give A > 1. Thus there may be opposite decisions 
in such cases. But they will be very rare. We may recall that P ^ 0*01 
means that if q is true there is a 1 per cent, chance of a larger departure. 
Hence we can apply Bernoulli’s theorem and say that if we assert a 
genuine departure whenever P is less than 0*01 we shall expect to be 
wrong in the long run in 1 per cent, of the cases wdiere q is true. Accord- 
ing to my theory w^e should expect to make fewer mistakes by taking 
the limit further out; when A “ 1 lies above P = 0*01 there wdll be a 
smaller risk of rejecting q wrongly, partly counter-balanced by a slight 
increase in the risk of missing a small genuine departure. But in these 
conditions the probability of a mistake by the use of the 1 per cent, 
limit for P is so small anyhow that there is little to Ix^ gained by reducing 
it further. Values between the tw^o limits will be so rare that differences 
in practice will hardly ever arise. Thus even though the P tests some- 
times theoretically assert q' when the number of observations is large 
and my tests support q, the occasions will be extremely rare. 

Actually it may appear that such differences are fairly common; it 
is known that when the number of observations is very large the 
estimates of new parameters two to four times the standard error tend 
to be commoner than would be expected if q was true, but that these 
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often or usually do not persist in other similar sets of observations. 
This, however, is a false contrast, because these discrepancies do not 
correspond to either the q or to the q' of the tests considered in these 
tables; they represent internal correlation of the errors or non-indepen- 
dence of the chances, and we have not arrived at the hypothesis actually 
supported by the data until this hypothesis also has been set up and 
considered. But this leads us to a working rule for saying when such a 
hypothesis is worth investigation :ifan estimate gives JiT > landP < 0*01, 
internal correlation should be suspected and tested, for such a result 
would not be expected on the hypothesis of independence of the errors in 
either case. The use of P by itself involves a danger that discrepancies 
due to failure of independence will be interpreted as systematic. 

Table I. Values of from K — /— 1 exp(— 


n 

1 

lO-l 

10 ~i 

10--3 

10-2 

r> 

1-2 

3-5 

5 -S 

S -1 

10-4 

6 

1-3 

3-6 

6-0 

S -2 

10-6 

7 

1-5 

3-8 

6-1 

8-4 

10-7 

S 

1-6 

3-9 

6-2 

8-5 

10-8 

9 

1-7 

40 

6-3 

8-6 

10-9 

10 

1-8 

4-2 

6-5 

8-8 

11-1 

11 

20 

4-2 

6-6 

8-9 

11-2 

12 

20 

4-3 

6-6 

8-9 

11-2 

13 

2*1 

4-4 

6-7 

9-0 

11-3 

14 

2-2 

4*5 

6-8 

9-1 

11-4 

15 

2-3 

4*6 

6-9 

9-2 

11-5 

16 

2-3 

4*6 

6-9 

9-2 

115 

17 

2*4 

4-7 

7-0 

9-3 

11-6 

18 

2-4 

4*7 

7-0 

9-4 

11-6 

19 

2-5 

4-8 

71 

9-4 

11-7 

20 

2-5 

4-8 

7-2 

9-4 

11-8 

30 

30 

5-2 

7-6 

9-9 

12-2 

40 

3-2 

5-5 

7-8 

10-2 

12-4 

50 

3-5 

5*8 i 

8-1 

10-4 

12-7 

60 1 

3-6 

5-9 

8-2 

10-6 

12-8 

70 

3-8 

61 ! 

8-4 

10-7 

13-0 

80 

3-9 

6-2 

8-5 

10-8 

131 

90 

4-0 

! 6-4 

8-7 

11-0 

13-3 

100 

! 4-2 

6-4 

8-8 

IM 

13-4 

200 

! 4-8 

! 7*2 

9-5 j 

11-8 

14-1 

500 

5-8 

8-1 

10-4 

12-7 

15-0 

1,000 

6-6 

8-8 

IM 

13-4 

16-7 

2,000 

7'2 

9*4 

11-8 

141 

16-4 

5,000 


10-4 

12-7 

15-0 

17-3 

10,000 

8-8 

IM 

13-4 

15-7 

18-0 

20.000 

9-4 

11-8 

141 

16-4 

18-7 

50,000 

10-4 

12-7 

15*0 

17-3 

19-6 

100,000 

IM 

13*4 

15-7 

180 

20-3 
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Table II. K = 


n 

1 

10 -* 

K 

10 -^ 

10 -* 

10 -* 

7 

4*3 

7*1 




8 

4*5 

7*3 




9 

4-6 

7*4 




10 

4*8 

7*6 




11 

4-9 

7*6 




12 

60 

7*7 

10*3 



13 

61 

7*8 

10*4 



14 

6*2 

7*9 

10*4 



15 

5*3 

8*0 

10*5 



16 

5*4 

8*1 

10 * 6 * 



17 

5-4 

8*2 

10*7 



18 

6-6 

8*2 

10*8 



19 

6-6 

8*2 

10*8 



20 

5*6 

8*3 

10*9 

13*4 

16*9 

30 

61 

8*8 i 

11*3 

13*8 

16*3 

40 

6*6 

9*1 

11*7 

14*2 

16*6 

50 

6*7 

9*4 

11 9 

14*4 

16*8 

60 

6*9 

9*6 

12*0 

14*5 

17*0 

70 

7*0 

9*7 

12*2 

14*7 

17*1 

80 

7*2 

9*8 

12*3 , 

14*8 

17*3 

90 

7*3 

10*0 

12*6 

15*0 

17*4 

100 

7*5 

10*1 

12*6 

16 1 

17*6 

200 

8 3 

10*9 

13*4 

16*9 

18 3 

500 

9 3 

11*9 

14*4 

16*8 

19*3 

1,000 

10*1 

12*6 

15*1 

17*6 

20*0 

2,000 

10*9 

13*4 

15*9 

18*3 

20*7 

6,000 

11*9 

14*4 

16*8 

19*3 

21*7 

10,000 

12*6 

16*1 

17*6 

20*0 

22*4 

20,000 

13*4 

15*9 

18*3 

20*7 

23*2 

60,000 

14*4 

16*8 

19*3 

21*7 

24 1 

100,000 

15*1 

17*6 

20*0 

22*4 

24*8 
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Table III. K = 


p 

1 

10 “* 

6 

3*4 

9-9 

6 

3-4 

8*9 

7 

3-4 

8-3 

8 

3*5 

8-0 

9 

3-6 

7-7 

10 

3-6 

7*5 

11 

3*6 

7-4 

12 

3*7 

7-3 

13 

3*7 

7-2 

14 i 

3-7 

7-2 

15 

3-8 , 

71 

16 

3*8 

71 

17 

3-9 

71 

18 

3-9 

70 

19 

3-9 

70 

20 

4-0 

70 

50 

4-6 

7*4 

100 

6-2 

7-7 

200 

5-7 

8*2 

600 

6*8 

9*1 

1,000 

7-4 

9-7 

2,000 

8-1 

10-4 

6,000 

9-0 

11*3 

10,000 

9-7 

120 

20,000 

10'4 

12*7 

60,000 

11*3 

13 6 

100,000 

12-0 

14-3 


K 

10-1 10-1 IQ-I 


17-6 



16*6 



14*2 



13*3 



12*7 

19*2 

27*8 

12*2 

18*2 

26-8 

11*8 

17*4 

24-2 

11*4 

16*8 

23*3 

11*2 

16*3 

22*4 

11*1 

15*9 

21*5 

11*0 

15*4 

20*7 

10*9 

16*1 

20 * 1 

10*8 

14*8 

19*6 

10*7 

14*6 

19*2 

10*6 

14*6 

18*9 

100 

12*8 

16*0 

10*3 

12*8 

16*6 

10*7 

13*1 

16*6 

11*4 

13*8 

16*2 

12*0 

14*3 

16*6 

12*7 

150 

17*3 

13*6 

15*0 

18*2 

14*3 

16*6 

18 9 

15*0 

17*3 

19*6 

16*9 1 

18*2 

20*6 

16*6 

18*9 

21*2 


Table III a . from accurate formtda 6.2(33) 


V 

t = 0 

K 

K = 1 

10-i 

io -» 

10-t 

10 -» 

1 

2*3 

3*9 

30 

1-2 X 10 * 

2 x 10 ** 


2 

2*7 

3*6 

22 

102 

10 * 

10 * 

3 

3*0 

3*4 

12*8 

39 

120 

370 

4 ' 

3*3 

3*4 

10*6 

26-8 

52 

118 

6 

3*6 

3*6 

9*2 

10-4 

37 

66 

6 

3*8 

3*6 

8*5 

1«0 

29 

50 

7 

4*0 

3*6 

8*1 

16-0 

24*2 

38 

8 

4*2 

3*6 

7*9 

13-6 

20*6 

31 

9 

4*3 

3*8 

7*7 

131 

19*6 

29*0 
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Table IV. 


from K = 


■V^v 


V 

1 

10-1 

K 

10-1 

10-1 

10 -* 

6 

13 

18-4 




6 

7-0 

15-9 




7 

6*8 

14-4 




8 

6-7 

131 

22-5 

350 

62-2 

9 

6-7 

12-8 

20-8 

31-3 

45-3 

10 

6-7 

12-3 

19-4 

28-4 

400 

11 

6-7 

12-0 

18-5 

26-5 

36-7 

12 

6*7 

11*7 

17-7 

250 

340 

13 

6-7 

11-5 

17-2 

24-0 

32-2 

14 

6-7 

11-3 

16 7 

23 1 

30-6 

15 

6-7 

IM 

16-3 

22-3 

29-3 

16 

6-7 

no 

1 . 6-9 

21*6 

28-1 

17 

6-8 

10*9 

15-6 

21-0 

27 2 

18 

6*8 

10*8 

16-3 

20*5 

26*5 

19 

6-8 

10-7 

151 

20*2 

25 9 

20 

6-8 

10-7 

150 

19*9 

26-3 

60 

7-3 

10-4 

13 6 

16-9 

20-3 

100 

7-9 

10-8 

13-6 

16*4 

19-3 

200 

8-5 

11-2 

13-9 

16-5 

19-2 

600 

9*4 

120 

14 6 

17-2 

19-7 

1,000 

10-2 

12-8 

15-2 

17-7 

20-2 

2,000 

10*9 

13-4 

16 9 

18-3 

208 

6,000 

11-9 

14-4 

16-8 

19-3 

21-7 

10,000 

12-7 

161 

17-6 

20-0 

22-4 

20,000 

13*4 

15-9 

18-3 

20-8 

23*2 

60,000 

14-4 

16*9 

19-3 

21-7 

24- 1 

100,000 

161 

17-6 

20-0 

22-4 

24-8 


Table IV a. from accurate formula 6.21 (42) 


V 

t = 0 

K 

M 

jk := 1 

10-1 

10-1 

lO-J 

10 -* 

1 

2-7 

91 

1,600 

10 '» 



2 

30 

6-8 

48 

380 

3,300 

32,000 

3 

3-3 

6-5 

24-5 

79 

251 

790 

4 i 

3-5 

6-2 

18-2 

43-6 

100 

216 

5 

3-8 

61 i 

15-7 

33-6 

70 

138 

6 1 

4-0 

6-0 

13-9 

26-6 

49 

85 

7 

4-2 

6-9 

12-8 

22-2 

36 

65 

8 

4-3 

6-9 

12-3 

20-7 

I 

32-6 

49-1 


3596.58 


I>d2 
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Table V. zfrom 5 . 43 ( 11 ) and ( 14 ) 


V 

2=0 

K 

11 

lO-i 

io-» 

1 (H 

10-2 

K = 1 

10 -i 

io-» 

10 -J 

10 -* 

1 

1-8 

- f - 0-77 

4 - 1*04 

+ 1-20 

4 - 1-31 

+ 1*40 

- 1*4 

- 6*5 

V 


7 

2 

2-2 

4 - 0*66 

4 - 0*76 

4 - 0*94 

4 - 1*04 

+ M 2 

- 1*13 

- 2*2 

- 3*2 

- 4*4 

- 5*5 

3 

2-5 

4 - 0*47 

4 0*70 

4 0*78 

4 - 0*86 

- 40*94 

- 0*09 

- 1*68 

- 2*30 

- 2*88 

- 3*46 

4 

2-8 

4 - 0*45 

4 - 0 * 02 

4 0-72 

4 - 0*82 

+ 0*89 

- 0*70 

- 1*17 

- 1*60 

- 2*01 

- 2-42 

6 

31 

4 - 0*43 

4 - 0*57 

+ 0-67 

4 - 0-75 

+ 0-82 

- 0*65 

- 1*04 

- 1*38 

- 1*71 

- 2-03 

6 

3-4 

4 - 0*41 

-f 0*54 

- h 0*63 

f 0*70 

+ 0*77 

- 0*61 

- 0*94 

- 1*21 

- 1*47 

- 1*72 

7 

3-6 

+ 0*39 

4 - 0*51 

4 - 0*60 

f 0*65 

+ 0*73 

- 0*57 

- 0*85 

- 1*08 

- 1*30 

- 1*51 

8 

3-9 

4 - 0*37 

- f - 0*49 

4 - 0*57 

0*63 

4 0*69 

- 0*52 

- 0*77 

- 0*98 

- M 8 

- 1*36 

9 

41 

4 0-36 

4 - 0*46 

- 1 - 0-64 

+ 0-60 

4 0*66 

— 0*49 

- 0*71 

- 0*90 

- 1*08 

- 1*25 

10 

4*2 

4 - 0*34 

4 - 0*44 

+ 0*52 

+ 0-58 

+ 0*63 

- 0-47 

- 0*67 

- 0*85 

- 1*01 

- 1*18 

12 

4-6 

+ 0*32 

+ 0*42 

4 - 0*49 

+ 0-54 

- 40*59 

- 0-43 

- 0-60 

- 0*75 

- 0*89 

- 1*02 

14 

4-9 

4 - 0*31 

-f 0*39 

4 - 0*46 

40*51 

+ 0*55 

- 0-40 

- 0-55 

- 0*68 

- 0*81 

- 0*92 

16 

6*2 

f 0*30 

4 - 0*37 

4 - 0*43 

+ 0*48 

4 0*52 

- 0*38 

- 0-51 

- 0*63 

- 0*74 

- 0*85 

18 

6-6 

4 - 0*29 

4 - 0*36 

-f 0*41 

+ 0*46 

+ 0*50 

- 0*36 

- 0*48 

- 0*59 

- 0-71 

- 0-78 

20 

6-8 

4 - 0*27 

4 - 0-34 

4 - 0*40 

+ 0-44 

+ 0*48 

- 0*34 

- 0-45 

- 0*55 

-0-08 

- 0*73 

60 

90 

4 - 0*20 

- f 0*24 

4 - 0*27 

+ 0*30 

+ 0*33 

- 0*22 

- 0*29 

- 0*34 

- 0-38 

- 0*43 



NOTE ON THE CONSISTENCY OF THE PRODUCT RULE 


We assume weaker forms of Axioms 1, 2, 3, 4, 5, 6, namely that they 
hold on a sufficiently general datum H, Any actual datum is supposed 
to contain H. We use Conventions 1 and 2 on H and assume that 
Convention 3 is apphcable on H. Then Theorems 1, 2, 3, 4, 5, 6, 7, 8 
follow if the datum is H. 

Now if p is an additional datum such that P(p|//) ^ 0, and are 
a set of propositions, exhaustive on H, whose disjunction is Q, we 
assume 

(1) 


Pipm 


This provides the first means, in this presentation, of calculating 
probabilities when H is not the only datum. Convention 1 on j>H 
becomes a rule for the ordering of probabilities in terms of their 
numerical assessments instead of conversely. 

Since the P{pq^\H) satisfy Ax. 1 and P{j)\H) is independent of q^, 
it follows that the P{qi\j)H) satisfy Ax. 1. Similarly they satisfy Ax. 2, 4, 
Conv. 2 (since if q^ are exclusive on H they are also exclusive on 
and if q^, q^ are exclusive on pH, pq^, pq^ are exclusive on H), and Ax. 5. 

For Ax. 6, we have, if pq^ entails 


I'ki'rk\pH) = 


P(pqirk\H) 

P{p\H) 


Pj pqAP) _ 

P(P\H) ■ 


P{qi\pH), 


using Ax. 6 on data //; hence Ax. 6 holds on data pH. 

Next, if pH entails q^, P(pq^\H) ~ P{p\H) by Ax. 6, and therefore 
P{q^\pH) — 1. Conv. 3 becomes a theorem, and the first part of Ax. 3 
follows. If pH entails q^, pq^ is impossible given H and therefore 

~ hence we have the second part of Ax. 3. 

For Ax. 7, consider two sets of propositions each exhaustive on H, 
say qi, then Ax. 7 will read 


P(q,r^\pH) = P{q,\pH)P{r^\qipH)IP(jp\qipH). (2) 


By (1) this is equivalent to 

Pipqi’TulU) _ P{pqi\H) PiMi^kW fP{pqiP\H) 

P{p\H) P{p\H) P{pq,\H) / P{pqAH) ’ 


which is an identity. Hence Ax, 7 follows. 

In this presentation we assume no properties of probabilities on data 
other than f/, except that they can be calculated by (1), and this is 
possible if the axioms are satisfied by probabilities on H. Hence if pure 
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mathematics and the axioms on H are consistent, the axioms remain 
consistent when applied to probabilities on data including H, 

An apparent difficulty about this argument as a general proof of 
consistency is that if H is the general principles of the theory and p a 
special proposition, we may not be able to use Conv. 3 on data H. This 
can be met in two ways. We have seen that the principle of inverse 
probability is consistent if the product rule is consistent for likeli- 
hoods, and therefore it is enough if H in the argument includes a law 
such that we can use Conv. 3; but this is always true for likelihoods. 
The other way is to notice that if H, for instance, expresses ignorance 
of a standard error, we may arbitrarily impose bounds on the possible 
values so that 0 <ai<cT:^cr 2 <oo and use Conv. 3; and our results 
will be consistent as limits of the results when ctj 0, erg oo, and 
infinite integrals are interpreted in this way in any case. This way of 
looking at the matter may be preferred. For if H' is such that we can 
use Conv. 3 on it, and H differs from H’ only by including the statement 
that a standard error is unknown, then all non-zero probabilities on H' 
are replaced by infinite ones on //; a statement that we do not know 
a standard error is apparently accompanied by an instruction to forget 
for a time everything that we ever knew. 



NOTE ON THE INFINITE REGRESS ARGUMENT 


The customary procedure in a mathematical system is to state a set of definitions 
and postulates and to examine what consequences follow from them. It is often 
said that all concepts should be defined and all postulates should be proved. 
It is worth while to point out that to admit this would invalidate any argument. 
Suppose that a system starts from concepts and postulates 

that we are required to define We may be able (1) to define it in terms of 
or (2) to define it in terms of a concept not included in 
If (1) is possible the number of fimdamental concepts is reduced; but repetition 
of the process for A 2 reproduces the same situation. Suppose then that wo find 
a set Bj, Bj..., none of which can be defined in terms of the others, and are asked 
to define Bj. The definition must be in terms of a further concept Cj, which 
would therefore have to be defined in terms of and so on for ever. Hence 
wo can never define all the concepts of a system. 

Similarly to prove Pi would require a proof from or the introduction 

of a new postulate, and again we should always find at some stage that the 
proof of a postulate requires the introduction of a new one. 

An argument, the application of which would always lead to the introduction 
of a new definition or postulate not within the system, is said to involve an 
infinite regress. Several arguments in the text are designed to avoid infinite 
regresses (pp. 112, 116, 376), but the principle is not stated in general terms. 

A famous example is Lewis Carroll ’sf ‘What the Tortoise said to Achilles’. 
The propositions p and p implies q imply q. But if we accept p and p implies q 
we cannot symbolize a proof that we can assert q by itself. If we try we find 
ourselves in an infinite regress. The use of ‘therefore’ can be stated, understood, 
and acted on only verbally, not symbolically. 

t Complete Works, 1225-30; Mind, 4, 1895, 278-80. 
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